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I'aasa V. MeToa KOOpAHHAT B IPOCTPAHCTBE

§ 1. KoopaunaTbl TOYKM M KOOPAMHATDI BEKTOPA

Ne 400.

a) Ha ocH abcumcc JexuT Touka C (2; 0; 0);

©) Ha ocH oparHaT — Touka E (0; —1; 0);

B) Ha ocH anmukaT — touka B (0; 0; —7);

r) Ha rocKocTH Oxy — Touku A (3; —1;0), C(2;0; 0) £(0; —1 ;0) u
H (—5:/3;0);

1) Ha rTockocTH Oyz — Touku B (0;0; —7), E(0;—1;0) uG(0; 5;=7);

€) Ha MTOCKOCTH OxZ — ToukH B(0;0;=7),C (2,0, ) u D(—4;0; 3).

Ne 401. KoopauHathbl npoeKumit Touku A (2; —3; 5) ua:

a) I1ockocTh Oxz: A,, (2;0; 5), 001 A,(2; -3;0); Oyz: 4,(0; =3; 5);
6) ocb Ox: A, (2; 0; 0), Oy: A, (0; =3; 0), Oz: A,(0;0;5).

KoopauHarsl npoeKuHit ToukH B (3; —5; —5):

a)nHaOxz: B, (3;0; %), Ha Oxy: B,(3; —5; 0), na Oyz: B, (0;-5; —%);
0) Ha Ox: B, (3; 0; 0), na Oy: B, (0; —5; 0), na Oz: B,(0;0; —;—).
KoopauHaThsl NpoeKUHit ToUKKH C (—/3; - iz_%; V5 -3):

a)Ha Oxz: C, (—‘\/3; 0; NG —«/3), Ha Oxy: Cz(—ﬁ; ~g;0), Ha Oyz:

cl(o;—g;ﬁ—ﬁ); 4 c
6) Ha Ox: C,, (—V3;0;0), Ha Oy C, (0; Jf; B, G

0), Ha 0z: C, (0; 0; V5 - 3). !
Ne 402. Eciut 4 (0;0; 0), B (0; 0; 1), D (0; R

1
0
1;0)u A, (1;0;0), To cTopoHb! Ky6Ga paBHbI |, 4,
TpH peGpa coBNanaloT € TPEMs OCAMU KOOp- x

IMHaT. Tpr rpaHH sIBJISIIOTCS TUIOCKOCTSMH, Puc. 239

S dazeen. 10~11 .



130 Fnasa V. Meroa xoopanHar 8 NpoOCTpaHcTBe

NepneHAUKYAAPHBIMH K OCAM KOOPAWHAT, OTCCKAOLIUMHU Ha OCAX caAu-
HUYHBIC OTPE3KH (pHc. 239).

CnenoatenbHo no pucyHky umeem: C (0; 1; 1) B, (1; 0; D C (15 1;
1), D, (1; 1; 0).

No 403, [lns 6=3% +2] -Skx=3,y=2,z=-5;
KOOpAMHATHI BeKTOpa a: d {3; 2; —5}.

Jnsib=-5 +3j—kx==5y=3z=-1;b{-5; 3;—1}.

Insé=i —jx=1,y=—1,z=0,¢{1; —1;0}

Hdnsid=j+kx=0y=1,z=1d{0; 1; 1}.

Jns m=k—i x=—1,y=0,z=1;m{—1:0; 1}

Josi i =0,7k x =0,y =0, z=0,7; 7 {0; 0; 0,7).

Ne 404. Ins a {5; —1; 2} koadpduLHeHTaMH X, y, 7 B dopMmyJe
&=x17+yf+ zlz OyayT ero KoopaMHatsl x =5, y = —1, 7= 2; To ecTb
G=S 1]+ 2k =5 -1+ 2k
. Il,ﬂ_ﬂ b {-=3; —1;_ 0} x=-3, y=-1, z=0; TO ecCTb
b=-3% -17+0Z=-3i —j.

s c{0;—1;0}x =0,y =—1,z=0;c=0 —17+0k =—J.

Has d {0; 0; 0} x=0, y =0, z =0 u paznoxeHHe OyaeT BbIIJIALETD
Tak:d=00 +0] +0k =0
z Ne 405. Cor:tacHo n. 44 koopayHa-

o B, Thl TOYKH PaBHBI COOTBETCTBYIOILIAM
Y C KOOpIWHATaM pagHyc-BekTopa. CooT-

——

BETCTBEHHO I paiuyc-sekTopa OA,

paccMoTpuUM ToUKY A, (puc. 240). T1po-
XOISIIME YEPE3 HEE MIOCKOCTH OTCCKa-
A4 I0T Ha ocAX oTpe3ku: OA = 2 Ha ocu Ox,
00 = 0 na ocu Oy v OO, = 2 na ocu Oz.

3nawnt, 04 {2;0; 2},
st Touku B,3To OyLyT OTpE3KU:

.t
R"
i
=
]

*
¢

Puc. 240
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00=(0Haocu Ox,0B=3HaOyu00,=2Ha Oz 3Ha=|m',03, {0;3; 2.

Orpesok 00, = 2, sektop 00, neXuT Ha ocu Oz. l'loaTomyéd {0;0;2}.
s Toukn C nmeeM: OA = 2 Ha Ox, OB = 3 Ha Oy v 0 Ha Ogz; 3HauwuT,

—

OC {2 3; 0.

Has touku C, umeeM: OA = 2 Haocu Ox, OB=3 Ha Oy, 00,= 2 Ha
Oz 3uauu, OC {2; 3; 2}.

BekTop BC | €CTb Pa3sHOCTb BCKTOPOB O—CI 1 OB. I}E‘,=O_é - 0B,
OC. {2; 3;2},08 {0; 3; 0}. Torna

BC {2-0;3—3;2—0}, BC {2;0;2).

AC, = OC, — O4; OC, {2; 3; 2}, OA, {2; 0; 0}.

AC, {2-12;3-0;2-0), AC, = {0; 3; 2}.

0, =0C - 00,;0C {2; 3; 0},00, {0; 0; 2}.

0,C{2—-0;3-0;0—-2},0C {2 3;-2).

Ne 406. PaccMoTpuM o6Limni cayyaii. Ipumem [of
AB v DC — fpa HCKOMIUIaHapHBIX BCKTOpa, HE D,,’,

uMeroume odunx rouck. Ieperecem sekrop DC ¢ B
MOMOIUBKY napaﬂneﬂbnoro nepeuoca Tak, l1lTO6bl
Touka D, ero Hauyana coBnaja ¢ Toukoi B koHua D/

nepsoro ektopa. [Toayuum sektop D,C, vau, 4ro

ppd . Puc. 241
TO Xe camoe, sekTop BC, , coHanpaBACHHLIH € BEK-

TOPOM DC w paBHLIA cMy Mo AnuHe. T1o npaBuny CIOXeHHS BEKTOPOB
AB + DC = AB + BC, = AC,.

[MpumeM AB {x;y,; 2.}, EC, {x,;¥,; 2,}. lokaszaTb, uTO /:1CI {x, + x,;
yityiztz)



132 I'nasa V. Meroa koopanHat B npoCcTpaHCTBe

ILTIH A0Ka3aTesibCTBa BbIPA3UM KOOPAUHAThI 3THX BCKTOPOB YEPE3
KOOpAWHATHI UX Havajla U KOHLA.

AB{X,— X ¥, — Vo T— 24 BC X =x5 Ve =¥y 2, =24
AC {Xe =XV, =Vite —4,h

T.K. Mbl 0003HaYMIM KOOPAMHATLI BEKTOpa AB 3a X,, ¥, U 7, a BEKTOpa

———)
BC 3ax,y,nz,T0

X, =X, — X, X, = X, — Xy
W=Ve— Ve yz=yq_ya’
L3545~ 2%, L= 2~ g

BLIYMCIIHM CYMMbI KOOPAMHAT X, +X,, Y, + ¥,, 2, + 2,

X+ X, =X, =X, +Xe =X, =X —X,

YotV =V, —Y, +yc] V=V, Y,

L+4,=2,-2, 1 e, 7% T T,

CyMMBI KOOPIAMHAT COOTBETCTBYIOT KOOpPAHHaTam sekropa AC,

DPaBHOro CyMME HallMX ABYX BeKTOpoB AB u DC, u. T. 1.

Ne 407. a) IMpumem Zz+l—>=ﬁ, X, =X, +X,;x,=3;x,=0
Yo=Yt V¥, ==5y,=7

,=2,1%3,,2, =2;z,=-1
X=3+0=3y=-5+7=2z=2-1=1I

p{3;2; 1}
'6)I'[puM(:M&+E=Ex,=x”+x(=3+£=3E
Yo=Y,y =-5+0==5 33
3, =2,+2.=24+0=2
é{3=;-5;2
{ 3 }

- = 2 2
B) [Ipumemb+c=f x, =x,+x, =0+ —-=—
Y, =y,+ty.=7+0=7 33

z,=7,+z,=-1+0=-1
- 2

={=7;—1
f {3 }

) MpuMeM d + b =F,x, =x, + x, =—2,7 +0=-2,7



§ 1. KoopanHats! TOHKY 1 KOOPAMHATLI BEKTODA 133

v, =y, +y,=31+7=10]
z,=2,+7,=0,5-1=-0,5
r {-2,7; 10,1; -0,5}

) Mpumem d+ a=5,x,=x,+x,=-2,7+3=03
y,=y,+y,=31-5=-19
,=7,+2,=0,5+2=2,5

5={0,3;-1,9; 2,5}

€) l'IpM.vleM?1+5+E=¢7.xq=xﬂ+x,,+xr =3+0+3=33;
Y, =y, +y,ty,==5+7+0=2 3 3
7,=2,+7,+72,=2-1+0=1

- 2
={3=;2;1
4{3 }
X) ﬂpuMcmb+E+3:k,xk =x,+x,+x,=0+3~2,7=0,3

.=y, ty,ty,=7-5+31=5]
3, =47, ty,=-1+2+0,5=1,5

k={0,3;5,1; 1,5}
3) MpumeM @+ b+ +d=m
20 27-3 2081 61 29
X, =X, +x,+x, +x,=3+ ——-——=3+——=3-—=—
30 30 30 30 30

V.=y,ty,ty. +y,==5+7+0+31=5]1
2,22, +2,+2 +2,=2-1+0+0,5=1,5
.2

= (25,15 1,3).

30

Ne 408. U3 n. umeem: /—4_C'{xc—x,\,yc—y,\;zc—z,}

CorjlacHO pPHMCYHKY 4 HMeeM:
A (4;0;0); B (0;9;0); C(0; 0; 2).

Ye=y,=0-0=0

—3=2—-0=2

AC {~4;0;2);

CB{xg”xc,y,g_yc;zB_zc}

X=X, =0—0=0

Vo= Ye=9—0=9;

L—=0—2=-2
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CB{0;9; -2).
AB {xﬂ — X YVs —y,qv i3 ZA}'
X,—x,=0—4=—4

AB {~4;9; 0).

MN {xrv — Xy Y™ Vi Tu — Za)-
Koopaunatet Touek M, N u P coBnamaior ¢ KOOpAMHATAMH

BCKTOPOBOI.I, (-)_J'V H E’ COOTBETCTBEHHO.
— — 1]
oN =Loc. TornaON{x: 1y Le s
5 OC- TormaONZ 2yl 52
O_fv{l.o;l.o;l.z};
2 027

ON {0; 0; 1}; N {0; 0; 1}.
BekTop (ﬂ:l: Touka M — cepeauHa otpe3ka AC. Toraa

—

0M=%(0_A‘+O_‘C],

] 1
xM=5(x,+xc)=5(4+0)=2;
1 1
yM=5(V,+yc)=3(0+0)=0;
1 1
=g, t2)==(0+2) =2
2y 2(z, Z) 2( )

M (2;0; 2): OM {2 0; 2}.

MN:x,—x,=0-2=-2;
Y=Yy =0~0=0;
=g =1-2=-1

MN{-2; 0; —1}.
Touka P — cepenvHa otpe3ka BC. Torna ED = %[O—L’h O_é],
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135

=1

X (x, +x)=

P

—no

|
Y=z, +y(-)=5(9+0)=4—;

'_‘I\)

L, =g, t )=

(3]

P (0: 4 1:0B (0 4%; 1),

BM ix,

— X Yy — .szn/
X, —x,=2—-0=2;
yM_yB 0 9=_9’
Zy—2,=2—-0=2
BM {2;—9; 2}.
NP {x,— X Yo=Y 2, — 2hs
X,—x,=0—0=0;

1

Ly E A — 0 =4
Ve ¥y 2
2,—2,=1-1=0;
NP{O;4IE;0}.

! -
F0+0)=

I
~(0+2)=1;
2( )

Ne 409. KoopavHata pa3HOCTH JIBYX BCKTOPOB paBia pa3sHOCTH CO-
OTBCTCTBYIOIIMX KOOPAMHAT JTUX BEKTOPOB.

x,=5y==lz=1
x,==2y,=1,2,=0
a)i-b=p

PAX, =Xy, — Y52, — )
P — (=2 —-1—1;1-0}
p{7;-2;1)

B)a—¢=¢g

g, =Xy, ~ysz,— 2}

g{5-0;-1-02;1-0}

x=0y=02z=

N~ Y Ny
;—A—"’“;—ﬁ—

-
~

é
e{x, —x;¥,—¥i3,—1)
é{

I i
LI 1 R | VR |
3 5 -1 7 }



136 nasa V. Meron KkoopauHaT B NPOCTPAHCTBE
1 2 1

q{5-1,21} ef{- 53 S 17}
ne-d=f
fx=xp.-vi2.—2)
F1o-(3:02-2%0- (-2))

=1 1
f {3; t2,2, 7} )

e)a—b+c¢: obosHauuM a—b=m,

b+ =+ ¢ =/, CnesoBaTeAbHO

-
mix X, = X5 Y, = Y %= %)
wm—m+mm—m+m@—m+a
As5—-(-=2)+0;-1-1+0,2;1 -0+ 0}

n{7;,-18; 1}

X) i-b-¢=l

L, —%,— %), =Y, —VsZ,—2,— 2} _

I{5+2-0;-1-1-0,2;1-0~0};/{7;-2,2; 1}

3) Bekrop 2a HMEET KOOPAMHATDI {2x; 2y,; 22}, mam {10; =2; 2.

u) Bektop —3 b uMceT KoopamHartst: {—3x,; —3y,; —3z,}, win {6; —3; 0}.

K) —6¢ {—6x,; —6y,; —6z,}, —6¢ {—6- 0; =6+ 0,2; —6- 0}, —6¢ {0;
—1,2; 0}

1- 1 1 1 1= 1 1 1 .2 1 1
m—d {—x, —ys —3), —=d | -3 [z 25— -5 b
St —ps 5k 3 iy ( 3) 37573 ( 7)}
_.l&' {l; _E; L}, Win _15' {l; _i; —_
39 15 21 39 5 21

M) Bekrop 0,26 umeet koopaunHarel {0,2x,; 0,2y ; 0,2z }, wnu {—0,4;
0,2; 0}

Ne 410. U3 ycnoBus

ax,=—1l,y,=2,7,=0

b:xb =0,p,=-5,g,=-2
&x.=2,y=1,z=-3
ILm BEKTOPA ppaccmorpuM Kaxa0e CliaraeMoe OTAebHO:
3b {3x,; 3y, 3z,}, 3b {3-0;3-(=5);3-(-2)}, 3b {0; —15; —6;).
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O6o3Haunm 3b = .

-2a{—2x,;~2y,; -2z}, ~2a {~2- (=1);-2-2; -2 0}, ~2a {2; —4; O}.

O6o3HaunM —2a=n. ChnegopaTenbHo p=3b-2a+c=m+n+¢c
6yIeT KMETh KOOPAMHATHI:

pix, *x,tx;y, *y,tysz, vz, tzh

PO+2+2;-15-4+1;—6+0-3}

p{4;—18; -9}.

JUts BekTOpa § AHATOTHYHO UMEEM:

3¢ {3x; 3y; 3z}, 3¢ {3 2;3-1;3-(=3)}, 3¢ {6;3; -9}

0603Ha‘lldM 3c =r. _

~2b {—2x,; -2y, —2z,}, =26 {-2-0; =2 (-3); =2 (-2)},

~2b{0; 10;4). )
O6o3HauuM —2b = ¢ . CnefosatenbHo g =3¢ —2b+a=rF+e+a
gixtx +tx;y+y+ ,z,+z,+z,,},
g{6+0+(-1);3+10+2,-9+4+0},

g {5;15; =5}

Ne 411. CornacHo npaBpuiaM CyMMbl, pa3HOCTH, TPOU3BEAEHUS BCK-
TOPOB KMEEM:

a)3a ((~1)3-1;3-1;}, 3@ {-3; 3; 3}.

2b{2 0;2-2;2-(-2)

BieseM 0603HaueHHS: (371 + 25) -c=5-cC;
=304 2b;5 {3, 7, -1}, E{-3; 2,015 -¢=F
(-=3-(=3),7-2;—-1-0}, 7 {0; 5; -1}

6) 2¢ {2'(__3);2'2;2'0;}’ 2 {-6;40ha{-1;1;1)
—-a+ 2E-d=(—a+2z)—d=p-d

5
F

Pp=28-a; pi—6— (=14 -L,0-1}; p{=5; 3; —1}; d {(=2; 1; =2}
p-d=G:q =5-(=2)3-5-1-(-DK G {(-32: 1}
B) 0,12 {0,1-(~1);0,1-1;0,1-1}, 0,12 {~0,1; 0,1; 0,1}

36 {3-0;3-2;3-(-2)}, 3b {0; 6; —6)
0,76 {0.7-(=3);0.7-2;0,7-0;}, 0,7¢ {~2,1; 1,4; 0}
5d {5-(—2); 5-1;5-(=2)}, 5d {—10; 5; ~10}
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Bhutontum choxeHue. Torna B BwipaxeHuu 0,la + 3[;+0,7E—¢;'
o6oszHauum: 0,la + 3b=i,i +0,7¢=m,m-5d=I

n{-0,1+0;0,1 +6;0,1 + (-6)}, 7 {-0,1; 6;1; —5,9},

m{=0,1 + (=2,1); 6,1 + 1,4,—5,9+ 0}, m{-2,2; 7,5; —5,9}.

! {-2,2 —(=10); 7, 5 —5;-5,9—(-10)},11{7,8;2,5;4,1}.

1)2G(2- (=1);2+ 1;2-1),2a {=22; 2}, 36 {0; 6; —6}.

25{0;4;——4},5—2[) f f{—l——O 1 -4;1-(-4)}, f{—l ; Sk

2a+3b=6,8{-2+0;2+6;2+(—6)},7{—2;8; —4},

G-b=§ & {-1-0;1 = 21— (=2)},  {~1; 15 3}, 28 {~2;-2; 6)

CnenoraTe/ibHO (2a + 35)—(5—25) OyleT MMCTb KOOpPAMHATHI
{—=2— (1) 8—( 3);—4 — 5)}, wam {~1; 11;-9} u cIearoBaTeaLHO
(2a+ 3[3) (a- 2b)+ 2(a- b) Oyaer uMeTh KoopauHaTsl {—1 + (—2);
11 +(=2); =9 + 6}, wnu {-3; 9; —3}.

Ne 412. Ier BEKTOpA | 3TO OyaeT BEKTOp € NPOTUBOIONOXKHBIM 3Ha-
KOM (—1) s _] 3TO BEKTOp (—_/) UT. I - _
{15050}, = {~1;0;0}; j {0 1; 0}, —j {0; —1; 0}; & {0; 0; 1}, —k {0;
0; -1}
@{2:0; 0}, =3 {=2; 0; O}; b {-3; 5; =7), b {3; =5; 7}; ¢ {~0,3; 0;
1,75}, —¢ {0,3;0;-1,75}.

—_—

Ne 413. a) Koopsiunarbt BekTopa a{3; 6; 8} nponopLHONAILHBI KO-
opauHataM Bekropa b {6; 12; 16}:
3

ne k
6 12 16 2

[Moatomy a-= kb, uTorna BCKTOPbL @ U b KOJUIMHEAPHBI.

6) Koopaunatsl BekTopa ¢ {1; —1; 3} He nponopumoHanbHbl Koop-
AuHaTaM Bektopa d {2; 3; 15}, HanpuMep:

[
__¢_
2 3

TTO3TOMY BEKTOPBI ¢ M d HE KOIIMIICAPHbL.

B) KooprnuHats! Bextopa / [ {1;0; 0} He HPOTIOPIMOHATbHbE KOOPAH-
HataM BekTopa J {0; 1; 0}, 3HaUMT, BEKTOpBI i M j HC KOJJTMHEAPHbI.
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r) KoopauHatei sektopa m {0; 0; 0} u BeKTopan {5; 7; =3} nponop-
UMOHANBHBI IPY k& = 0, 3HAYMT, BEKTOPb MU 7 KONIHHEApHBI.

- l
1) KoopavHatel BexTopa p { ——3; —1; 5} HE NponopUYOHATLHbI KO-

opAKMHaTaM BekTopa g (—1; —3; —15}, HanpuMep:
1
3,71
-1 -3
IMo3TOMY BEKTOpHI p H ¢ HE KOJUTHHEAPHHDI.

Ne 414. [Ina koinvHeapHBIX BEKTOPOB €CThb K TAKOE, YTO

a:kE:x—"zz".zi
Xy Vs %
I5 m l 5 m 04 1
) === 6) = =—
18 12 n 6 [_l) n 5
2
m:~5- 12=5.2=10 m=-l-(—l) =0,
6 5 2
6 .1
n===l=-=12 n=04.(=5)=—
=13 -5

Ne 415. a) Bekropbi a[—3; —3; 0},f {1;0;0} H_-/: {0; 1; 0} KomMm1aHap-
Hbl, T.K. 3aMMCAB PaBEHCTBO @ =Xi + y] B KOOpAHHATaX, TOMYUYHM

-3=1-x+0-y
—3=0-x+1-y ==
0=0-x+0-y y=-3

3ra cHCcTeMa ypaBHEHHUI HMeEET peLlieHHst OTHOCUTENILHO X M Y, 3Ha-
YUT, BEKTOP @ MOXKHO pasJIOXHMTE M0 BEKTOpaM [ U J. Bektopei a,i ui
KOMILTaHapHBI.

6) 3anuiieM paBeHCTBO b=xi + y] B KOOpAMHATax:
2=1x+0-y

0=0-x+1-y
—3=0-x+0-y
CucTteMa He UMeeT pelleHUil. 3HauuT, b ,i U j He KOMIUTaHapHBI.



140 nasa V. MeTon kKOOpANHAT B NPOCTPAHCTBE

B) 3anuiuem paBCHCTBO_.E =xi + y/_c‘ B KOOpIMHaTax:
¢ {1;0; =2},7 {1; 0; 0}, k{0;0; 1}.

I=1-x+0-y l=x
0=0-x+0-y 0=0
—2=0-x+1-y 2=y

CHucTeMa UMEET PCLIEH M, 3HAUNT, BCKTOPHI ¢ , | U Kk KoMmIia-
HapHBI.

r) Bektophbt d {1;—1; 2} n e {—2;0; 1} e KonnHUHEAPHBDI, T.K. KOOPAH-
HaTbl OZIHOTO HE NPONOPLIMOHANIbHBI KOOPAHHATaM Jpyroro. Ecnm Bek-
Top f{,5; —1; 0} MOXHO pa3ioXuTh Mo BekTopam d U €, TO BEKTOpLI d , €
 f xoMmiaHapHpl. Ecii ke BEKTOP HENb3sl pa3NioXHTh N0 BeKTOpaM d
M €, TO BEKTOPH ¢ , € M f He KOMINaHapHLI (B POTHBHOM CJlydae Bex-
TOP f MOXHO OEL10 BBl Pa3IoXHUTL 110 BeKTopaM d v €). Takum oGpasom,
ANA PelleHHA 3a1a4H HYKHO YCTaHOBHTL, MOXHO JIH BEKTOP [ pasjo-
XUTb 10 BEKTOPaM d H €, TO ECTb CYLIECTBYEOT T YHCJIA X H Y TAKHE, 4TO
f=xd+ye.

3anuchiBast 3TO paBEHCTBO B KOOPAMHATAX, MOJYYHUM:

S=x-2y

—l=—x

0=2x+y

Cucrema umeer peutcHue: x = 1,y = =2, [loaToMy BCKTO;_)]‘MO)KHO
Pa3JIOXHTL 110 BEKTOpaM d Y €, U, 3HaYMUT, BEKTOPbl 4 , € U f KOMILIa-
HapHBI.

1) 3amnuileM paBeHCTBO /M = XA + P B KOOP/IXHAaTAaX:

l=x-y, y=x-1

O=x+2y, x=-2y

2=—x+4y, x=4y -2

CucreMma He UMeeT pelucHHiH. [103TOMY BEKTOPBI M, U P HE KOM~
MJIaHapHBI.

¢) 3anMilieM paBeHCTBO § = X7 + S B KOOpJAKHATaX:
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0=3x+y,y=-3x
5=3x+y,y=5-3x
3 3
3=3x+4y,y=—-~=x
¥,y e

CHcTeMa He UMeeT pellieHuit. [1oaTomy BeKTOpbl ¢, F H 5 1He KOM-
TMJIaHAPHBI.

Ned16.A4(3,2; 1); B(1;-=3;5); C(—IS; 0,75; —2%), T.K. KOOP/AMHATHI

JMo00H TOYKM paBHBl COOTBETCTBYIOLUMM KOOPAMHAaTaM €€ paiuyc-
BexTopa . 44,

Ne 417.& {2;—3;0},5§ {7; —12; 18}, FC {-8; 0; 5}, T.x. ecnn O —

Hayajlo KOOPAHHAT, TO Ei, 0J:] HO_'C — pafHyc-BEKTOPbI 1S TOUEK A, B
uC, (Cm. 3anauy 416.)

No 418. 2) AB{2—3; —1+1;4-2}, AB{—1: 0;2};
6) AB {3+2; —1=6; 0+2), AB{5; =7, 2);
N U N T _l}
3 64 2 22 27
Ne 419. T.x. A (1; 6; 2) 1 B (2; 3; —1) 9BASKIOTCH KOHLIAMH BEKTOpA
ﬁ, TO uMeem: AB {Xs — X0 Ve — Vs Ty~ 2.} AB {2-1;3~-6;—1-2},
AB {1; =3; -3). )
Pa3noxuBs 1o koopanHaTHuIM BekTopam i {1; 0; 0}, j {0; 1; 0}u k& {0;
0; l},nonwlnm:ﬁ=f—3]—312. .
Touku B (2; 3; —1) u C (=3; 4; 5).- KoHUBI BeKTOpa BC.
BC{-3-2;4—3;5+ 1), BC (-5; 1;6), BC=—5F + j +6k.
Touku A (1; 6; 2) n C(—3; 4; 5) — KoHILb! BekTopa CA.
CA{1+3;6-4 2—5),CA{4;2;-3), CA=4i +2] -3k
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Ne 420. Onpepenum KOOpJIMHaTbl'
AB{2—3 3+1;-4-05), AB{ 1;4; -9},
DC{7—8,0+4; -1 — 8}, DC {L; 4, —9}.

T.k. AB U DC UMCIOT OJIMHAKOBbIE KOOPAMHATHI, TO OyayuH OTNO-
XEHBI OT Hayasla KOOPIMHAT, DTU BEKTOPLI COBMaAyT. DT0O O3HAYaET,

4TO BCKTOPbI AB w1 DC paBHbl, 4TO M TPcGOBANIOCH 10KA3aTh.
PaccMOTpHM BEKTOPbI B_C‘ n AD.
BC{7 ~2;0-3;-1+4}, BC {5; =3; 3).
AD(8 — 3;—4 + 1;8 — 5}, AD (5, —3: 3},

BekTopsl BC U AD Toxe UMEIOT OIMHAKOBBIC KOOPAMHATLI, a 3Ha-
YUT, IPOBOJIS AHAJIOTHY HbIE PACCYXKIEHUS! TIOJIyYUM, UTO BEKTOPLI COB-
namyr.

Ne 421. a) Ecav BexkTopsl AB U AC KojuiMteaptibl, TO TOYKU A, Bu C
JIEXAT Ha O/IHOM MPSIMOM, a €C.TH HE KOJJIMHEAPHBI, To TOUKU A, Bu C e
JIEXaT Ha oAHOM npsAmoil. HaitneM koopauiiaTthl 3THX BecKTopos: AB {—8;
11; 7], AC {24; —33; 21}. Ouesuaro, AC = —3 AB, 100TOMY BeKTOpbI AB

# AC KOJUIMHEApHBI, U, Torua, Touku A, B 1 C nexart Ha ONHOH NpsAMOoit,

6) Haitnem KOOpAHHATBE BEKTOPOB AB n AC. A—l;’ {9; —15; -9}, /TC
(18; —30; —18}. 3ameTuM, yTO AC" = 2)4/}, MO2TOMY BCKTOPbL /ﬁ U A_C,‘
KO.IMHEapHbl, TOTAa ToYKH A, B, u C nexar Ha 0aHON NPSIMOi.

B) HaitaecM KopvHaTthl BEKTOPOB AB H AC AB {1; —9; 9}, ;4C (2,
—18, —14), BexTopsl ABu AC HE KOJJIMHEapIibl, 3HA4YUT, Toukn 4, BuC

He JexaT Ha OLHOMN ITPAMOH.

Ne 422. PaccMOTpHM BEKTOPBI DA, Dl§, oC.

——3 —

a) OripeaeiM KoopauHaThl npenonaracmbix Bekropos DA, DB v DC

DA(—2:—13:3) =&, DB{l;4:1)=bh DC{—1;—1;-4}=¢



§ 1. KoopavHaTh! TOHKY M KOODAWHATL! BEKTOPA 143

3anuuieM NpU3HaK KOMILIaHAPHOCTH BEKTOPOB @ = mb + n¢ B KOOp-
QOMHAaTax

X, = mx, + nx, —-2=m-—n, m=n-—2,
y.=my, +ny, —i3=4m—n, 4m—n—l3
g, =mz, +ng, 3=m—4n, m=3+4n,

5
m=n-—2, n=—

3

11
n—2=3+4n, m'—"——}—
4m=n— 13,

44 5 —-5-39
Torna nosyyaeM paBeHCTBO ——— = 3 13= —5
Ipu3naK KOMMIAHAPHOCTH BEKTOPOB BBIMTPIAHAETCA NPH
n=—§,m=——1—1. DA———BEB!——élT.C
3 3 3 3

—

Mo onpeaenenuio sekToput DA, DB v DC xomnnanaphbl. [lockob-
Ky 9T BEKTOPbI OTJIOXCHBI U3 OJHOM TOUKH, TO TOYKH A, B, Cu D nexart
B OJIHO# IUIOCKOCTH,

6) OnpenenvM KOOpAMHATLI MPEeANONaracMblX BCKTOPOB:

AD{(2 —1:3)=d, AB{(%:3:—1})=b  AC{(-2;—-40}=¢
[Tpn3HakK KOMITaHAPHOCTH BEKTOPOB B KOOpAWHATaX:

X, = mx, + nx, 2=3m—2n, 2+ 2n=13m,
y,=my, +ny, —1=3m— 4n, 4n=3m+1,
,=mg, + ng, =—m+0-n, m= -3,

24+ 2n=73m, 2+ 2n= - =55
4n=3m+ 1, 4n = -8, n=-2
m=-13, =-3, m= -3,

4ero ObITb HE MOXET.

Mbi He HawNM Takue 7 U m, IPH KOTOPBIX BLIMOJIHAIOTCS BCE TPH
PaBEHCTBA. YCJIOBHE KOMILTaHApHOCTH BEKTOPOB He HCMOJNHSETCH,
Touku A, B, Cu D He nexat B 0JJHOM MJIOCKOCTH,

B) OnpenenruM KOOPAHHATHI NPEANONaragMbiX BEKTOPOB:
AD{(—4;2; -2y =d, AB{-7;8 1} =5,

AC {7, —14; -7} = ¢.
[MpH3HaK KOMIIAHAPHOCTH BEKTOPOB d = mb + NE B KOOPAMHATAX:
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x,= mx, + nx, —4=—-9m+ Tn, Tm=1Tn+ 4,
y,=my, +ny, 2=8m— 14n, 8m =2+ l4n,
,=mz,t nz, —2=m—Tn, m=7Tn—2,
Tn=m+2, 6m =6, m=1,
—m+)+4 =42 n= 2,
7 7 7
Em=72 + 14n, 8m =2+ l4n,

Torna nojacTapisiss 3TH 3HAYEHUS B TPETLE YPAaBHCHHUE, MO.Iy4YacM
PaBCHCTBO:
4.3

8=2+L;ﬁ8=&
7

[Mpu3Hak KOMIUTaHApPHOCTH BCKTOPOB BBITIOJHSIETCS NMpU m = |,
E Err Sy A -

n==. AD= AB+ 7AC [1pu 3TOM Bce TpU BEKTOPA OTAOXKEHBI U3 O~

HON TOYKH, 3HAYUT, TOUKH A, B, Cu D nexat B OLHOI TIIOCKOCTH (CM.
raasy 1V, § 3, n. 39 yue6Huka).

Ne 423. AA,, BB, v CC, — mMeauansl Tpeyronbiika ABC. M — Touka
ux nepeceyeHHUs. Hao 10Ka3ath, YTO TOUKa M MMeeT KOOPAHHATHI
& XX, Yy Y, Y, L+

3 ’ 3 ’ 3 )
0(0; 0; 0)

Ax;y,57,)

Ca5y,2, G
B(x); v,;7,)

Puc. 243

4,

Koopaunarsl TOUKM paBHbI KOOpAWHATaM €€ paauyc-pekTopa. [lo-
aTOMY OTMETUM TouKy O (0; 0; 0) Hauana KOOpAUHAT Ha pUCYHKe (TTpo-

M3BOJILHO) M HauepTHMM paauyc-BekTtopbl OM, OC, OB u 0A., Ux
KOOpAMHATHI 6yNyT COOTBETCTBOBATbh KOOpAUHATaM Touyek M, C, B, A



§ 1. KoopauHaTs! TOHKY U KOOPAUHATE! BEKTODA 145

cootseTcTBeHHO. [To TeopeMe o ToUKe nepecedeHUs MeaHaH TPeyroib-
HiKka AM = 2MA,.

TMockonbKy AM = OM — 54 m, = 07] — 079 TO, NONCTABUB 3TH
Pa3HOCTH B Hallle paBCHCTBO, NIOJIyYnM:
O_A:I —& = 2(071 —O"A}), MﬂMéM‘*’ 20?1 =07i + 207:, Wi

3074=&+ 2~0C;08, T.K. OA, =0C;OB (cMm. masy V, §1,

n. 45a).

_ —_— — — N . .\ )
3HaL{HT, OM :M WIH M (xl x? l} ’ J’, yz yl;
3 3 3
2+t
“—‘—‘““—3 ), YTO K TpCﬁOBaﬂOCb JOKa3aThb.

Ne 424, KoopauHathl cepeiMibl OTPE3Ka BLIPA3UM YCPE3 KOOPAW-
HATBI €TO HAYaJla U KOHLA:

I | 1
X = 50,4 %), 10 = 30, % 90,3 = 30, + ). Tlozeranuss koop-

JWHATBI JaHHBIX HaM TOYEK:

a)xu——l—(0—2), x,=-1
ye=3G+2), re=3=23
z,,=%(—4+ 0), =2

6)3= %(14 +x,), x,= -8

2= (-8 5, y,= 4

—7=%(5+zﬂ), —14=5+2z,27,=~19

B) —12 = %(xA + 0), x,=—24
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4==(,+0), Y, =38

15 = %(:A +2), 7, =28

R | —

N«i: 415, TpumMeM, yTo Touka M —l- cepeavHa oTpe3ka AB. Torna
1
Xu= E(XA + xs)s Yu= E(YA + yu)s w= E(ZA + ZB)‘ 3anuuieM ypaBHeHHA
HCX01A U3 YCIIOBUH 3alauMu:
1 1 1
X = E(XA +x,), 0= E(}’A +y), 0= E(Z‘ +2,),

T.K. M neXuT Ha ocu Ox,

1 m
a)x“=5(—3+2), -5=1’ m=2’
0=1(m—2), 22 n =-S5,
2 2 2
1 3 1
0=5(5+n), x”=—5+1, .XM="‘-£.
1 m 1 1
6)x,=—(1+1), —= —— m=——=-0,5,
) Xu 2( ) 2 4 2
0=L05+m), =2 —y
2 2
0= %(—4+ 2n), x,=1 x, =1
1 l 1
B)xM=5(0+l), xM=5 xM=—2—
0=%(m+n), m=—n, m=—n,
o=tntiom+nl+1=2 m=n+2,
2 2 2
1 1
Xy = Xy = —
2 2
m= —n, m=1,
2m =2, n=-—l.
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r)xM=%(7—5), x, =1, X, =1
=—12—(2m+n—-3,) 2m+n=23, m=}—;—n
0=—12-(—n+m—3), n=m-—23, n=m-13
_3-m+3_6-m

2 2
2m =12 —-2m;
m=3n=0

Ne 426. Umeem: [ = x* +y* + 27,

|:43| = \/(XZ X )2 +(y2 _yl)? +(Zz =z )2’ rae A (x; ¥; 2), B (x;
PARAS

DA (-1;0;2), B(1;-2; 3),

4Bl = JT+1) +(=2-07 +(3-2) . [4Bl = J@+a+1) = 3;

0) A (=35; —17; 20), B (—34; -5, 8),

|AB] = (=34 + 35)" + (=5+17)" + (8- 20)°

B =l +12° +(=12) = 4289 =

Ne 427. Umeewm |al = m,

d=15+(=1) +7* =J75=25-3 =5/3,

=\/(2f)l (6 +1' =+A-3+36+1= {49 =7

c=i +_/+kHMCCT koopauathi: ¢ {1; L 1} =V + P+ 1° =

= —2k; d{0; 03 2}, Jd) = 0 +0* + (=2)" = 2.
m{l-0;0—2;0,m{l;—2;0};lﬁt]=1/12+(——2)2+0=\/_5-
Ne 428. [a+ b| = \/(xl +x,) +(y, +5,) +(z, +2,)", T.K. con

+bh= a’ TO
dix, +x; 9, + 2, + 2},
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A)a+b=\(3-2+(2+3 +(1+1) =T+1+4 = 6;

6) 1l =30 +(<2) + ' =9+4+1 =14,

Bl =(=2) + 3 +1* = V4 9+1 =14,

lal + bl = V14 + V4 =214

8)Jd — bl = V14 — V14 =0

1‘)[71—[3[=\/(7x,—xz)z+(yl -y.) +(z,-2),

G=bl=(3+2) +(—2-3 +(1-1)' =25+ 25+0=+2-25 =
= 5J2;

m 3¢ = J(3x)2 +(3y)" +(32)°, rak kak ¢ = {3z; 3y; 32}

Bal= (=33 +(2-3) +(1- 3’ =9 +6 + 3 =126 =0-14 =
=314

&) A =i J(C3) + 2+ 1 = VId -5 AT = VI T =
= 14;

x) 2a {6; —4; 2}, 3¢{-9; 6; 3}, 2a—3¢ = m,
m{6+9; -4 —6;2 — 3}, m{15; —10; —1),
[ = V15 +(—10)* +1* =225+ 100 +1 = /326.

Ne 429. KoopauHarst cepenimbl oTpeska MN (npumem 3to Byaer
TouKa K) BRIUMCAAIOTCA 110 hopMyne:
K(x +x, yM+yN 2, +zN)

2 272
K( 42+0,7—2—' E) K (=2;3: 1), 3nauur, OK {=2; 3: 1} u

=\/ (=2 +3+1* = Ja4+9+1 =14,

Ne 430. a) Urobnr HaiTu nepumetp AABC, HYXHO HailTH JJIHHBI
BexTOpoB AB BC v CA. [1epuMeTp TpeyronbHUKA paBeH UX CyMMe.

|AB| = Jx 4y + 22 (M. 0. 45) u AB {x-X,, ¥y Vs 22}
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IZ§|=\/(2——2—) +(2-1) +(=3+2) —\/(%jzﬂu(_])’ =

4 4 2
AHaJIOTUYHO:

BC{(2—2:0—2—1+3},

BC (0; -2; 2},

IBCl =0 +(=2) + 27 =
=y24 =22;

é}i{% —21—0,-2+ 1),

— ] Puc. 244
CA {—5; 1;-1),

—~ __]_2 2 N\ = _1__ = _9_=_3_= _]_
[ i

|ABH{BC+CAI = 1% + 2T+ 1% —3+243,

0) A/i, . BB H CC_" — MeJHaHbl.

—»

%(AB+ AC), BB, = ——(BA+AC) CC = (CA +CB).
AB{2—%;2—I;—3+ 2}, AB {%; l; =1} n AC {2~%;0—l;—l +2},
A_C. {—12—; —1; 1}, cneaoBatesibHO

A7{1(1 ) ~(1-1% (1 1)), AA, {1;0;0};

IAAI—/ +0+0 \/'———05 BA=—AB BA{—-——l 1}

BC{2— 2;0—2; -1+ 3}, C{O —2; 2}, cnenoBaTeJbHO
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1 [ I — 1 33
~3#0li S (1= 251+ 2)), BB, (=523
( +)2( )5 {1+ 2)) BB, }

. 2 2 2

- [ (T -T2
4 2 2 16 4 4

CA——-AC,CA {—;,l -1} B——BC CB{ 1s

G (L o0) b 12,6 13- 3y

SROROEER A

Ne 431. CHayana cpaBHHUM JJIMHB CTOPOH TpeyroiibHUKa. s aToro
no ¢opMyJ/ic paccTOSIHUSL MEXIY IByMsl TOYKaMH (1. 45 B) yueGHUKA)

d=\/(x2_x:)z +(y2 _y|)2+(z2—zl)z

— —_—

HailizeM |A7§I, |BC|, |AC|. 3atem, ecnu BCe TPH CTOPOHBI PABHBI, TO
TpeyroisHUK ABC — npaBunbHbIi. Eciin ABe CTOPOHBI 13 TPEX paBHBbI:
c =b # a, TO TpeYroNibHMUK paBHOOEAPEHHEIN, €CIM HET OIMHAKOBbIX
CTOpPOH: C#b # a,ToecTbecnMa > b > ¢, TO CleAyeT NPOBEPHTD, BHITMOJ -
HseTcs M paBeHcTBO 2’ = b+ ¢ (teopeMa [udaropa). Ecnu aa, To aa,
AABC -npsiMOYrONbHBIi, ¢ @ — FMIOTEHY3a.

a)|AB| = J(9—2)’+(3-10)2+(—5+ 5’ =49+49+0 =249 =
=742.

BCl = J2-2) +(10=3) +(=5-2) =0+49+49 = 2.9 =
=72.

[AC = J0-2) +(3-3) +(=5-2) =+49+0+49 =2-49 =
=742.

l;iél = |b?:| = |Zé‘|, TPEYroJibHHK MPaBUIbHBIA.

6) [4B = (3= 3) + (7 + 3" + (—4—2)" =& +100+ 36 = V140,
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BC = J(5-1)" +(=3-3)" + (2+10) =16+ 36+ 144 = /19,
|AC; = JG=1) +(7-3) + (-4 +10) = J&+16+ 36 = /36,

BC| > [AB] > |4C).
npOBCpHM, BbIMOJHACTCA JIU paBCHCTBO

BC = AC+AR, (N196)' = (¥36) + (V140)’,

196 = 56 + 140 = 196 — peprio. 3HaUKT, TpeyroJbHUK ABC — nips-
MOYTOSIbHBIHA,

B) 4Bl =(5-5) + (3-5) +(1-1)' =0+ 4+0=2,

|BCl = {(5-4)" + (=3+ 3) +(=1-0) =+1+0+1=472,

14C| = J(5—4)2 +(=5+3) +(-1-0)" = 1+4+1 =46,

|4C1 > [4B] > |BC].

Mposepum: AC = ABF+BC’. 6 =4+ 2. 3HauuT, TPEYrOALHUK
ABC — npaMoyTonbHbIR pa3HOCTOPOHH M.

DB = (=5 +4) + (=37 +0-0) =\I+T+0=42,
IBCI= (4 + 3 +(3-2) +(0+2) =~i+154 =16,

MO = J(5+ 95 +(2-2) +(0+2) =+0+0+4 =42,

BC| > |AC| > | 4B,
Mposepum: BC: = AC+AR, 6 = 4+2. 3nauuT, Tpeyronbuuk ABC —
NPAMOYTONLHBIH PABHOCTOPOHHUEA,

Ne 432. laHo: A (—3; 4; —4), 3HaYuT, TOUKA A, — NPOEKLIMS TOUKH A
Ha Oxy —umeeT KoopauHatel A, (—3; 4; 0); A, — npoeknus Touku A Ha
Oyz — nMeeT KoopanHathl: 4, (0; 4; —4); A, — npoekuus ToukU A Ha
Oxz — nMeet koopannatet A, (—3;0; —4). I[To hopmy:e paccToaHus Me-
XKy ABYMS TOMKaMHU (11. 45 B) yuebHUKA)

d= ‘/(xz -X, )1 +(, ‘)’l)z +(z, —z,)z. Haiaem

AA = 0T 0+4 =4, Ad, =3 +0+0=3, A4, =054 =4,
TO CCTh 19 A (X; ¥; Z) PACCTOAHUAMMU 10 KOOPAHHATHLIX TOCKOCTEN
ynyt pd, i m [2].
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6) Ha ocb Ox npoekums 4, Touku A umeet koopanHatet 4, (—3; 0; 0),
Ha Oy: 4, (0; 4; 0), na Oz A4, (0; 0;—4).

AA =0+ 47147 =42, A4 =7 +0+4’ = 0+16=5,
A, =JF 147 =5,
Ne 433. Ilns touku 4 (—1; 2; —3) npoekums A, Ha KOOPAHHATHYIO

niockoctb Oxy UMeeT koopauHathl A, (—1; 2; 0), Ha Oyz: 4, (0; 2; —3),
Ha Oxz: A, (—1;0; -3),

Ne 434. HauMeHbIUUM pacCTOsIHMEM OYAET IVTMHA MEPNIEHANKY.JIsI-
pe, ONMYUIEHHOTO U3 3TON TOUKK Ha OCb KOOPAHHAT, TO €CTh PACCTOSHHE
MEXIY TOUKOH M ee MpoeKuMeit Ha och KoopauHat. KooprauHataMu
MPOCKUMi TOUKK Ha KOOpAWHATHLIE OCH 6yayT abcluiMcca, OpAMHATA U
annjivkKara 3toi Touku. 3Hauur, s B (3; —4; \/7) npoeKuus B, Ha ocb
Ox GyaeT uMeTh kKoopAuHathl B, (3; 0; 0), Ha Oy: B, (0; —4; 0), Ha Oz
B, (0;0;7).

Ne 435. Haitnem mnnubi ctopod AABC no dopMmyne paccTosHHA
MCXAy ABYMs ToukaMu (n, 45 yyeGHHUKaA).

d=J(x=x) +(r,2) (2 -2)"

4B = (1 +1 +(0-2)' + (k-3)' = &+4+ (k-3 =
=B+ (k-3

B =0 +17 +(0-2) +(1-3) =i+d+4=19 =3,

ACY = (1 ~0)" + (0=0)" + (k=1)" = 1+ (k=1)

TpeyronbHMK Gyaer paBHOOeApeHHBIM, ecaun: 1) AB= BC, uiun
2) AB= AC, nnn 3) AC = BC.

B+(k-3)? =3, 3+ (k-1)" =3

8+ (k-3)'=9, 1+k-1)"=9
(k=3)" =1, (k—17=8
k=3=1 k=4, k—1=2J2, k=272 + 1

k=3=—1 k=2 k—1=-232,k=1-2V2.
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2) 8+ (k=37 =1+ (k-1)",
8+ (k=3 =1+ (k-1
8+ K+9—6k =1+k — 2k +1,

17 =2 =4k,
15=4k, k= %5~ = 3,75. Puc. 245

Ne 436. (puc. 245). 1o dopmyne paccTosTHHS MeXAY ABYMSA TOYKa-
MH HaiiieM JUTHHbI CTOPOH Tpaneunn ABCD:

[4B) = J(4 0) + (4 —0) +0 =T6+16= 32 = 442,
|BC| = 0+ (3-0F +(4 -0 = 9+16 =425 =S5,

D = J(1-0y +(@-3) +(4-4) =+1+1+0=472,
IDA| = J(4 -1y +(4-4)’ +(0-4) = O+ 0+16 =5.

T.x. ITH = K_'Z?I =5, to ABCD — paBHOGeapeHHast Tparieuusi, eciam

—

Mbl CMOXeM J0Ka3aTh, uTo DC|| AB, T0 ecTh, uTO FC U AB KonnuyeapHsl.
Ecnv cylecTByeT Takoe YMcio k, uto b =kau k# 0, To au b Konau-
HeapHBbl (0. 38 yyeOHUKa).
AB {~4;~4;0},CD { L0}

AcHo, uto AB = —4CD T.e. AB nCD xonnuucapHbi. Torna, AB| CD
U ABCD — paBHoOeapeHHas TpaneLms.

Ne 437. Umeem d =\/(x2 —x,) +(y,-y,) +(z,-2,)" n3 .45,
TorAa:

a) IMpumem C (x; 0; 0) — Touka Ha ocH Ox, paBHOYAAJIEHHAst OT TO-
yek A u B. 3naunt, CA = CB, MM B KOOpAHHATAX:

JE2-x) +(3-0) + (5-0) = /(3-x) +(2-0)" +(=3-0)’,
VA +4x+x7+9+25=19-6x+x>+4+9,
Vxi+4x+38 = Vx? —6x+22

x’ +4x +38=x"—6x + 22,
10x = —16,
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x=-1,6;C(-1,6;0; 0).
PaBHoynaneHHoit ot Touek A ¥ B 6ynet Touka C (—1,6; 0; 0).

6) Mpumem D (0; y; 0) — Touka Ha ocu Oy, PaBHOYAAIEHHASI OT A 1
B, AP= PB.

JE2-00 +(3-p) +(5-0) = J(3-0) + (2 -y) +(-3-0)

JA+9-6y+y +25=49+4 -4y +y* +9,

Yy -6y +38=p -4y +22

Yy —6y+38=y —dy+22,

2y = 16,

y=28;D(0;8;0).

B) lNpumem F(0; 0; z) — Touka Ha ocu Oz, paBHoyaajieHHast oT AU B.

JE2-07 +(3-07 +(5-2) = J(3-0) +(2-0) +(=3-2)}

JA+9+25-10z7+ 2 = 9+4+9+6z+7°,

NZ' 102438 =2 +624+22

- 10z+38=7+67+22,

16z2= 16,

z=1; E; 0; ).

Ne 438. a) lMpuMeM Ha KOOPAMHATHOI MIocKocTH Oxy Touka M (x; y;
0) pastioyaanena ot 4, B u C. C nomouubio popMyibl {11. 45 yueOHUKa)

d=(x,-x) +(r,-7) +(z-2)

COCTaBUM CHUCTEMY YPaBHEHUH:

z
B c AM = BM
y AM =CM
(paBeHcTBo BM =CM B Takom
ciyuiac BBLIMOJIHSAECTCS aBTOMATHYC-
Y 45 cku).
/ Y M| = J(—1-x)' +(2-y)' +(3-0)'=
Puc. 246 I+ 2x+x +4 -4y +y* +9

=\/x: +p +2x -4y +14,
l:f?/‘/.fl-——\/(—2—,\‘)2+(l—y)z+(2—O)2 =J4+4x+x7+1-2p+y  +4=
=yx'+y +dx -2y +9,
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CM| = JO0-x) + (~1-y) +(L-0y =Jx +1+2y+y +1=

=Xy 42y 42

Jxl+y 2 -4y +14=x’ +y +4x -2y +9

x4y 4 2x—dy +1d=x?+y  + 2y + 2

x'+y +2x-4y+14=x"+y’ +4x -2y +9

X4y +2x-4y+14=x’+y' +2y+2

2x+2y=5

6y=2x+12

y=2+lx y=2+lx y=2+lx
3 3 3

1 2 2

2x+2(2+=x)=5 2x+4+=-x=5 2=-x=

L 3 3 3

(y=2+lx x=E x=E

{ 3 8 8

8 13 17

—x=1 =2+—~— -

3 RN i

Touka M( g; !81; 0) nexxuT Ha MIocKocTh Oxy M paBHOYIAJICHa OT TO-

yek A, Bu C.

6) [IpumeM Ha koopamHaTHO# ockoctd Oyz Touka N (0; y; z) pas-
HoyaaneHa oT A, B u C, cnenoBarenbHO

AN = BN ( BN=C
TKYOA CJi 0 = .
AN =CN OTKYIL enyeT, 4To 1 N)

AN = J(1-0 +(2-y) +(3-2) =i+4-4y+y’ +9-62+ 2
=y’ +71 -4y -6z +14,

BN = (=2 -0) +(1-y) +(2-2) =A+1-2y+y7 +d-dz+7 =
=y +7 -2y -42+9,

t/_\h:\/(()—o)z +(=1-)) ' +(-2) =0+1+2p+y y+1-27+7-2=
=Y+ +2y-27+2.
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[y +2 -4y —6z+14 =y +2° -2y —47+9

Jy -4y - 6z+14—\512+zz+2)’ 2z+2
{y +70 -4y —6z+14=p  + 7' -2y —47+9

v+ -4y ~6z+14=p'+ 77 +2y-2z7+2
2y +2z7=5
6y+4z-12

3 :
2, 2 NO; 15 )
[ 2

B) IIpuMeM Ha koopaMHaTHOI#M niockocTH Ozx Touka P (x, 0; z) pas-
HoyaasleHa oT Touek A, B n C, cienoBaTeabHO
{AP =8P

AP =CP {oTkyaa caenyer, uto n BP=CP).

4P| = (=1 -xY +(2-0y +(3-2) =1+ 2x+x +4+9-62+ 2
=yx + 2 +2x~67+14
BRI =\J(~2-x) +(1-0) + (2-2) =J4+dx+x +1+4-4z+7 =
=Jxl+ +4x-4z+9
CAL=J0-x) +(=1-0y +(I-2) =% +1+1-2z+7 =
=Jyxt+7°-2z+42

e+ 2x—6z+14=x?+ 2 +4x -4z +9

(
1 x +72+2x-6z+14 = \/x +72-2z+2
X+ +2x -6+ 14=x"+ 7 +4x-47+9
{x +20+2x-6z+14=x"+7"-27+2
2x+2z=5

{Zx =4z-12
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x=27-6
4z-12+2z=5
Z_17
x=2z-6 6 117
, P(= 0 —
{6::17 1 ( 3 6)
X=—§

Ne 439, a) [Tpumem Touka P — LIeHTP OKpPYXXHOCTH, OMUCaHHOM
okono NAOB, cneposareibHO
AP=BP=r
AP=0P=r
TOYKH A, O, B 1 P 101XHBI 1€XaTh B OJHOM ILIOCKOCTH.
Ho touka O (0; 0; 0) coBnanaeT ¢ 11ayanomM koopauHar, A4 (4; 0; 0) ne-
XKHUT Ha ocH Ox; B(0; 6; 0) iexkut Ha ocu Oy, 3HaunT AAOB nexuT B KO-

OpﬂMHaTHOﬁ TIJIOCKOCTH O.Xy, H TOraa LHEHTD OTIMCAHHOH OKPYXHOCTH
JIOJDKEH JiexXaTb B TOM X¢ TUIOCKOCTH. 3HAUMT, KOOpAHWHAaTbl LEHTpa: P

(x; y; 0). Tlo popmyiie 1. 45 yuebHuka

Ij;l = \/(4—x)2 +(0-y) +(0-0) =16-8x +x’ +y°,
BPl = /(0-x) +(6-y) +(0-0) =x"+36-12y + 7,
0P = J0-x) +(0-y) =Jx' +y°.

Janumem CUCTCMY:

(JI6+x +y —8x =yx"+y 12y + 36
VI6+x +y —8x =/x* + y'

{l6+xz +y?—8x=x'+y*-12y+36

, TI€ r — PafHyC OKPYXHOCTH;

16+x*+y’ -8x=x"+y’
8x =12y -20 x=2
8x =16

KoopauHatbl ueHrpa oKpyXHOCTH, onMcaHHot okono AAOB: B (2;
3; 0). Panvyc omMcaHHON OKpyxHocTH paBeH AP= BP=0P=r,

r=yx’+y' =J4+9=413.

y=3
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6) Ecau touka P (x; y; z) paBHOydajicHa OT BCpPWWH TeTpas/ipa
OABC, To
OP=AP

AP = BP
BP=CP

0P = J(x=0f + (y=0) + (z-0f =x +y" + ',

AP = J(x=4) + (v -0) + (z—0) =x —8x+16+ ' + 2,
1BP| = J(x—0) +(y -6) + (¢ ~0) =+x +y7 —12p+ 2’ + 36,
CP| = \/(x 0 +(y =0y +(z+2) =x +y* +2° +4z+4.

3anuuicM cuctemy:
e+ e = -84y + P 416

Jx’—8x+y2+zz+16=\/x’+y3——12y+z’+36

NX +y -2y + 22+ 36=x +yl + P +4r+4
X4yt =x’-8x+y +7+16

X =8+ Y+ +16=x"+y =12y +7 +36
X4y -Ry+ 7 +36=x"+y '+ +4z7+4

8x =16 x=2 x=2
12y =8x + 20 12y =36 y=3
12y +4z=32 36+47=32 z=~1
z
D Ne 440. [MpruMeM HPSIMOYTO1bHYIO

CHCTCMY KOOPJIHHAT C HAYAI0M B TOUKE
C v ¢ ocaMH: Ox — coBaaIoLICH ¢ 0T-
pe3kom CA, Oy — coBnazaloilei ¢ oT-

C a B y pe3zkoMm CB, cacnosateibHO Touka D

b Oyaet siexars Ha ocu Oz, [TprUMeM Tou-

A N ka N — cepeamna oTpeska AB. B naieii
x cucreme koopauHat A (b; 0; 0), B(0; a;

Puc. 247 0), C(0; 0; 0), D(0; 0; m).
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k) ) {

2 2 2 )
(o dopmyne n. 45 yueGHUKa).

N(Xﬁxa.yﬁy.,.aﬂﬂ

IMonctaBuB KOOpAMHATBE TOYEK A M B, monyyum; N(g g 0), =

IDM = \/[——) +(§—0)2+(0—m)2= b:z+%2+m2.

§ 2. CkaaspHoe npoH3BeJeHHEe BEKTOPOB

Ne 441. CnenaeM pycyHok (puc. 248).

a) Bexropor BTI? H BTC COBITAJAIoT

C KaTeToM W THIOTEHY30i MpsAMO-
yroJqpHoro Tpeyronsiuka BB,C, 3Ha-

YHUT, B'_B:I " IR‘ = 45°,

—_ e
6) BD= B, D,, 1. K. OHH cOHanpas-
JIEHbI U MIMCIOT OJMHAKOBYIO UIMHY.

_— —

BD=BD, -—DB. Puc. 248

Yron mexny DB W DA — yronl MCXJly CTOPOHOI{ U IHAroHaJIbIO
KBajaparta, T. €. oL = 45°,

DA~ BD=135°=DA" B, D,.

8) AC, n A, B coBnagarot co CTOpoHaMM PaBHOCTOPOHHETO Tpe-
yronbiuka A, BC, (otpesku A, B, A,C v C,B — nuaroHanu rpaHei
Ky0a), U DTH BEKTOPHI OTOKEHDI U3 OHOH TOUKH, 3HAYHT,

AC A B=160".

—_—

I)BC AD; BC® AC ACAAD 45° (kax yroj Mexiy cTOpoHo#
JIHaroHasIblo Kpajapara).

1) BB, = AA; BB AC = AA~ AC =90
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¢) fTb. = 1?_C:1. [Mprmem O — Touka nepeceyuenus auaroHaneit BCu
BC, xeanpata BBCC. BC,=20C; BC=20C, srauur BC, ~ B =

=5C_'I A56 = 90°, No3TOMYy Yroj MeXuy BEKTOpaMH R"[ U Zb. pa-

peH 90°,
X) A D BC MO3TOMY Yroa A D ~AC=10°
3) A4, = — C]C , 3HAUMT, €CJIH UX OT/TOXKHTb U3 OXHOW TOUKH, OHH

Ne 442. Cuenaem pHCYHOK, OT-
JIOXUM OT TOUKH O BeKTOpbI OP =
=CD, nON = AB, (puc. 249).

—

BA=—AB= AB =ON,

OynyT npuHateXxaTh OQHOW NPAMO# 1 oOpa3ytoT yron 180°.
DC =-CD=CD, =OP.

B
A
9
CaenoBaTtesibHO

Puc. 249 —
BA DC ON OP P,

——

BA~DC=ON~CD=180"—¢, AB~CD= AB"OP = 180° — .

B C, Ne 443. (puc. 250). Ina pblaucaeHHit
I BocnoNb3yemcs opmyitoit (1. 47):
4 D, L
! S a-b =,a] - |b| cos(@” b)
:I“,
’ IO
/E&:p—— F——=»C a) AD- B|C |Aa IB C |><
/_,-'— ~
4 D x cos(AD~ BC, ), k. AD= BC,
Puc. 250

AD-BC =1AD-|BC | cos 0° = [4D - |BC | = d
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6) AC = —C,4,, cos (AC " C,4,) = cos 180° = —1,

CI =IC, A =V + 7 =al2

AC-CA, =aV2 - aV2 - (-1) = —20°

B) 5,_1‘3 L AC (no TeopeMe o Tpex nepnenankyJsipax AC 1 D B),
cos(D,B~ AC) = cos90° =0, D B+ AC = 0.

r) BA COBMajaeT ¢ /AMaroHasblo TIpaHH Kyba, Kak M BC‘
IBAI—[BCI—a«/_
1

A\ BA,C, — paBHOCTOpOHHMI, ZA BC, = 60" = B_’/i" " R‘.,,cos 60° = D)

ﬁ, . Iﬁl =|§Xl| ‘ |bE"]|cos(B_A', n R‘:) =g2 - aﬁ-%=a’

s 1 N [N .
a) A0, = 5 AC, ,co8(40 " AC)=cos0° =1,
— 1, = — !
140 =5|A,CI|=E-0«/5, AO, - AC, =a«/5'5-a«/5- 1=d
©) 00, = DB,
2
Bl_Ovlzhl_Bl_D.|=_—]—ﬂ|=_Dl_O’l’
2 2
DO, » BO, = 180°, cos 180° = —1,|D0,| = |8, |=]5J§

2

DO, - BO——— a«/_—as/_ - 1)—-—

X) BOl COBMaaeT ¢ TMITOTEHY30ii npaMoyronpHoro A8B,0,, y koTo-
pOro KaTeTbl:
ay3

fa

IEEI|=a, lli_O.l =%-aﬁ, |1§5,|= a’+i-202 =

C,B=av2

6 ®anees, 10—11 xn.
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BO, ~C B = 180° — (BO, * BC,) = 180° — 20,BC, (puc. 12).
20,BC = a LABC, = 1. 60° = 30°, T.K. ABA,C, — paBHOCTOpPOH-
I I 2 2 ™~

HHHA, KaK 110Ka3aHo B ITYHKTE T).

lﬁ,-CTb |BO| K‘Bl cos 150° —% av? - (—£)—_

Ne 444. TIpumem a{x;y;zh b {x,; ¥;;2,}, crenoBaTenbHO
=xxtyy, 2.2, (n. 46),

=15+ (-)-6+2:-2=5-6+4=3,
b=—1—-1+2=0,

—5+6+2=3,

I+1+4=6,

TTT =43

Ne 445. Ecind = 37 —5) +k,To a{3;=5; 1}.

Ecau b =j-5 /;,TOE{O; 1; —5).

a)a b=3-0-51-5"1=-10;

6)i {1;0;0),d-i=3-1=5-0+1-0=3;

B)7{0;1;0),5-7 =0-0+1-1-5-0=1;

D@+ bk =ak+b-k k{0;0;1};

@+bBk=0-3+0(=5)+1-1+0-0+1:0-5-1=1-5=—4;

n)(a—2b)(k+1—2j)——a k+a i—2a- _/—2b k —2b - i+
+4b'J—(3'0 5 0+1 l)+(3 1-5-0+1:0)=2(3-0-5"1

0y =200+ 1- 1)—201+1-0-5-0)+4(0-0+
+l 1-5- 0)—1+3+10+10+4—28

Ql O IR R
U~ [~

Qlﬁl

-
bl

Ne 446. UssecTHO, uTO:
_ 1) Mo dopmysne (1) n. 47 pist HeHyAeBbIX BEKTOPOB d {X,; y,; Z,} U
b{x; ¥z}
cosq =t X2tV V2 2 0%

VXIAYIHZ x4yl 4 2
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2) Ecaun 0 < a < 90° (ocTpmiit yron), To cosa > 0,
ecnu cosa =0, To o = 90°, ecnn 90° < a < 180°, To cosat < 0.
3HameHaTenb A[x2 + pI + 22 -\[x + yI + 22 > 0 wist MoGLix Hemye-

BbIX BEKTOPOB. [103TOMY 3HAK BhIPAXEHMSI COSCL COBIMANAET CO 3HAKOM
YHCIIUTENS; €CITA (X, - X, ++Y, - ¥, + Z, - Z,) > 0, To cosat > 0 v HaoBoporT.

a)cos (@" b)) <0,T. K3 (=5) +(=1)-14+0-1=—15-1=—16<0,
yron "rynoﬁ;_

6)cos(b"¢) >0, K =5 (-1)+1-(=2)+0-1=5-2=3>0,
YTOJI OCTPHIN;

Bcos(@"¢)=0,T k3 (-)+(~D) (~D+1-1=-3+2+1=0,
yron o = 90°

Ne 447.7 {1;0;0}; j {0; 1;0}; k {0; 0; 1}. ®opmyna (1) n. 47 nast cosor:
XX+, ¥, +%,:%,
Vel +yival iyl +ad
T.k. 3HaMeHarTesb Gosiblle HyIS JUIst IIOGBIX HEHYJIEBBIX BEKTOPOB,
TO 3HAK COSC. 3ABUCHT OT 3HAaKa YHUCJINTEJIA.

CosaL =

a)Ecancos (@~ 7)>0,Toa i <90°. lokaxem 370.

X X,y Y, +2,-2,=3-1+(=5):0+0-0=3, 3>0, 3Hauur,
H BCE BbIDAXKCHHE MOJIOXHTELHOE,

cos(@~i)>0;a~i <90

6) Ecncos (@* /) <0, Tona” j > 90°. JoxaxeMm 3T0.

XX,y ¥y, +2,:2,=3-0+(-5):1+0-0=-5 —5<0, 3na-
YMT, H BCe BEIpaXeHHe OTpULATENLHOE.

cos(@" j)<0;a" j>90.

B)EAE= 90°, Komacos(?z"lz) = (.

Mo dopmyne (1) cos o = 0, eI YMCANTEND PaBeH HYJIO.

X X4y Y, +2,°2,=3:0+(=5)-0+0-1=0, 3Hauur,
cos(@a” k)=0,a" k=90,

Nedd8.a-b=x -x,+y, -y, +2, -2, (n.47).
a)a b=—15+2x-3-1=2x—8.
x—8=3;, x=11; x=5%=5,5;



164 Inasa V. Meroa xoopauHaT 8 NpoCTPaHCTBe
)Zz =2%x—8=-1; x=7; x=13,5;
)ZzJ.b 3HauuT cos(a " b) =0, a-[;=0,2x—8x0; x=4

Nedd9. G{m;3;4);6{4;m; =T}, G- b=4m+3m—28=0;7Tm = 28;
m=4.

B c Ne 450. (puc. 251). AB{~2 —0; 1 — 1;2 — 2},
AB(2; 0; 0},

DC{2—-0;2-2;1~1}, DC W2 ; 0; 0}.
BexTophl MMEIOT OOHHAKOBHIE Koopuuuam
4 D 3paywr, onnpaBHbl,Torna,];i}l=IFCI,EII C,

Puc. 251 ABCD — napannenorpamm. [lapajienorpaMm, y
KOTOpPOTrO XoTsi Obl OOMH YroJl NpsiMoH, ecTb

TIPAMOYTOJIBHHK. AD {0; 1; -1},
COSEAsz :Cl'x22+yzl'y2':z| 'zzz :
L, x|+y1+zl'\/xz+yz+zz
cos AB~ AD= x -x,+y -y,+2,:2,=0
V2-0+0-1 +0'(—l)=0,3Ha‘lHT,COS(A_éA TD)=
AB " AD=90°.
3Hauut, ABCD — npsaMoyroibHUK. [IpsIMOYTroNbHUK, ¥ KOTOPOro

JIBE CMEXHBIE CTOpOHbl paBHb[ — KBaapar. JLJokaxeM, 4ro | rBi = IA_d.
|;TB|=1/( =V2, [AD= YO+ +1 =+2, T.0. ABCD —

KBAAPaT, 4.T.4.

XXty )tz

Ne 451. UcnionbsyeM hopmy:y: cosa = e —
\/xl +yi+z -\/x2 +yi+z

o 2.3+()0+0:(-)_ 6 _ 6 _
R G Y rorwrynr N - S O TR W W 3
'

=01 5=60.
2 2
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V2342 (=3)+0-2 _ 62 _
V2424494940  2J2.32
cos (@ » b) < 0,3HaumT, 3T0 TynOI yron, a ~ b = 180° — 45° = 135°.

0-0+5-(=3)+01 _s/3 3
J0+25+0.40+3+41 52 2
cos(a” l;) < 0, 3HA4YWT, yroa Tyrnon, 1 a ~ b = 180°=30° = 150°;

Nm

6) cos(@ “b) =

B) cos(@ “b) =

Ne 4524 {2; 1;2},7{1;0; 0}, j{0;1; O}, k {0;

cos(@ ") = 2.140+0 _2
VA+4+1-1+0+0 31
2:041-140 _ 1
VA+1+4-1 3
cosp AR o2 0Fl0+2:1_ 2
N 3

L
=

cos(@ " j)=

, a

Ned53.CA{l — 1;3~2;0+ 1}, CA{0; 1; I);

CB{2—1;3—2;,—1+1},CB{l; 1:0);

e —— 0+1+0 1
cos(CA~CB == CA CB 60°,
¢ )= i+l V242 2

X Xty nht305

Ne 454, (puc. 252). coso = .
VI Y g eyl g

AB(3—1;—1+1;1-13), 4

AB {2;0; -2}, BA{=2;0;2) ,, 0
AC{~1—1;1+1;3-3), BSH L WIS
AC (=2,2;0),CA (2 -2 0);_ Puc. 252
BC{~1=3; 1+ 1;3 — 1}, BC {~4; 2; 2}, CB {4; —2; —2).

cos(AB AC)— —Jﬂ=—4=——-;

Va+4.J4+4 8 2
AB~ AC = 180° — 60° = 120°;
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~2(—4+0-2+2:2 _ 8+4 12 _
Va+0+4.16+4+4 2422423 4243

cos (ﬁAﬁf)=

_3
3 27
BA " BC = 30°: A
= = 2:4+(=2)-(=2)+0-(-2) 8+4 3
cos(CA ~“CB) = = =5
( RN S T 242:242.43 2

CA* CB = 30,

Yriibi npy ocHOBaHUH paBHbl. TpeyronbHUK ABC — paBHOGeapeH-
Hbli. Haitaem nepumerp AABC. [1ns 3T0ro HaiiaeM li?a " |Il}i (|2§I =
= l;t‘(ﬂ?l) no ¢gopmysie . 45: a =m

[BCl=16+4+4 =24 =223, [4B| = V4 +4 =8 = 242,

P=[BCI+214Bl= 2T -3+ 2 2/T = 2V3(3 + 2)

Haitnem niomaap AABC: § = l;lE(j’] -ITH, rac AD 1 BC.

Touka D — cepeanna otpeska BC, 1. k. AABC — paBHOOE/IpeHHBIH.
CoraacHo dopmyne (2) n. 45: D(%; l——;—l; %}, D(1;0;2)

14D = J(l =1 +(=1-0)" +(3-2)" = J0+1+1 = J2 (no dopmyse
n. 45 (5)).

s=%-2~/5-«/3-«/_=2~/§.

8 Ci Ne 455. MpumeM, 4yto cTopoHa Kyba
p ; D /, paBHa @, CJIE10BATEIIbHO;
i | 4 a) B npamoyronbHOM TpeyrolbHHUKe
(ol AAC, (puc. 253) AA, = a,
S AC =+d +a =aJ2 (no Teopeme
. L~ B C Tludaropa).

4 D ACI=,}01+(a«/a2 =va +2d =

Puc. 253 = a3,
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AA, a 1 _V3
cos AA AC =cos LAAC, = —'= —F%== ==—,
( ) A AC, af3 N3 3
6) BekTophi H): H ﬁl jexar B ruioc- B, D,

koctn BB D, ceuenue kyba 310l miocko-
CTBIO eCTb npm\ij)yronbnux BBDD co
2

CTOPOHAMU d U @ ;)
BD, ~ DB, = /B,0D,. 5 D
[To TeopeMe KocuHycoB B ABOD, Puc. 254
(puc. 254):
BD'=08} + oD - 208, - 0\1])4005 £B0D,
03,=01),=EDB=5AQ ”2 BD = AC—a\/—=>
a‘\/_ ( J—')
OB*+OD'-B D' | 2 J
cos ZBOD, = 1l = =
208,-0D, N @ (o
2 2
2 . 2 .
g 3+a—3-—2a2 Ea’-Za2
-4 4 =2 —1-4-_1
207 Eaz 3 3
2 2

B)C,C L BD,AC 1 BD(no cBoHCTBY AMaroHa/u KBaapara) (puc. 255).
3uayuT, BD nepnenamkynspeH mwiockoctd AC,C, Torsa BD 1 AC,,

cos(a),"/ﬁl)=cos90°=0.

P Bl CI
}
ry
A’ i D]a’ ’
>
PR 4 A
-7 1 ‘
,
. L~ l//
7} 4
= - .__,;1’ Zent -y JC
z -]
9_’_—".\
N 4 D
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Ne 456. BeeaeM npsaMoyrojibHY10 CHCTEMY KOOPAHHAT C HAYualoM B
Touke D (puc. 256). CnemoBateabHO KOOPAMHATHI BEPLUIMH MPAMOYTOJb-
HOTO NapajLieenunea:

A(2;0;0); A4,(2;0; 2);

‘AD ¢ B(2: 15 0); BA2; 1; 2);

! i C(0; 15 0); C(0; 15 2);

B, D(0; 0; 0); D,(0; 0; 2).

X X,y -y, +Z,0%

\[xlz +yi+3] szz +yi+ 3
0%~~~ 8 c"’y’ rae a“b=aq, ?J{x.;yi;z,};
- bix;y,;5); a=0; b#0.

4

cosa =

Puc. 256 513, {2; 1; 2}, yTO COOTBETCTBYET KOOPIH-~
HaTaM TO4YKH B,.
BC {0—2;1—1;2—0}, BC, {~2;0;2}
2-(=2)+1-0+2-2 _—4+4 ~0:
Jir1+4-J4+0+4 .8

cos(D_l—i”I A 13—6",) =
DB, BC, = 90".

Ned57.(a+b)é=2a¢ + b (em. . 47);
ac=la|clcos(@~¢)=1-2cos60° =2 -—2—=1;

bé =1b|- |élcos(b ~T) =2-2cos60°=2; @+ b)i=1+2=3,

NedS8.a+b+c=(a+b)+e.

[Tonb3ysch paclipene/IUTeNbHbIM 3aKOHOM CKANSIPHOTO [IPOU3Beie-
HUS BEKTOPOB, NOJIy4aeM: o

(a+b+c)d—((a+b)+ c)d"(a+b)d cd=(ad+bd)+

+éd=dd+bd+2d.

Ne 459, a)(a +b+ c)(2b) = ((a + b) + c)(2b) = (a + b)(2b) +
+2b¢= 2ba+2bb+2b¢=2p| |dcos 120° + 2b| - |B] cos 0° + 2Jb| x

x|clcos90°=2-1 l(—5)+2'1 1'1+0==1+2=1,
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(a+b+c)(a—c)—(?1 +c)(a)—(a+b+c)(c)~aa—ab+
+aé-ac+bé—cc=aa—ab+bé—c¢=|a |acos0° -

— 1@ - 8] cos 120° H¥| - |¢] cos 90° — [¢] - |¢| cos 0° = l+%—1+0— L,

Puc. 257

e=

=J|+( ) 0+(—%)+1-0 0- 0+1—J5,T.o.|a+5_a|=ﬁ

[+

Ne 460. Ecnu BekTOp a VMeeT KOOpAMHATHI {x; y; 7}, TO
a=xi+yj+zk.
=(xi+y J tzki=x(D+yGiy+zki). T.x ii=1,
ji=0,ki =0, 710 ai=x C opyroit CTOpOHbI, 110 OTpPENEACHHIO
cKansipHoro npou3seacHus ai = [a - || cos @, = || cos @,
Urak, x=|dcos@, AHaNOTMYHO [IONYYaeM  PaABEHCTBA
= [a] cos @,, 7= |d| cos @,. ToecTtb a {|g| cos @,; [a cos @,; || cos @,).

N9461.9603Haqnma=5;ﬁ=5;3&=5; D

a” b=5h"¢ =060 (puc. 258). -
—_ — - M c

Byvipazum MN v BC yepesa,buc. e

BC=¢—b, 4 c

A_ﬁv=ﬁb+ﬁé+ﬁv=—%a+5+ BN

+l(5_5)=b_la+lg_l5=l([,_a+5) Puc. 258

2 2 2 2 2

— — ] - L o= 1. 1.. 1. ~+

MN-AD=—(b—a+e)(-8)=-—db+—dd——at¢ == |bx
2( a+ ¢)(—a) yabtsaa—-a 2lal |b
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1 1 1 1Y).

x cos 60° + acosO"—— cosb0’=| - —+—-—— =0
60+ Ll Bl lcos 60 = (3- 2+ -2 2
M_N~ﬁ=%( —-a+ )(c—5)=%z(5-a+z)-%B(5—a+

ro=tpe-Lase Lt lpilar _Lis=Lle_pas-

2 2 2 2 2 2 2
_in=1-0=0
2 -
T.x El= -6 1=8=1p|-1g| 1, mockoibKy |¢] = [6] mo ye-

N0BMIO; G- b =3 F, nockonbky |a = |b| = |Flua"~b=a"¢=60".

D C, Ne 462. Bocronb3yeMcsi CBOICT-

p N 5, BOM Napajuie/enunena.

i \ a)BA- DC, = (-AB)- DC, =
\ —
DL__..\.\- Jc = —AB = —1 (nockonwky AB= D, ,
L2 \ AB || D,C, no cBo#icTBY napasuienent-
< 60 —

A B neaa, o AB=DC)).

Pue. 259 6) BC, = BC +CC, = AD+ AA

bl_'B=D|_é|+CTé+CTé=A_é—A_A.l—A_b
BC -DB=(AD+ AA)(AB — Ad, — AD)= AD- AB — AD- AA -
—ﬂ)’+A7,-Z§—A_A:2—A7,-/TD=1-1%—1 1-0—1+1-1-0—1—
—11-0=L1o1-1s
2
B) AC, = AB+ BC+CC, = AB + AD+ Ad,,
AC, - AC, = (AB+ AD+ AA)(AB+ AD+ AA) = AB’ + ADX
x AB+ AA, - AB+ AB- AD+ AD' + AA - AD+ AB- A4, + ADx
XAA + AA'=1+1-1cos60°+0+1-1cos60°+1+0+0+0+1=
=1+2-L41+1=4
2
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r) B ocHoBaHuu mapauenenunesa nexut pomb ABCD,
LA=2C=60°,AD=1, AB =1 (puc. 260), oTKyna cleayert, YTo

B, A,

B D B A C

Puc. 260

1) £ZADB= ZDBA =60°,2) DB = 1.
Pacemotpum ADBB: DB=1, BB, =AA, =1, ZDBB =90° (BB,

NepreHIUKYIISpeH IIOCKOCTH OCHOBAHUSA, T.K. AA, NepPHEHINKY IS peH
IUIOCKOCTH OCHOBaHUsl M BB, || AA,).

\DB|= /BB’ + DB* = 2.

1) PaccMotpuM ocHoBaHHWe napasnenenunena. AC = 240, rae O —
TOYKa MepeceyeHuUe nuarotaseit pomoa. AQ -— BbICOTa B PaBHOCTOPOH-
Hem AADB, AO = AB - sin 60° = | g AC=43

B npsimoyronsHoM AAA C

MO =AC= A A +ACT =\T+3=2,

PSSO —

¢) DA, = (~AD)+ AA, DB=DD+ DA+ AB=—AA — AD+
+ AB,

DA, D.B=(AA, — AD)(AB —AA, — AD)= AA, - AB —AA* —
~AA - AD~ AD- AB+ AD- AA, + AD' = AD' — AA + AA, - AB —

——A_D'~:47?=1—1+0—1-1-cos60°=——;
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cos(D4, b= 24 LE
| DA, D, B|
DA|| =AD" + A4’ =2, DB = DB, =2

N | —

cos(DA, » D B) =

1
22 22
x)AC'*AB+AD+AA

DB = —AD+ AB+ BB = AB— AD+ AA,

AC DB——(AB+AD+AA)(AB AD+AA)*ABz+ADx

1
4

x AB+ AA - AB— AD- AB— AD' — AD- AA, + AA, - AB + Ad xx
AD+ AA'= AB' + 244 - AB— AD + A4 =1+2-0—1+1=1.
AC|=|4C1= 2, |DB,| =2,
AC,. DB 1 2

COS(EI Ab_gl)= = =—
icyps| 2V 4

4 Ne 463. BeeieM BeKTOpbl 2 = Ei, b= lTé,
¢ =DC (puc. 261). Mo ycnosuio AD1BC u
ITDJ_ TC, nostomy a L (¢ — 5) ub L (¢ — a). To-
B C rma@- 5)_= Ou b(€ — @) = 0. Orciona nonyyaem
'3 T ac=abubé=ba. )
b W3 5TUX IBYX paBEHCTB CleNnyeT, 4To a ¢ = bc,
Puc. 261 - L. - L .
Wwin (b—a)c = 0.Ho b — a= AB, ¢ = DC, no3To-
My E FC = (0, u, 3HAYHT, A_é 4 E'Z), 49T0 U TpeOOBAIOCh 10Ka3aThb.

ixl Xty 0tz ‘Zzl

Ne 464. cosp = -
VX vl Jxl eyl v
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a) AB {1; 1; —21;CD {1; 0; -1}
l+0+2] 3 W3_ V3

cosp = === = =130
S Aira Nivosl 232 6 2 ¢

6) AB {1;0; —1};CD{0; -2, 2},

0+0-2| __ 2 1
VI+0+1-Y0+4+4 J2.2.42 2

B) AB (1;1;—2}; CD {—2;~2:4},
cosq= f2-2-9§ _ 12 R
Vi+t+d4-Jaea+16 6424 6-6-2

r) AB {~L; 0; 1}; CD {0; o,-z},
p+o0~2| V2 .
cos ——————, = 45°.
A Ty /A WA R

Ne 465. (puc. 262).

Tpumem AB = a, cnenoratensHo AA, = avJ?2. Beenewm MpSAMOYTO/Ib-
HYIO CUCTEMY KOOPJMHAT TaK, KaK MoKa3aHo Ha pUCYHKE. BepLinHb A,
B, A,, C, MMeIOT Crieay1oLIHe KOOPAMHATHI:

A(ﬂE 0), B(0; a; 0), 4, (“ﬁ,“,af) C,(0; 0;v2).

ZE,’{ a«/— a \/_}EZ a«/_ a \/_}

cos@ = , @ =160

—] ¢=0.

Puc. 262
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BekTtopb! /?6, " Bﬁ ABJIAIOTCA HaNpaBIAILAMA BEKTOPaMH Npsi-
Mbix AC, H A, B. TlycTs ¢ — yron mexy npsmbiMu AC, u A 8

LRIy
4 4 21

cosQ = —, OTKyda ¢ = 60°.
\Ea1+la’+2a7-\[}az+laz+2a 7
4 4 4 4

z Ne 466. [prMem cTopony Kyba AB = a,
D, C; 3ananMM MpAMOYTOJILHYIO CHCTEMY KOOp-
A - % avHat Oxyz. (puc. 263). CnemoBaTenbHoO,
\' ! / BEPILUMHBI Ky6a HMEIOT KOOPIWHATbHI:
MT~L A(a; 0;0), B(a; a; 0),
RN C (0; a; 0), D(0; 0; 0)
) -~ C [ Bed ] ’ Yy ]
9’0 """ ~ e A, (a;0; a), B, (a; a; a),
A4 BN C(Oaa)D(OOa)

Puc. 263 TO‘{KPIMHNM((IO——G),N( aaO)

a)MN{—;—a a a} DD, {0; 9; a},

F+O—§a
4
cosQ = ,

0) BD {—a; —a; 0},

1, 1,
cosQ = i a+0‘ __2° = V16 =
Jla’+a’+2a’ 24 §~02 22429
4 16 16
-4 _ 2
2429-2 58’

B) E[—'D {—a; —a; —a},
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I 2

R s e

cosep = f_9\/_—
\La+a+~—a\/— (af a—\/l—_
—_ 1 .
=5

_____

r) AC{—~a; a; —a},

1 , 3 2(1 3)
-a(— - - —+1+=
coscp_k_za( ayra -, d a)_a 2 4)|_ N6 _
- - e 7q. -
a\/Tg-m az\/z—-g-ﬁ @4329-43
16 16
- '
V2943 {29
Ne 467. MpumeM AB = a = BC, cneno- z D C
1 |

BaTCJLHO AA, = 2a. BBC/eM NPSIMOYTOJib- '

HYIO CHCTeMy KoopiauHar (puc. 264). 1

CnesopatenbHO BepLUWHbI Napasiesienune- 1 v B,

J1a UMEIOT KOOPAMHATHI: !
A(a;0,0), B (a; 4, 0), H: T A (ol
C(0; a; 0),D(0; 0; 0), A0 )
Afa; 0; 2a), B(a; a; 2a), AKZ B
C(OaZa)D(OOZa) x
a) BD{——a —a; 0}, CD (0; —a; 2a), Puc. 264

}0+a +0) a 1
COS(p= = S =___
V2a i +4a  &V2-45 V10
0=71°34
6) AC{— ; 0} AC {—a; a;2a
a| ¢,0 4 1% 2a s
cosQ =

= 54°44’
2a N7 +4a a2 06 f °=
Ne 468. (puc. 264).B npsaMoyronbHo# cucTeMe KOOpAWHAT:
AQ2;0;0), B(2;1;0),C (05 1;0), D(0;0; 0),
A,(2;0;3), B (2,15 3), C,(0; 15 3), D, (0; 05 3).
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a) AC {=21; 0}, D, B {2; 1;-3},
F4+1| _ J3 3,
NarlJa+1+9 J5.J14 Y707

6) 4B, {0; 1; 3}, BC {-2; 0; 3},
_ 9 9
cosp = = = —

JI+9-44+9  Jio-V13 130

B) 4,D{~2;0; =3}, AC, {~2; 1; 3},

9 5 5

AT At +9 3-Nd sy

Ne 469. [MpumeM ctopoHa kyba AB = a (puc. 265).
BseseM npsaMOYTONBHYIO CUCTEMY KOOPAHHAT.

DA {a; 0; 0}, DC {0; a; 0.}, DD, {0; 0- al,

cosQ =

M(%a;o; a),N(IEa, 2;0), M (— a ‘5«1 —a).

Comacn-lo dopmyrne n. 48, 3azava 2:
sin @ = |cos 0],

D
' G TAE ¢ — YroJ MexJy NpsiMOii M ILnoc-
! KOCTB10; § — yron Mexay npsiMmoit u
Ky B, HEHYJIEBBIM BEKTOPOM, MEPIEHAUKY-
M JISIPHBIM TLTOCKOCTH.
' —
! Y a) DD, nepneHaMKynspeH njoc-
AY
13,',_\_ -z |C Y xoctu ABCD, .
P A sing =|cos(MN " DD,)| =
4 \ B 3 0+0-a|
Puc. 265 S pylpy g \/_
\/100 4
a _ 10 .

a,\/9+ 25¢100 134

100
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0) DA neprnenaukyaspe miockocti DD,CC,
3,
Y 3104 3

sin @ =|cos A?NAE4 = = = ;
 =leost ) EN- 10-/134 -V 134
a. i'a—d' a

B) DC nepneHauKyasipeH muockoctu A4,D, D
1

2@ a0 s

sin@ =|cos FCAMV = = = .
 =lcos( ) 134 «/_2 a-2-4134 4134
T

Ne 470. BeeneM NpsiMOYTOJIbHYIO CUCTEMY KOOPAMHAT (pHC. 266).

A(2;0,0), B(0;0;0),C(0; 15 0),. D(0; 0; 2), M (1505 1), N(O;%; 0),

Bocnonbsyemcs opMmynoil 13 3anaun
2n.48:

sin @ =|cos 6], rae ¢ — yron mexny
MPSAMOI U TUIOCKOCTbIO; 0 — yTon Mexny

npsiMO ¥ HEHyJIeBbIM BEKTOpOM, Hep-
MEHANKYNAPHBIM K 3TOI MIOCKOCTH.

a) Bekrop IB_C“ TEPNeHANKYASIpEH K
miockoctd ABD.

BC {0; 1; 0}, MN {—1;%;—1},

6) BeKTOp BA MEPIIEHANKYNAPEH K TLTOCKOC
— 2

sing@ = cos|BA ~ MN|= L2 =2

G fi+li 2 2

4 2

2
v DBC. BA (2; 0; 0},

B) BEKTOp FD’ NepreHarKyIsapeH K MmiockocT ABC. Eb {0; 0; 2},
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2
sm(p——cosIBD MN]=—!:——I——L—3
1 3 3
Vo i+ o412 3
z D, G Ne 471, A,C — nuaroHab Kyba; DB —
g liaroHanb rpaHu Kyba (puc. 267).
! 4 BBeneM npsiMoyroiabHyio CUCTEMY KO-
1 ‘~:\ ! OpJ/IMHAT. IlpuMeM  cTopoHy  Kyba
RN AB = AD = a. CicnosarenbHO
1 \\\ y —
i & A4,(a;0;0),C(0;a;0), AC{-a;a;—a},
x/4 ~3 D(0;0;0), B(a; a;0), DB {a; a; 0}.
Puc. 267 — — . |a-d

cos(DB" AC)=—F——=
: V2d -3

3HauMT, Iﬁ . /?C = 90°, M, COOTBCTCTBEHHO, YTOJI MCX/Y NMpPsSAMbI-
mMu A,Cu DB pasen 90°. loka3aHo.

z Ne 472. BeaeM NpAMOYTONbHYIO CUC-
N P TeMy KooOpauHar (puc. 268). IMpumem cto-
poHa Kyba paBHoii a. Clie1oBaTE/NIbHO:

(1) 1) M(a; 0;a), P(0; a;0), PM, {a; —a; a);
Py M(aOO)Q(OOa)MQ(aOa)

. PM H MQ — HanpapJisliolIHE BEKTO-

XM 0 pei npamuix PMu MQ,, yron Mexiay HHM»
paBeH YIJIy MEXAY 3TUHMH TIPSIMbIMH.

i 6y ==L g
cos . | Ners R
3HAuMT, yron Mexay npsameiMu PM, u MQ, pasen 90°

Hoxkaxewm, uto npsaMas MN,, nepecckaioias npsamyio MQ, B Touke
M un nexaiuas B ruiockoctm MN Q, (kak u npamas MQ,), Toxe nepneH-
IHKyJIapHa npamoit PM,.

"\ RUNNEPEPIpI SN

N, (a;a;a); MN v PM — Hanpasnsiiouyie BeKTOPb! 9TUX IIPAMBIX.

MN, {0; a; a}.
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T .
cos (PM,» MN )= {———_=0, PM, "~ MN, = 90",

V3a V24

Mut nokasanu, uro PM | L MQ ; PM L MN ; MQ nexwut B rioc-
kocth MN,Q,, MN  nexur B nockoctd MN Q.. DTH npamble nepeceka-
10TCA B TouKe M. 3HauuT PM | nepneHauKyisapeH miockocth MN.Q,.

2) Mpambie QN 1 QP, nexat B n1ockocTd QNP 1 nepecekaloTcs B
Touke Q.

Q(0;0;0), N(a; a; 0), QTV {a;a; 0}, P(0; a; a),é—é {0; a; a}.
cos (PM, ~ ON) =M—=0; PM, LQN

V3ia® V24

|—a2 + a’f

V3@ -v2d

TakuM obpasoM, npsimast PA, neprneHAMKyAsipHa rockoctd QNP,.

cos (PM, » QP,) = =0, PM, L QP.

Ne 473. BseneM NpsSMOYTONBHYIO CHC-
TEMY KOOPAMHAT Tak, 4To Jiyd OA Gyger
coBnanarth ¢ ocblo Ox, OB ¢ ocbio Oy, OC ¢
ocblo Oz, OTNOXKUM Ha Jiyyax OTpPE3Ku:
OA=0B=0C=1 (puc. 269). NMonyyum
Terpasap ABOC. OM vi ON — 6yicceKTpUCH

yroB LAOC u LAOB.
AM=MC=—;—AC;AN=NB=%AB.
A(1;0;0), B(0; 1;0),C0;0; 1), Puc. 269

1 1 1 1
M(=;0;,— i ML .
(2,0, 2),N(2 ,2,0) (cM. 1. 45 a);
— 1 1, —.1 1
OM{=; 0; — ,ON—;—;O.
{2 2} { H

cos(OM ON) =4 - 4 -

FW(I
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OM " ON = 60°.OM uOM — Harpassiouye BeKTophl Jiyueit OM
n ON. LZMON = 60°,

A Ne 474. 3ananuM npsiMOYTOJILHYIO0 CHCTE-
D, C, My koopavHaT Oxyz TaK, KaK MoKa3aHO Ha
puc. 270, 1 paccMOTPUM €IHHHYHBINA BEKTOP
11 .
4, /] : B, 4, coHanpasaeHHbIH ¢ BekTopoM AC, . BekTop
y _‘2,’ : a UMeeT KOOpAMHATHI {cos 60°; cos 60°; cos @),
— = = 11 -
DX \ win {—; — cos ¢}. Tk, |@ =1, To -+ — +
- i x 22 4 4
J 4T B + cos’p = 1. OTciona nosyyacM
Puc. 270 cos'Qp = %mm cosp = iJ—E—.

T.K. yron ¢ ocTphiif, TO COS @ = _"/_2_2_, oTKyna ¢ = 45°.

Ne 475. [pumeM, yto Touka N — cepearna otpeska CB, M — Touka ne-
peceueHust Meanad ADBC, ZDAN = ¢. BeeaeM NpsaMoyrosibHy10 CUCTEMY
koopauHat Oxyz (puc. 271). CnenosatensHo C (0; 3; 0), B (4; 0; 0).

Touka N — cepenuHa otpeska CB,

3
N(2,=0).
( 5 )
D (5 cos 60°; 5 cos 45°; 5sin ¢);

A‘+D{i % sin ¢}

AD- AD =4I} =25,
25=(§) +[-5;/_5] + (5sin @)’

25= —2§+25—Z+255m 0
4 4
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AN2—0} IAN]\['\/——

AM = AN + NM = AN+3ND AN += (AD—AN)—EAD+

+§Z'v,
32 3 '3 2 3232 6 6 6
_ . 572 +6
ant = (332565 |AM!=J'—6—9- GERD I
6 6 6 36 36 36

=\/'l_69+ 25-242-5V2 -6+ 36+ 25 =‘F69+ 50+60y2 + 36+ 25 _
36 36

280+60v2 _ [4(70+15V2) 270+ 15v2 |
- =,/ - L0452
\/ 36 36 6 FVI0+ISN2

Ne 476. Ipumem ZCAC, = ¢. 3anaanm
NPSIMOYTOJILHYK) CHUCTEMY KoopAaHHar Oxyz
(puc. 272), paccMOTPHM eIMHHYHBIf BEKTOP /1

—_

d, conanpapieHHBbIi ¢ BektopoM AC,.
a {cos 60°; cos 60°; sin @},
da=—+-—+sinp=1

4 4 ’

sin‘p = %, sing = g, @ = 45°,

Ne 477. BeeaeM npaMOyTOJIBHYIO CHC-
TeMy koopAMHat Oxyz (puc. 273). MNpu-
MEM CTOpOHY KpagpaTa paBHOH a4,
KK, = b, rne K, — Touka mepeceycHUs
AWaroHajneit, wiM LeHTp KBaapata. Cie-
JOBaTENLHO

AD {(a; 0; 0}, 4B {0; ; 0},
Ei){a; —a; 0}.
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a a
T.k. Touka K, — LIeHTp KBaznpaTa, 10 K, (—2—; 5; 0), cooTBETCTBEHHO

a a T N
K (== b); AK{=,—;b}.
22 ) {2 2 }
Jns nokaszatenbcTBa MCMoNb3yeM (GOPMYJY CKAISpPHOrO MPOM3Be-

AeHusl BeKTopoB. HaineM MIMHbBI BEKTOPOB BDv AK. Vi3 TIPAMOYTOJlb-
HOTO TpeyronbHuka BAD BD = {24 = ay/2.
a2

W3 npsmoyroabHoro TpeyroiabHuka AKK, rue AK, = %BD = 5

2 r—-z—
AK = /bz +(§] =\/b‘ +

AK - BD= |R]|B_li cos(/ﬁ(" B_b),

s — 2 2
AK-BD=xx,+yy, +z1z1=%—%+0=0
al al

2 — J—
8 _9 yo=at2- |68 +Z cos(AK " BD
2 2 a2 5 cost )

2 —_ —_—
0=ay2 - |p +"7 cos(AK ~ BD)

Torma, T. K. BekTOpa Hehyneshie, T0 cos (AK ~ BD) = 0. 3Hauwr,
AK ~ BD= 90°, uto u TpebOBaOCH 1OKA3ATb.
§ 3. Isuxkeune

Ne 478. a) LeHTpasnbHas cMMMETPHST OTHOCUTEIbHO Havala Koop-
JIMHAT.

Mpumem O (0; 0; 0) HaxoauTcA B Havasle KOOPAWHAT, TO €CTb ABJIsI-
etcs ueHTpoM cuMMeTpHU. CornacHo . 49 s AByX Touek M (x; y; ) ¥
M, (x; y,; ) CMMMETPHUHBIX OTHOCHTENILHO TOUKH O, UMEeM: X, = —X,
W==-»3=-%

Torna, nonyJyaeM TaKOe COOTBETCTBHE:

Touka Eit cHMMeTpHuHas
A(0; 1;2), A, (0; —1; =2);
B(3;-1;4), B(-3; 1; —4);

C(1;0;=-2) C (-1;0;2).



§ 3. BnxeHue 183

6) OceBasi CUMMETpHSI OTHOCHTEJIBHO KOOPAWHATHBIX Oceil. Pasnb-
SICHEHHUE 1aHo B 11, 50.
Ecav ocb CHMMeTpHH — och Ox, To:

Touka Eit cunMMeTpHYHas
A(0; 1, 2), A (0 —1; =2);
B(3;-1;4), B(3; 1; —4);
C(1;0;,-2), C (1,0;2).

Ecnu ock cuMMeTpuu — ock Oy, To:

Touka Eit cuMMeTpUUHas
B(3;~1;4), B, (~3; ~1; —4);
C(1;0;-2), C (-1, 0; 2).

Ecsu ocb cHMMETPHH — ockb OF, TO:

Touka Eil cuMMeTpUyiHasg
A(0; 1, 2), A4,(0; —1; 2);
B(3;-1;4), B (-3; 1; 4),

C(1; 0; -2), C (-1;0; -2).

B) 3epKajibHasi CHMMETPHS] OTHOCUTESILHO KOOPAUHATHBIX TUIOCKO-
creil. PasbsicHeHHe nqaHo B . 51.
Ec/M ImI0cKOCTb CHMMETPHH — TWIOCKOCTE OXy, TO:

Touka Eit cuMMeTpHUHas
A0 1;2), A, (©; 1;=-2);
B(3; -1 4), B,(3; —1; —4);

C (1; 0; -2), C (1;0;2).

Ecsiu niockocTb CHMMETPHH — IUIOCKOCTb OyZ, To:
Touka Eit cumMeTpuuHas
A(0; 1; 2), A, (0; 15 2);

B(3; ~1;4), B (-3; —1; 4);
C(1;0; -2), C (-1;0;-2).
EcJii miockecTb CHMMETPHH — DIOCKOCTh OxZ, TO:
Touxa Eif cuMMeTpHyHas
A0; 15 2), 4,(0; —1; 2);
B(3;-1;4), B(3; 1; 4);
C(1; 0; -2), C (1;0;-2).

Ne 479. a) CornacHo TeopeMe M. 3 uepes LEHTP CHMMETPHH U JaH-
HY!O NPSIMYIO MOXHO MPOBECTH eIMHCTBEHHYIO MIOCKOCTb.

IMpumeM O — UEHTp CHMMETPHHU, @ — JaHHas npsMas, o — Ioc-
KOCTb, NPOBeACHHas yepe3 O ¥ « (puc. 274).
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Bribepem Touky A € a, nposeaeM
otpe3ok OA. [Tpononxum OA 3a Tou-
Ky O Ha paccrosiine OA, = AO. [Tosy-
YKUM TOYKY A,, CHMMETPHUYHYIO A.

BoiGepem ToUuKy B € a. npoBeaeM
otpesok OB. Iponomxum OB 3a Tou-
Ky O Ha pacctossHue OB, = BO. [Tomy-

Puc. 274 4UM TOYKY B,, CAMMETPHYHYIO TPUKE

B. Yepe3s A, u B nposeneM NIpsIMYIO b.

PacemotpuM AAOB u AAOB,. AO = A0, BO = 0B, ZAOB = ZA,08,
KaK BEPTHKaIbHBIE, T03TOMY AAOB = A4 08B,

Toraa £1 = /2, a OHH ABJAIOTCS BHYTPEHHHMM HAKPECT JIEXKALL M-
MM yrinaMu. [1o npu3HaKy napajiesbHOCTH ABYX NPsSIMBIX Ha TUIOCKO-

ctual b.
/ ‘
a
CHMMCTPH4YHas TOYKa OTHOCHTCIBLHO
Puc. 275 ueHTpa O NexaT Ha PSIMOIi @, Io3To-
My NpAMas g NePEXOIMT CaMa B ceBst NP YCJIOBUM, YTO MPOXOINT Ye-
pE3 LEHTP CUMMETPHH.

€ Ne 480. a) [Mycte O — UEHTP CUM-
' \ METPUH, O — JaHHasi TULIOCKOCTh (pHC.
B \ 276).

0 1. BuibepeM Touky C € o, npoBe-
neM orpe3ok CO M npOJOJKHM €T0 3a

Touky O Ha paccrosaue OC, = OC,
é /i Sé 2. BribepeM Touky A € O, npoBe-
neM oTpe3ok AO U IIPOJOIIKHM €TO 3a

Touky O Ha paccTossHue OA, = OA.
Puc. 276 3. BuibepeM TOUKy BE 0. npose-
AeM oTpe3ok BO M mpolonxkuM ero 3a ToukKy O Ha paccTOsiHUE
OB, = OB.
4. Yepes ToukH A, B,, C, nposeneM mnockocTs B (1o akcuoMe 4,
(. 2) TaKast JIOCKOCTh — eIMHCTBEHHAs).

6) BbiOepeM HeKOTOpYIO TOYKY
A€ a. [1ng Hee cHMMeETpUYHas TOYKA
A, TOXe TIpUHAIEXKWUT MpSAMOH a;
A0 =0A..

Touka A BbiGpaHa NPOU3BO/LHO,
NoaToMy Nobast TouKa NpsiMoi U ei
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5. Coenutnm Toukn A, B n C oTpe3kaMH; COEAMHUM TOUKH A,, B, 1
C, otpeakamu. AOAC = AOAC,, notoMy uto OA, = OA, OC, = 0C m
ZLAOC = £A0C, xak BepTHKanbHble. Otcrona AC = AC,.

Takum obpasoM £A,C.0 = £ZACO 1 No npU3HaKy Napaule]bHOCTH
npsimbix A C, || AC.

6. nss AOAB v AOA B, NOBTOPUM PacCyXIEHHE M TIONy4UM, YTO
AOAB = NOA,B,. TakuMm obpazoM, £A B0 = ZABO, no npusHaky
NapaJUIeNsHOCTH NPAMBIX A, B, | AB.

7. Eciin aBe nepecexatouinecs npsamsie (AC U AB) onHOM M10CKOCTH
(0t) COOTBETCTBEHHO Napajic/ibHbl ABYM NpAMbIM (A,C, n A B)) npyroii
ockocTH (B), TO 3TH IUlockocTH Mapaanenshbl. MUtak, o ff B, yreep-
XKIOCHUEC 10Ka3aHO.

6) Ecnu Touka O € o, To 4 Jilo-

" C, B
60i1 ToukH A € & npaMas OA Toxe !
NPUHALIEXHT TUIOCKOCTH C, clelo- 0
BaTeNbHO W Jrobast Touka 3TOMH nps- 4 4,
MOH TOXEe MPUHALIEKUT TIOCKOCTH
0., 3HAUMT U TOYKA A, CHMMeTpHYHas B C

o

TOUYKE A TOXE MPUHAIEXHT IUIOCKO-
¢ty o (puc. 277). 5 Puc. 277

HUrak, a1a 4 € o eit cUMMeTpHU-
Has TOYKA A, € O; AHATOTMYHO Il B € 0L el CHMMETPHYHAs TOUKa
B, € a; nna C € o eit cuMMeTpHuHasi Touka C, € q.

Yepes Tpu Toukn A,, B,, C,, IpHHAaIEXalIHE TIOCKOCTH f, MOXHO
MPOBECTH €IMHCTBEHHYIO INIOCKOCTD, CJIEAOBATEJIbHO, OHA COBMAJACT C
TUTIOCKOCTBIO C.

Ne 481. a) [TpumeM a — oCh CHMMET-
puH, /|| a. N3 Toukn L e | nmposenem T
L A, L a; npononxuM LA 3a Touky A Ha
paccrosHue AM = LA (puc. 278).

W3 Touku L, € I nposeneM LA, L a;
npo1onxkum L A, 3a Touky A, Ha paccTos-

HHE AIM] = L|A|- Ml 4/ d Ll
[MapasnensHble ripsMble a U [ nexar B /

OIHOM [UIOCKOCTH, ToOrma, 4eTbipex- ™ a

yronbHHK LMM, L, — niockuii yeTbipex- Puc. 278

YrOJIbHHK,
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ML=ML, — no nocrpoenmo. ML L/ u ML, 1 I 3Haywur,
ML || M L, nostoMy 4eThipexyroibHUK LMM,L, — npAMOYronbHuk.
Te. MM | L L.vau !l m.

6) Ecnu a ve mapaneiibHa /, To a nepe-
cekaercs ¢ / B HEKOTOpPOil TouKe A.

Bo3sMeM HekoTopylo TOYky N € /,
npoeegeM NE L a, mposoiixXvuM OTpe30K
NE 3a Touky F Ha paccrosiune EF= NE
(puc. 279). Yepes Touky F nposenem nps-
Myto FA (wnu m).

PaccmorpuM AAEFu AAEN.

NE = EF, AE — 06114 KaTeT, U 3Ha-
yut, AMEF = AAEN, nostomy

LEAN = ZEAF = ¢.

HTak, ripamas m obpasyeT yron ¢ ¢
OCBIO CUMMETDHH.

Ne 482, BuiGepem B KauecTse
IIOCKOCTH, OTHOCHTENLHO KOTOPOi
ot ] »)  paccMaTpuBaeTcsl 3epKaibHas CHM-
A B MeTpus, rockocte Oxy (puc. 280).

! ! HpuMewm, uTo TipsiMas g fapajuie/ibHa
x ockocTH Oxy.

a M N Touku M u L cuMMeTpUuHH, N U
Puc. 280 K cummMmeTprunbl; MA = AL, NB= BK.
Ecnu g nmapajuienibHa rmiockocTH Oxy,
10 NB = MA = BK = AL, 11Be npsiMble, feplieHIWKYAsIpPHbIE MJI0CKO-
CTH, Mexay coboit mapawienbHnl, To ectb ML | NK. KpoMe Toro,
ML = NK, torna, yerbipexyronbHuk MNCL — npsiMOyronbHMK, no-
atoMy LK || MN, wnu, uto To Xe caMoe, g, || a. A napajuiebHBIe Tipa-

MBI€ JIeXaT B OOHO rIOCKOCTH (1. 4). YTBepx)acHHe 1 1oKa3aHo.

Ecim g He napanienbHa IocKocTH Oxy, TO OHa MePeceKacT ee B ToY-
ke P. [py cuMMeTpuu TouKa P nepexomuT B celsl, T. K. JIEXKHT B IUIOCKO-
ct Oxy. 3Hayut, P € a,. Te ecTb NpsiMble @ M @, KMEIOT OOLLLYIO TOUKY, a
3HAUMT, JIeXAT B OHOI MJIOCKOCTH.

Ne 483, a) B niiockocty B BeIGepeM Tpu TOYKU A, B, C, He NexXaiuue
Ha oiHoit npsaMoit, TIposesem AA4, | o, BB, | a, CC, L o. Iporonxum
9TH OTpe3KH 3a Touku A,, B,, C, TaK, uto A4, = AA,, B,B, = BB,,C,C,= CC,
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(puc. 281). AA BB — npsMoyrob- B

HHK, noToMy uTo AA = BB w A43>'C’
AA || BB (nBe npsiMble, mepreHam- Br g '
KYJISIPHBIE K OJHON MJIOCKOCTH, Ma-

panensHbl).  3Hauut, A B, | AB. (B ' C
BB,C,C — napajienorpamMm, notomMy 642 ; 1

ytro BB,=CC, v BB, | BC. Torna,

B.C, | BC. ¥ B
[LiockocTe 3, MpoxoouT tcpe3
Touxu 4;, B, v C, (no akcHoMe A4, yueb- p4 C

HHKa (1. 2)) OHa — CIMHCTBCHHASA.

Eciu aBe nepecekaloluuecs nps- Puc. 281
mble { BA u BC) onHoii nockocTtH {B)
napaineabHbl AByM NpsaMbiM (B A, u
B,C\) npyroit mnockoctd (B}, To 9TH 4,
IU10CKOCTH napaeasHbi: B, | . 1

6) [Tpumem o L B. BosbmeM nipo- 0 !
U3BOJILHYIO TOUKY A € 0L M NpOBeaeM '
AO neprneHIUKYJISIpHBIA MIOCKOCTH a ;

I
o. [Tpomomxkum otpe3ok 3a Touky O [A
Ha pacctosiine OA, = AO (puc. 282). B

Ecnu nBe TIUIOCKOCTH B3aWMHO
NepneHIMKYIspHBL U K OJHOH W3
HUX TMpoBecAeH MepreHANKYAsp, Puc. 282
UMEIOIHI 000 TOUKY ¢ Apyrow A

TJIOCKOCTbI0, TO 3TOT MCPNEHAUKYISAP BECh y
JIGXKMT B 3TOH IUIOCKOCTH, — TO €CTb AD C 3,
3HauMT, M A4, C .

Buteod. Kaxaas Touka MiockocTH B oto- r
Opaxaetcsl B TOUKY, €if CHMMETPHUYHYIO, KO-
TOpasi TOXE MNPUHAIIEXUT [JIOCKOCTH P.
Toraa, rockocTb B oToBpaxaercsi camMa Ha

ce6s, win B, cosnazaer ¢ B.

Ne 484. (puc. 283). a) JoxkaxeM, 4To
AB || A,B,. JokazatenbcTBo NpUBENEHO B 1.

52. Tam nokasaHo, 4To A B, = ZB, asmo g
3Hauur, uto A,B, || AB, Puc. 283



188 nasa V. Meroa koopanHar B poCTpPaHCTEe

©) NMpumem a || p. Bo3sMeM TOYKY A € a4, crienosaTenbHO TouKa A ne-
peiIeT B TOUKY A,, TaKylo, YTo AA, = p. 3HAYUT OHM NeKaT B ONHOM
TUIOCKOCTH, a B TUIOCKOCTH Yepe3 TOUKY A MOXHO NMPOBECTH TOJNLKO OHY
TIPSIMYIO AA,, apajieNbHYI0 BEKTODY P, MO3TOMY A, € a.

T. 0., TouKka 4 € a nepexonuT (Min oTOOpaXaeTcs) B TOUKY 4, € a.

Hns nioboit apyro#i Touku B € a paccyxneHue MoBTOpsieTCs, TOTa
Kaxaasi Touka NMpsAMoii @ NepeXoIuT B TOUKY TOi Xe NMpsAMOM a, TO eCTh
nipsiMasi oTobpaxaeTcs Ha cesl.

Ecnu npsiMast a conepXuT p, 10Ka3aTeIbCTBO OCTAETCS B CHJIE, MPO-

—_—
CTO BEKTOPHL AA M pJIeXaT Ha ONHOM NPsMOIi a.

Ne 485. (puc. 284). INapa/ienbHbIA MEpeHOC ABMSETCA ABHXEHHEM,
nostomy AB=AB, BC= BC,, AC=AC, Orciona AABC = AABC,.
[Mposenem otpesku AMu A M,. AM =AM, (n. 52, Hy>KHO TOJIbKO BMECTO
TOYKH B nocTaBHTb TOuKy M, KOrda IOKa3biBaeTCs paBeHCTBO
A.B,=AB). B mnockoM uerbipexyronbuke AMMA, AM || AM, n

AM = A M 3Hauur, AMM A, — napanenorpamu, A_A.I = M_/l:lI = p.

3ameyanue. Jliobas ToukaAABC nepexoauT B COOTBETCTBYHOLUYIO
eit Touky AA B C,.

B,

Puc, 284

Ne 486. a) @ — naHHas npsiMas (puc. 285).

Bribepem Ha npsiMo#t a Touku A, B, C. I1pu 1BUXEHUU OHHU Nepeit-
AyT B TOMKH A,, B,, C, COOTBETCTBEHHO, Npu4eM AB = A,B,, BC= BC n
AC = AC,. JokaxeM, 4To TO4kH 4, B,, C, nexat Ha NpsAMOH.
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AC, = AB, + BC, Takoe pasen- C
CTBO JICACTBUTENBHO  BO3MOXHO, B
€CJIH TOJIBKO BCE TPU TOYKH — Ha Ofi- A
HOW TpsSIMOii; B NPOTUBHOM cCJyyae,
a A, B, C, b
MO0  HEPABEHCTBY  TpPEYroJbHMKA
AC <AB+BC. B cuny npous- Puc. 285
BOJILHOTO BbIBOpa Touek A, B v C no-
Ka3aTeJILCTBO CMPAaBELIHBO WIS IOObIX APYTHX TPeX ToYeK, MO3ITOMY
NPH IBUXEHHU NpAMas MEPEXOAUT B IPAMYIO.

6) PaccMoTpHM UoCKOCTh O
(puc. 286). [lokaxeM, yTo OHa nepeii-
IeT B IUTOCKOCTE «t,. PaccMoTpuMm B
TIOCKOCTH ¢ [IBe TepeceKalouIMecs
npsimbie a U b. [TycTb OHHM Niepeceka-
tores B Touke O. Torma npu ABHXKe-

HHH NpsiMan g NIEpERIET B NPSIMYIO @, a
(cM 1. a)), a psAMag b B paMyio b,. %d
Touka O nepeitner B Touky O,. IIpoe- o 0

JIeM TUIOCKOCTD (t, Yepe3 rnepecekaro- p

uc. 286
ecsd npsMele @ U b, JlokaxeM, 4To
O MEPEXOIUT B OL.

PaccmoTpuM npousBonbHyto Touky CO € ¢ U ee obpas C,. [loxa-
xeM, uto C,0 € «,. [IposeneM dyepe3 Touky C NpaMyIo, IePeECEKAIOILYIO
TIPSIMBIE @ U b B TO4KaX A U B cCOOTBETCTBEHHO. Toraa Touku A 1 B ne-
PERAYT B TOUKH A,  B,, nexaiure Ha NpAMbIX @, U b,, U, CIeN0BaTENbHO,
B ILIOCKOCTH @,. SHAYUT H BCA NpAMast A, B, NEXHUT B IIOCKOCTH &, 3Ha-
YHT U TouKa C, IEXHUT B [IOCKOCTH (,, TaK KaK OHa JIEKUT Ha NpsIMOii
A.B . dT0 1 TpebOBaANOCH 10KA3ATh.

N2 487, a) (puc. 287). AC — 3anaH- B, C
Hblii oTpe3okK, AC € a. ¢ "!'/'/
Ipu aBuxenun A — A, C — C,.
JokaxeM, uTo Bech oTpe3oK AC 0ToO- o ™
paxaetcs Ha oTpe3ok 4,C,.
BbiGepeM TMpPOU3BOJBHYIO TOYKY Puc. 287

Be AC. Npu aBuxennn B — B,
AB + BC = AC. TlockonbKy NpH IBUXEHUH PACCTOSTHHA MEXKIY TOUKA-
MU coxpaHsioTcs, To A, B, = AB, B,C,= BC,A,C. = AC.
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Orcroga AC, = A,B, + B,C,. 310 paBeHCTBO BOIMOXHO TOJIKO KO-
ria ToukH A, B, C, yexar Ha ogHOH NPAMOI U ToUKa B NIEXUT Mexiy
A, 1 C, nHauc Mo HepaBeHCTBY TpeyrosibHuka A,C, < A B + B C, 3na-
YMT, TOUKU oTpe3ka AC oTobpaxarTcs B TOUKH oTpe3ka A,C,.

0) (puc. 288). LAOB — 3anaH, NeXKHUT B IMIOCKOCTH o. [1py 1BUXe-
Hui 0— 0, A— A, B— B npuuem 04=0A4, u OB=0B, u
AB = A B,, cnepopatenbHo AABO = AA B,O, o TpeM CTOPOHAM, 3Ha-
unT, LZAOB = ZA0,C.

Ecau ZAOB = 180°, To £ZA,0,C, = 180°. lokaxem 3T0.

Ha ctopoHax pa3pepHyTOro yria
0, BuiGepeM ToukH A 1 B. Tlpu nBuxe-
A HWM A— A, B— B, Tak uyro
AB=AB; O— O, npu ABUXEHWHU
B, AO0O=A0n0B8 = 0B.
Utak, AO,+ O B=AB, (npu
4 IBHXEHUU OTPE3OK MEPEXOHT B OT-
pE30K).
Touku A, O,, B, nexat Ha onHOR
a 2] NpSIMOit, Touku A, u B, nexar no

Puc. 288 pasHH¢ CTOPOHBI OT ToUKH O, Torua,
A0 B, — pa3BepHyThIit (pHc. 289).

0 2 o; B
/ A’

Puc. 289

Ne 488. a) al b, aca,
b c o. IlepeceueM a u b npsimoit
¢, cnepoparesibHo £l = £2 Kak
BHYTPEHHHME HaKpECT JieXKallue
NpH NMapamnenbHbIX @, b U CeKy-
weik ¢. PaccraBuM TOYKH, KakK
NOKa3aHo Ha pucyHke 290.

M u N — npou3BoJbHbIE
TOUYKH, B3ATHIE MO Pa3Hble CTO-
POHH! OT ceKylueii AB.
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Mpu aBuxeHHKH ZMAB nepeiiger B paBHBI eMy ZMAB, a
ZABN — B paBHbiit eMy yron LA,B/N,. TIocKOIbKY MPU JBUXEHUMN
TIOCKOCTb O [IEPEBOMTCS B MIIOCKOCTh f3, To npsambic A M, u BN, ne-
XaT B 0HOI TIOCKOCTH P.

6) INpoBeacM B MIOCKOCTAX ¢ U 3 IepecexaloLinecs npamele au b, ¢
ud, Takum obpaszom, utobbiallc,blld nae o, be a,ce B,de B. Torna
TNpH IBUKeHUU a niepeiiteTr Ba, b~ b, c— ¢, d —d,a—a,p = B,..
Mpuuema, ll ¢, b. 1 d,a,€ a,b e a,c e B,de P (puc. 291). Hoato
03HayacT, YTO B MUIOCKOCTAX O, M , CCTb 2 ITapbl NEPECEKAIOLLUXCA
COOTBETCTBEHHO MAPAIEIbHbIX IPAMBIX, TAKMM o6pasoM o, || B, yTo u
TpeboBa10Ch 1OKa3aThb.

o4

Puc. 291

Ne 489. a) Tak KaKk OKPYXHOCTb JIEXHT TJIOCKOCTH, TO U 06pa3bl
BCCX €C TOUEK MPH ABHXECHUH TOXE MONAAAIOT B OfHY IUIOCKOCTb,a TO-
TIa OKPYXHOCTD OMpeacsieTCH:

1. TosoxecHueM ee tieHTpa O,

2. AnuHo# paauyca R.

[TocKonbKy, MPU JIBUXEHUU OTPE30K (panmyc) otobpaxaerca Ha
OTPE30K TOH XK€ [UIMHbI, TO HCXOIHBIH pannyc OA nepexoauT B OTPE30K
OA, Takoit, 4ytT0 04 = 0.4, = R.

OXpyXHOCTb — FEOMETPUUYECKOE MECTO TOYEK TUIOCKOCTH PaBHO-
yAaneHbIX OT LleHTpa (Ha paccTosiHHe R). T.K. IBHXeHHe COXpaHseT
pacCToAHUsl, TOo (pUrypa, NMoJiydeHHasl U3 OKDYXHOCTH IBUXEHHEM,
TaKXe €CTb FTeOMETPUYECKOE MECTO TOYEK TUTOCKOCTH, YAAJICHHbIX OT O,
Ha pacctosHHE R. To ecTb, 3T0 €CTb OKPYKHOCTb paauyca R.

6) Ipu ABHKeHMH pebpa NapasyieleNnUNeaa He UCTIBITHIBAIOT HUKA-
KMX CIBUTOB H MOBOPOTOB OTHOCHTE.IbHO APYT ApyTa (puc. 292). He us-
MEHAIOTCA IUTMHBL M yIJ/ibl, MOTOMY 4YTO, KakK ObUIO MOKa3aHO B
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Mpeablayinx 3agaydyax, oTp€30oK H yrojl Npv ABUXECHHUH NEPEXOINUT B OT-
PE30K U YTon, UMeIoUH Takoe xe HU3MEPEHHE.

D, C
4, B,
|
1
: N\
D)I- —————t—)C D D’
7’ }
A B 4 H A4,
]
I
)g ______ - Cl
’
B B,
Puc. 292

Bonpocobi K raase V

1. a) Touka IeXKHUT B OAHOH 13 KOOPAUHATHBIX [IOCKOCTCH;
0) TouKa JIEXXUT Ha OQHOW M3 KOOPIMHATHBIX OCEH.

2. UYepes npsMyio MpoOBEAEM TMJIOCKOCTb, MepNeHANKYJISIPHYIO
K ocu anruimkar, ClieoBaTeNbHO 3Ta MVIOCKOCTh GyleT napaie/ibHa
nyiockocth Oxy. JliobGast Touka Ha NMPAMON HAXOAMTCS B MOCTPOEHHOMN
NJIOCKOCTH, M, B COOTBETCTBMHM C 1. 42, KaX/asi TOUKa 3TOi MpsiMOi
MMEET OIHY U TY X€ anIuInKary.

3. A2;4,5,B3x),C(0;4,2) u D (55 1; 1)

a) Ecau TOUKHM JiexaT B IUIOCKOCTH, MapajyiebHOM TUIOCKO-
¢ty Oxy, TO UX alIUIMKATbl PaBHbI, TOECTbY = 5,2 = 5, 4 = 5; x, { — Nio-
Obl€ YHCna;

§) ecnM TOYKH JieXaT B IUIOCKOCTH, Mapaiie/ibHOH IJI0CKO-
cti Oxz, TO MX OpAIUHATH PaBHEL, TO €CTb X = 4,1 = 4; y, Z, w — obble
yucna;

B) €CJIM TOUKHM JIEXAT, Ha NpsiMoii, Mapalje/bHOi ocu Ox, TO
Yy HMX OJHa M Ta X¢ OpAMHATa M aluldKaTta, To ecTb x =4, t=4, u
y=z=u=>5.
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4. AB {x.;yl;Z.}JTC"{xz; yia). AB+BC = AC.
AC{x 4+ x5y, vy + b= CA—x, ~x;;—y, =y, — 3, — 4,1

5. a{0;0;2} 2 =0
a) napannenet ocu 07; ,
6) nepneHaukynapeH ocu Ox;
B) MepneHaAuKyIapeH ocu Oy.

6. a{0;y,;z}
a) [TepecekaeT miockocTb OxZ UAKM COCTABIACT € HEl HEKOTO-
pblii yroJ, He nepecekast JI0CKOCTb;
0) nepneHAHUKYASPEH K ocH Ox.

7. a) a{-5;3; ~1} ub {6; —10; —2} Eciuau b — KOJUIMHeap-

Hbl, TO — = —— = — =£, SICHO, YT0 — # ——, TAKUM 00Pa30M a H b He
6 -10 -2 6 -10
KOJIJTHHEAPHDI; ~ _
6) a{-2;3;7); b{-1; 1,5, 3,5}. Ecniu a u b XonnuteapHsl, To
f—?—:%:%:k, wml2=2=2=fka= 25, BEKTOPb! KOJUIMHEAPHBI.

8. [lpumeM d — mivHa pagvyc-BeKTopa Toukd M. Cnenosa-
TEABHO:
a)xP+y + =d=1.
Jl+y*+z = 1. Otciona y = 2= 0, Touka M JeXHT Ha ocH abc-
umMcc.

6) J4+y’ +7 =1,
4+y =1
y2 + 7% = =3 — HEBO3MOXHO, T. K. Y+Z=0
9. ld=3,ld=yx'+y' +7
a)3=9+x +y}, 9=9+x'+y? 0=x"+y', x=y=0.
6) 3=25+x"+y’, 9=25+x*+y’ x’+y’ =16, uro
HEBO3MOXHO.,
10. MM, = (x,-x ) +(5,-5,) +(z-2,)
e M, (3;y:2), M,(6;y,.2,).

7 ®agees. 1011 xa.
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a) 2=\/9+(yz—y,)2+(zz -3,
4=9+(y,-»,) +(z.-2)’,

2 2
(7.-3,) +(z,-7,) = =5, 4TO HEBO3MOXHO.
HTak, paseHcTBO M, M,y = 2 HEBO3MOXHO.

6)3=\/;+(y2——y1)2+(z2—z1)2,

9=9+(y, —yl)2 +(z2—zl)Z

2 2
(7,-9)+(3,-2,) =0, orciom =y, H 3 =1, Ta-
K1M 06pasoM, otpe3ok M, M, napanieneH ocu Ox.

11. |a| = q, |5| = b,a b= abcos a.
a)ab=ab, a=0,cosct=1;
6)a b = ab cos 180° = —ab;
B) @b = ab cos 90° = 0;

r)ab = abcos60° = %ab;

1) @b = abcos 120° = ab cos (180° — 60°) = —ab cos 60° =

=—lab.
2

D, G 12.35 = |d |lcos a.
a)ab> 0, ecam cos oo > 0, TO
4, : B ectb0° < §90°;
: 0)abh< 0, ccin cos oo < 0, TO
DI C ecTb 90° < o < 180°;
7 < |~~~ B)ab=0, ecim cos a=0, TO
< ecTb o0 = 90°.
A B — S .
13. a) AD L. DC,a DC= DC,, nosro-
Puc. 293 bt

My/TDJ_ D:Cl,
6) BD L ﬁ,, a l_?b’I = C?, 3HAYJIHT, BD L CCI

B) A]CI = AC, AD ne neprienaukyspen AC, Torna A,_C, n AD
HeE 11ePMNCHINKYISPHL;
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r) DB uc TIEPNEHANKYAAPEH DC (DC DC a DB cocTaB-

JigeT C DC yroji 45%);
) ﬁl 1 /TC, T.K. B_EI NepneHAMKYsApeH miockoctu ABCD.

[lo-Bunumomy, B yucGHHUKe oniedaTka, B HeM BMecTo BB HalleyaTaHo

BB, 1o BB =0, cornacHo 11, 46 yron mexay O u AC paser 0, To ecTb oTH
BEKTOPBI He MePNEHANKYIHPHBI.

K a{lyszh, b{2iy55),ab=1-2+yy+ 2z,
a)a b=2+ Yt 2,2
Ecim 2 + yyot 712, < 2, 3HauuT, yy,+ 2,7, <0.
Ha, moxet (¥, =0,y,=0,z,=1,z,=-1);
6)2+ypt =2, ccmyy, +25,=0.
Ha, MoxeT (), =y, =7, =7, = 0);
B) 2+ y»t 3,2, > 2, ecan yyyt 242, > 0.
Ha, moxer (y, =y, =z, =7 =1).

15. B (1:0;2) — C (2;—1;4).

x:::é; (xﬁ =ﬂ€_)
0 2 2 2
—I _]_. Vs + Y
22 7 2 )
+4 2, +2
- =3 ] C
5 (z, 5 )
16. M (2; 1;3) — M, (2; —2; 3). [110CKOCTb TIPOXOAUT HEPE3 TOUKY
]
P2;—;3).
( 5 )

[TnocKoCTh 3epKaNbHOM CUMMETPUY NapaiiciaLHa rmiockoety Oxz,
3HaYMUT, OHA NapalIeibHa ocaMm Ox u Oz (3Ta MAOCKOCTb NEPIe I KY-
JIipHa 0Tpe3ky MM, MPOXoAMUT Yepe3 ero CCPeMHY, TO €CTh OHa nep-
NeHAUKyspHa ocyu Oy, 3HAYMT, NapalicabHa MI0cKocTH Oxz).

17. Omsem: a) B neByto; 6) B NpaByio; B) B NpaBylo.



196 Cnasa V. Meroa koopavHaT B npOCTPaHCTBE

JononHuTeapHble 331244

Ne 490. 1ns pelieHHUst BocnoJjib3yeMcs NpaBuiaMu 1°, 2°u 3° i, 43.

a) Ipumem p= 36 — 3a + 3¢, rae 2 {x; y; z}. [lo npasuny 3° 3 b
{~15; 15; 0}; =3a {15;0; —15}; 3¢ {3; —6; -9).

ChenoBareibHO, BEKTOP p HMeET KOOPAHHATH (IO npaBuy 1°):

x=-=-15+15+3=3,y=15+0—-6=9,7z=—-15-9=-24;
p{3;9; -24};

6) p = —0,1¢ + 0,82 — 0,55, )
_ ~0,1¢{-0,1;0,2;0,3};0,8a {—4; 0;4}; —0,56 {2,5; —2,5; 0}. [prmem
pix y; 2z

x=-0,1 —4+25=-1,6;

y = 0;2 - 255 = _2y3;

7=03+4=43;

ﬁ {—1,6, _2535 493}‘

Ne 491. a) KocopauHath BekTopa a {—%; 3; —1} He nponopUHMOHATB-

HbI KOOpAMHATAM BCKTOpaB {6; —10; —2}, HanpuMep: —-2— #* —-——?6. 3Ha-

YWT, @ M b He KouTnHeapHbl (CM. 3amauy 413).

6) Koopaunars BekTopa g {—2; 3; 7} nponopLUHOoHaIbHbl KOOPAU-

HaTaM BEKTOpa b {—1;1,5; 3,5} —_-—T = i = —7~ = 2, , 3HAYUT, BEKTOPbI

4 M b KOJTHHEapHBI.
.. 25 -
B) KoopnuHathl BekTOpa d {—— ; —; —I} 4 BekTopa b {6; —5; 9} npo-
MOPLUHOHATbHbL 5°9
2
b; @n b xosIHHEApHbI,

r) Koopaunartel BekTopa @ {0,7; —1,2; —5,2} He MPONOpLUHOHATLHbBI
KOOpIHHaTaM BekTopa b {—2,8; 4,8; —20,8}:
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0,7 1 -1,2 1.-52 1 Sz
=—= =—- =—; BEKTOpPbI d U b HE KOJUTMHEAPHBI.
-28 4 48 4208 4

Ne 492. IMpumem touka E (x; y; ) — cepeauna otpeska AB. Ee ko-
Op/IUHATHI cOTacHo dopmyie 1. 45:
1 7-11 3+1
x 2( 5+3)=—Ly 5 2; 2 5 2, E(-1;-2;2)
B cooTBeTCTBUU C 1. 42 onpejie.IMM KOOPIMHATLI TOUKH, OJMxaki-
wweit k Touke E Ha ocu Ox: E, (—1; 0; 0); Ha ocu Oy: E, (0; —2; 0); Ha ocu
Oz E (0;0;2).

Ne 493. [ing pelneHus 3aaa4u HYXHO YCTAHOBHTh, MOXHO JIU BEK-
TOp @ Pa3IoXMTb [0 BEKTOPaM & 1 € , TO €CTb CYLUECTBYIOT JIA YHCAA THIL
TAKHE, YTO @ = mb + n¢ (cM. 3a1ayy 415).

a)b=i+J; b{l; 1;0}.

¢=1i— J;¢{;0;=1}, mne 7 {1;0; 0}, j {0; 1; 0}, & {0;0;1}.

[TpeacTaBuM paBeHCTBO @ = mb + n¢ B KOOPAMHATAX:

D-l=m-1+n-1,

2=m-1+n-0,

3N3=m-0+n-(-0.

PaBCHCTPa (1), (2) n (3) BuIMONHAWOTCS MpU M = 2, n = -3, 3HAUUT,
BEKTOPHI 4, b U ¢ KOMILJIaHAPHbI.

6)a = i+j+ka{l;l;1},é=1i— j;{1;—1;0}. Mpencranum
DABEHCTBO @ = mb + né B KOOPAMHATAX:

Di=m-2+n-1,

Dl=m-1+n-(-1),

N=m-1,5+n-0

2 2 1 4 1
=.__;n=___]=__;l=___
3 3 3 3 3 ,
Pasenctea (1), (2) v (3) BLITONHAIOTCA IpU M = B n= —13, 3HAYUT,

BEKTOPLI 4, b ¥ ¢ KOMIUIaHAPHBI,

B) 3anmuuieM B KOOPAHUHATAX PABEHCTBO a = mb + nc.
Dli=m:1+n-2,
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Dl=m-(-=1)+n-3,

Nl=m-2+n-(-1).

OTa cHcTeMa YpaBHEHH He HMeeT pellieHHit OTHOCHTENLHO m U 1.
3HaUYUT, BEKTOPHI @, b M ¢ He KOMTINAHAPHBI.

— ——

Ne 494, PaccMOTPHUM BEKTOPbI ZB uDC: AB

B ¢ {1; 1; 1},[)6{1;1;1}. BekTopbt EHFC
KOJNJIMHEAPHBI, T.K. 2§=k 56, k=1.
Torna AB) DC (puc. 294).
) R |4Bl=I+ U+ =43

Puc. 294 IDC) = NI4T+ T =43,

|48| = |DC],
ITpoTuBOMOJOXKHbBIE CTOPOHBI YeThIpexyroabHuxa ABCD napan-
JICJAbHBI U JUTMHBE WX DaBHbl, 3HAUYUT, ABCD - napannciiorpamMm (ro
MPH3HAKY Napauic/iorpamMmay).

D, (o Ne 495, UcnonwsyeM dopmyay
S 3anaum 423,
4, /B, ITpumemM, yto Touka O — TOuKa
i nepeceycHua Meamat AA4BC,
pf-/——-—-—- fc CneoBaTenbHO, €6 KOOPAHHATEL:
! 0(2+3+2_O+2+3‘l+2+6

y B 37 3 7 3

75
Puc. 295 0 (=;=;3).
ue. 29 (3 3 )

>

emy

AD = AA, + AD; AD, {2+ 4,3+ 1;0— 1}, AD, {6; 4; —1}.

3anuuIeM KOOpAMHAaTh STOro BEKTOpa Yepe3 KOOPAHHATLI €ro Ha-
yajia U KOH11a!

6=)cq -X,, 6=xq—3, x, =9

4=y15 —y,p 4=yq _Oy y,q =4,

-l=z, -z, -I=z,-2,  z,=L D (% 4D.
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N AC=AB+ AD, AC (—1+4:4 +1;3 + 0); AC {3;5;3).
qepeB KOOpﬂHHaTH Ha4yajla K KOHUa:

3=x.-x,, J=x.-3, x. =6;
3= Ye=Va 5=y.-0, Ye=5
I=z.~2, J=z.-2, =5 C(6; 5; 5).

3)AB (=1 +2;4+3;3— 1}, 4B, {1, 7;2).
qCpC3 KOOpIHWHATH!I Havasla U KOHLUa:

1 ='xB, —3 x5| =45
7=y, -0, Vs =T
2=g, -2, z, =4 B(4;7; 4).

4) AC, = AA + AB + AD,
AC, 2+ (—1) +4:3+ 4 +1; =1 + 3 + 0}, AC, {5; 8; 2.
qCpC3 KOOpPAOHWHATLI Havyajla KOHlLa:

5=x, —3, xc‘=8,
8= yc -0, yc,=8;
2=zc -2, Z, =4; C(8; 8; 4).
N9497.l

1 1
a)x =—(2+9), 6)x =—(0+3 B)x =—(5+3),
)xul 2( ) )xDl 2( } ),,l 2( )
y3=3(3+7), yp=5(4—8) y=~(3—5)
0=%(k—l) =%(k+2) ~~(k+3k)
oTkyda k = | oTKyaa k = -2 OTK)’JIdk 0

Ne 498. [TpuMeM eIMHUYHBINA BEKTOP € {x; y; 7} COHaTpar/ieH C BCK~
TOpOM a.

x
CiaenoBartesibHO E = =

L]
=

OTKYJda y = — I = —X.

2
Mockoabky e = 1, Tox* +y* + 2 = L.
2 l \
,x’+—x——+(—x)7=l; (2+]—]xz=lgipc|=l
Vo4 VW4 2

X > 0, NOCKOJILKY € H @ COHAIPaBilEHbl;
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2 2.1 2
= 5 CNENOBATELHO € { — —).

3’ 3 3
[Mpumem € coHarnpagieH ¢ BEKTOPoM b. Clle10BaTeNILHO € JICKHUT B
1nocxoctd Oxy, T.K. BEKTOP b NeXUT B miockocTd Oxy. e {x; y; 0}.
x_J

=2 y=3x

o3P 1 .

Ecaulel=1,Toyx*+y? =l x=—=; y =—=;
lel NESE Y TN T

I | 3

e {——0

{VIO J10 }

Ne d99, x? +y2+7° =5.
xt+yt+zi =25 4+y +5=25 y =16, y=+4.

Ne 500. IMpumem, uto Touka O — cepeanHa otpeska MN, § — cepe-

nnHa otpe3ka PQ.

0(2—;—4;% 3-h ooy sd3 '—;l 2+0) S(=1:1; 1).

05 =(-1+1)’ +(1—0) +(1-1) =

Ne 501. B 3apanHO# mNpsiMOYTOJNIBHOM
CHUCTEME KOOPAHHAT [1OCTPOMM NPSMO-
YTONbHBIN Napajuiesienunes, Tak, YTobbl ocH
KOOp/AMHAT COBMAIH C ero pebpaMH ¥ TouKa
B 6bl1a opHo# u3 ero BepumH. CornacHo
PUCYHKY 296:

AD =BC=x|= 2

D C AB=|y\=

DD=BB=||= g

Pacc-ro;mumwu OT TOYKH B 10 ocei xo-
OpAMHAT byayT AvaroHanu: BA, — no ocu
Puc. 296 Ox; BC, — no ocu Oy; BD — no ocu Oz.

BA = [A B} + BB} =25+3 =27,
BC,=.[BC* +CC* =4+3 = 7,
BD= VBC*+ DC* = 4+25 = J29.
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Ne 502, INprmem, uto Touka D nexut Ha ocu Oy ¥ paBHOYIasieHa OT
Touex A u B; D (0; y,; 0). = |AD| = |BD\. Mo dopmyae (5) n. 45:

|A_q' =\/(x4 _xn)z +(yA _yn)z + (Z‘ _ZD)I‘

IAD = J(13-0) + 2(2 - y,) + (~1-0) =
=J169+4-2.2-y ,+ y} +1 =4y} -4y, +174,

|BD = \J(~15-0)' + (7 -y )+ (~18-0) =
=J225449-2-7-p,+y} + 324 = [y} 14y + 598.

CocTaBuM YpaBHCHHUE:

Ay —4y, +174 = [y? ~14y  + 598

4yl -4y, +174 =y’ 14y + 598;

10y = 424; y=42,4;

D(0;42,4:0).

Ne 503. IMpumeM,uto Touka O — LIEHTP ONMUCAHHOU OKpYXHOCTH; O
(x; ¥, 7). CnenosarteibHo AQ = BO = CO. Onpenenum Bua AABC. Ha-

NpaBisiolye BEKTOPLI CTOPOH: TB{Z;—I; ——l},/4_C"{2;0; 0}, E‘{O; I; 1}
0- 4 2
R TRy e &
{~1 2 1
cosAABC_\/4+II__+1 l/? JE~J§=—J_5;
CcOs ZACB=';/7—4———Hﬁ=

ZACB =90°, AABC — npsaMoyronbHblit. 3HauuT, To4ka O NEXHT
Ha otpe3ke AB; AO = OB. ITo bopmyne (2) . 45 KoopAHHaThl TOYKH O:

x=~l—(0+2)=l'

l
=—2+1 1,5;
y 2( )=

z—-l—(2 +1)=
0(1, 1,5; 1,5).

1,5.

Mluwlu
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z Ne 504, BseneM npstMOYrosibHYIO
4 M C cucTeMy koopamiar Oxyz Tak, uToObl
% TUIOCKOCTh (L COBMECTHJIACH C TUTOCKO-
B ctbio Oxp. AA, B,C, npoekumsa AABC na
1ockocTs Oxy; M, — NpoeKuMsi TOUKH
M= A(x;y,:9), B (x5 159, Clxspe ).
x//‘: G M — Touka mepcceyeHMs MeaHaH
a 1 ANABC. M(x,; y,; z,), '€ 7,, — UCKOMOE
B, paccTosiHE OT TOUKM M 110 T1JTOCKOCTH
Puc. 297 a (Uil ockoctH Oxy) (puc. 297),

Ecnu u3BecTHBI KOOpAHMHATHLI BEP-

UIMH AABC TO TOYKa [lepeccuetnn MeiluaH UMeeT KOOPAHHATHIL:
X, X, Y, HY, vy, 2,3, + 3

( ! ’
3 3 3
X, 4 X, 4Xe Y, 4V, + Ve T+ T+ 2,

s 3 Ll 3

[}
Yo

) (cM. 3anauy 423).

>

M

); 2, = 6 1M

3

Ne 505. Tpumem £, E,, E,, E, — cepc-
auiibt pedep BC, AD, ABw DC. Touka O —
cepeavHa ortpeska E E; EE, — cpeaHss
avHud rpaid ABD. Touka M — TOYKA T1e-
peceucHUA MeIMaH ocHoBanus (puc. 298).

EE =1pa.
)

Anartornuno EE, =LDB, =

[, —

EO=E,E, +50—-DB+50

Puc. 298 — 1=
OE OE + E E =0F, + —DB

_— -~

Ho no ycriosuio OE = E 0, nostomy EL ,0=0E,, 10 ccTb TOYKa
O — cepennna orpeska ELE,.

D6 = DF, + - 0+

SEE,;

E,E =ED+DC+CE,; E,E =EA+ AB+ BE,
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CnoxuM 2TH [Ba paBeHCTBa M 3aMeTuM, yto E,D+ E.A=0,

l?é‘ + E—’B = 0 — no ycnosuto 3anaqu. Monyunm:
2E,E, =E,D+E,A+CE, + BE, + DC + AB=DC + A8,

—

EE = %(DC + 4B),

— s 1 l —_—

pO0=Lpa+LEE=1pa+ L Lpc+ AB)———DA+ DC +
2 2 2 2
iiémlzﬁ +%DC+~(DB—DA)=—(DA+DB+DC); (1)

-

DM, = DA+ AM, = DA+§AE—DA+% IE(TB+A_C")=

=E4+§((E—E4)+(b_c'—ﬁ))=5'4+§(173+B(?—2Iﬁ)=

[

w |-

bé+l317c+'§5/i='—3(173+ DC + DA):;

DB+ DC + DA=3DM, )
IMoncrasum (2) B (1):
bé = }DT'I,, 3HauuT, 07’;{l = lDM,, —Di =§.

4 4 DM, 1

3HauuT, Touka O ieXUT Ha oTpe3ke DM, 1 1e/inT ero B OTHOLICHHMH
3:1, cuMTast OT BCPILMHEL.

[ToBTOPMB paccyxaeHue Ang Apyryx nap CMEeXHbIX rpaHeit, MOXHO
JIOKa3aTh 3TO AJIst BCEX OCTAbHBIX MCAWAH TCTpalapa.

3HauMT, Bce MeMaHbl TeTpasipa 1EPeccKaloTCs B OHON TOUKE, KO-
Topasi A€/ IUT KaxX/ylo MeA1aHy B OTHOLIEHHH 3:1, cunTas OT BEPLIMHBI,

Ne506.ab=x-x,+y y,+2- 1
a)db=-1-3+5-0+3-2=3;

o lossesa-isen-loas
2 2

B)ac

B dd=2+1+0=4+1=5;
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N@+b+céyd=ad+bd— ¢d=—1"2+51+3-0+
+2-3+0+0+%—3+0= 2+S5+6+1-3=7

N@—b(é—dy=ac~bc—ad+bd=
+0—-8+2-5+6=-10

L osenn- 2
2

Ne 507. ) ZADB = 45° = DA~ DB,
DB=—BD, DA~ BD = 180° — 45° = 135",
6) OTROXUM U3 TOUKH B BeKTO-

puip = CBn qg= DB (puc. 299).

DB"CB= p~q=4DBC.

Paccmotpum A DBC.

£BDC = 60°, DC = DB, 3Ha4HT,
£LDCB = £ZCBD (TpeyrojibHUK pas-
HOOENpeHHbINA).

£ZDCB + £ZDBC = 120°, 3HaunT,
£LDBC = £ZDCB = 60",

Puc. 299

B) BD" BA= £DBA. ADBA —
paBHoGeApeHHbI, 3HAYUT,

£LDAB= ZDBA = 180~-45 B35 67°30.

Ne 508. TTo onpeneneHuIo npoexuuy npsamas DD, nepneHOUKyAsp-
Ha MIocKoCcTH ABC, 3Ha4HT, OHA NMepreHANKYIAPHA BCEM NPAMBbIM, Jie-
XalLKMM B 2TOH ILTOCKOCTH.

a)D D1 DB Eb—— HanpabsowWniA BekTop npsivoit D, D; D—Ib —
HanpasJOWKi BexkTop npsamoi D B. 3HayuT, EB 1 EID
0) 5131 TAKXKE Hanpasigoumii Bekrop npsmoit DD, koropad

nepneHAMKyasipHa naockocty ABC. D_D'l 1 £TC", MOCKOMbLKY B—C,‘nex(m B
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nnockoctd ABC. EE‘ -— Hanpaensiolunit sekrop npsamoit BC, 3Hauur,
55, L BC. MockosibKy DTD=—D75N TO yroi ¢, Mexay 55. U

nnockoctbio ABC paBeH: ¢, = 180° — ¢, rae ¢ = 90° — yron Mexiy @, u
mockoctblo ABC (cM. a));

B) DA w BC — Hamnpap/SIOL{Ue BEKTO- D
pbl npsiMbix DA u BC. Ecnu DA 1 BC, 1o
DA L BC.

[Mockonbky Tetpasap ABCD — npa-
BWIbHBLH, TO €r0 BepLIMHA D NpoeKTUpyeT-
csl B UeHTp TpeyroiasHuka ABC (puc. 300).
Ecnu mbi npoBeneM B AABC BbicoTy AM, To
BbicoTa Terpasnpa DD, nepeceuetcs ¢ Bbl-
cotoit AMBC BTOuKe D..

1) CBLAM, 1.x. AM — BsicOTa
NABC;

2) CB L DD,, 1. k. DD, nepneHauky-
JsIpHa niaockocth ABC;

3) AM n DD, nexat B naockoct DDA, — npamuie AM n DD,

—_—

nepecekatores, U3 1), 2) u 3) caenyer, yto CB nepneHAKUKyaspeH
nnockoctn DD C, 3mwwr,§ L E‘i, BC 1 DA.

r) DCu D_IB He MEPNEHAUKYIIPHbI, T.K. NpsIMbIE DCu D B ue nep-
neHaukyasipubl. Ecau bt CTé 1 [Tl'?, TO M0 TeopeMe, 0GpaTHOH Teopeme

o Tpex nepnenaukynapax, CD, L D, B. Ho ato npameie, cofepxalume
MeInaHbl MPaBUALHOIO TPEYTOAbHUKA. OHU He NeprieHUKYIAPHEI.

Ne 509. [To dopMysnie (2) n. 48 cos @, rae (¢ — Yroa MexXny NPsIMbIMH,

paBeH |cos 0|, tae 6 — yroa MexXAy HanpasisiolMMHY BEKTOPAMH 3THX
NPsAMBIX.

cos ¢ = |cos AB ACTﬂ'.
a) AB (15 1; =2): CD {—3; 3; —1} (cMm. 11. 44).
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|——3+3+2| 22
Ni+1+409:9+1 619 ia'

6) AB{ 511 CD{2 2; -2}
F10+2- 2| 10

J25+1+1-J4+4+d 33203

cos p =

Cosp = = é

5
Ne 510. Mpumem, uro pebpo Kyba pas-

Ho a. CuenosatenbHO, BEPLWIMHBLI Kyba

4, B, UMEIOT KOOPIMHATHI:

\ A(a;0;0), B(a;a;0),

AN M C(0;a;0), D(0;0;0),

R o Ccy A (a; 0; a), B, (a; a; a),

S C (0;a; a), D,(0;0; a).

x4 B cosp=—t TtV Vi T2

2 2 2 2 2 2
X Ay +7 Xty +2
Puc. 301 \/’ e P

) 4D (-a;0; =a), M (& s D), A (2 S

—a(a 2a) a
cos(/Al_lll')AA'M) 2
\/(a 2a)°
—d' +2d' ~da'
- A=
2a g:_..g__.'.az +£I_
¢ 4 4

) MD -3 a; ~2). BB, {0 0;a),

2

a
cos(A?bAlgi'])= = 2 = =—£2—- 612 =
LIRS ey a
~-t+a'+  Va —-a
V4 4 4

2 1 ThA DD
=——; MD" BB = 114°06¢".
a6 V6

N
|
N|Q~
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-

Ne 511. BoiuucanTe JIWHBE BEKTOPOB AC u BD,.
AC, = AB+BC+CC, = AB+ AD+ AA,,
E, - AC, =|AC [icos 0",

AB' + AD- AB+ AA - AB+ AB- AD+
~AD + AA,- AD+ AB- AA, + AD- AA +
+ﬂ|2=782+27D-TB+2A7|-,ﬁ+
+ AD +244 - AD+ AA =142 I'x
xcos60°+ 2 1P cos 60"+ I°+2-1°x
xcos60"+1’=3+6'%=6; Puc. 302

JAC,} = 6;14C | = &

BD,=BA+ AD+ DD, = A4 + AD— AB,

Elj’=|l}15 [cos 0°,

(AA, + AD — AB)(AA, + AD— AB) = |BD |

AA?+ AD- AA — AB- AA + A4 - AD+ A — AB - AD — AA x
X AB— AD- AB+ AB'= AA'+ 24D AA, — 2AB - AA, + AD' —
~2AB-AD+ AR =P +2- 1" cos60° — 2+ 1°- cos 60° + 1" — 2 x
xlz'cos60"+12=3——§=2=1351|1; IEI_)'I|=J5.

Ne 512, DB L AC; A0 = OC = 4; DO = OB = 3.

=3 +47 = J25=5,BN=CN=25.

cosAOBC——O—ﬁ—},c SAOCB.-QQ_i

_ BC 5 BC 5§
a) MN u BC — HanpasJisllOIIUC BCKTOPbI np;lelx MNw BC. Kocu-

HycC yriia Mexay npsmbiMu MN 1 BC paseH cos (MN 4 BC) (punc. 303).
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< 1) MN = MO + OB + BN,
D BC - MN = BC
‘) 7€ MO+ 0l + By = 0 BC +05 B +
A N  +BN-BC=-9+12,5=35
B cos (EéA(SE) = —Cos AOBC=—-%;
Puc. 303

cos (ZI_C"A A_l_é) =0, T.K. A_/[_b nepneHInKy-
JisipeH mockoct ABC).

2)BC - MN = [BC|- |MN| - cos (BC » MN),

MN =JMO* + ON* = \[36+6,25 = 6,5,
rie ON = BN = NC = 2,5, 1.K. B IpSIMOYrojibHOM Tpeyrojibhuke OBC
TOo4YKa N Oyner LEHTPOM ONHCAHHOW OKPYXHOCTH.

BC-MN=5-6,5cos (BC ~ MN) = 32,5 cos (BC ~ MN),
35 7

32,5 cos (B_C" ~ ATIIV) =3,5; cos (B_'C ~ AZV) = = —;
32,5 65

6)|DC| =|BC|=5. MN = MO +0C +CN,

DC+ MN = DC (MO + OC +CN) = DC+ MO + DC-OC + DC - CN
D_C"'/If_b=0,T.K.A7él FC.FC~O?=5-4-%= 16, T.K.

cos (FC » O?) = cos ZLDCO = cos LOCB = %;

DC-CN=5-25- cos (180° — ZDCN) = 12,5 (—cos ZDCN) =
=—12,5(cos(2 - ZOCB) = —12,5(2 cos’ ZOCB — 1) =—12,5- 2 x
x16 L as=12,5-16=-35;

25

DC-MN=0+16~35=125

DC - MN = |DC| - |MN| cos (DC ~ MN),
con (€ iy =123 1395,
5-6,5 325 13
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B)A—é MN =(AB+ AD)(MO+OB + BN)=AB- MO+ AB-OB+

+AB-BN + AD- MO+ AD- OB+ AD- BN

AB-MO=0,7.x. AB L MO,
AB-OB=5"3"cos ZOBA= 15 cos LZOBC = 15-%=9,

AB-BN =5-2.5 - cos (180° — LABN) = 12,5 (—cos ZABN) =
= —12,5(cos(2 - LOBC) = —12,5(2 cos’ LOBC— 1) = =25 - %+ 12,5 =
=12,5-9=35,

AD- MO =0,

AD-OB =BC-0B=5"3- (——)——9

AD-BN=BC-BN=5- 25—]25
AC - MN_O+9+35 9- 0+125=]6,

AC - MN =|AC| - [MN| - cos (AC * MN),
16 16 4

cos(AC MN)———=—=—,
865 52 13

——

r) DB- MN—(DC+CB)(MO+0C+CN)*DC MO+ DC-OC +
+ DC-CN+ CB- MO+CB-0OC+CB-CN
DC-MO=0, CB-MO=0, DC-OC = 543—16
CB-OC =5-4cos (180° — ZOCB) =5 - 4(——)=—l6
DC-CN=5- 25005(180“—240CB)——35(CM NYHKT 6),
CB-CN=5-2,5-1= 12,5,
DB-MN=0+0+16—16—35+125=-35+125=9,
DB - MN = |DB|-|MN|-cos (DB ~ MN) =6 - 6,5 - cos (DB * MN),

cos(BT?"A?M=-39§=%.
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z Ne 513. IIprimem, uto cTopona kyba
D, & pasHa a. BeeneM npsiMoyronbHyio cuc-
A B, TeMy koopauHaT. CHHyC yrna Mexay
! npsMoii NM w nnockoctsio DD,CC,
paBeH [cos (W 8 E4)|.
D - M C y 3
Ne~~ a)N(ga; 0; 0); A (a; 0; 0);
/A B A, (a; 0; a); B (a; a; %);
a
Puc. 304 B, (a; a;a); M (a; a; —3—); D (0;0;0);

NM { 250 350}; B,Z {a; 0; 0}.

Mo dopmyne (2) n. 48:

. 2az+0+4 zal
lcos (NM ~ DA)| = 3
\/4 J— \/4+2>+9
—ad+da +—a
25
21 _2 .5 _2
5 38 5 Y38 38

25
©) Cunyc yrna mexay npsMoit MN u nnockoctsio A BC D,, papcH

lcos (N/Tl 8 A_Z, )
A—/i', {0; 0; a}

oL ’0+0+5(1
cos (NM ~ AA )| = = Z. =l =_
lcos ( ')l 8 —~ 5,38 5 438 38
(15"\/0 a . f—

Ne 514. B 3anaue 460, kotopas peilieHa B yuebiinKe, JOKa3aHO, YTO
KOOPIWHATDLI HEHYIEBOTO BEKTOPA d B MPSAMOYIOJILHOM cHCTEME KOOP-
AuHar pasHsl {|d] cos @,; ldicos ¢,; |a] cos@.}, rae @, @, ¥ @, — yrIbl, KOTO-
pble d cocTaB:isieTe OCSIMM KOOPIAMHAT.

la| = {Jx* +y* + 2, Tae X, y,  — €r0 KOOPANHATLI. 3HAUUT
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laf =x*+y*+z* = af cose, + |df cos’e, + |af cos’e, = |af (cos’p, +
+ cos'g, T cos'g,), cos’e, + cos’, + cos’p, = 1. [lokazaHo.

Ne 515. Mposenem u3 Touku C npsimyio CF , nepncHUMKYISIPHYIO
1ockocti AOB, B i1ockocth AOB nposoarM FA L OA, FB 1 OB. Io

Teopeme o Tpex neprenaukyngpax CA 1. O4A w CB 1 OB. Tlpumem
oC=a.

Puc. 305
MsACOAOA=0Ccos60“=§,an3ACOBOB=OCcos45"=%.
das AAQB 3aMUILIEM TEOPEMY KOCUHYCOB:
AF =08+ OAZ—2-OB~OAcos§5°; 2 , X
! ? 1 a . ad & _a a
ABZ=a_+a__2._a..£.,_=_+_.___=_’ AR ==
4 V222 2 4 2 4 2

HUrak, AAOB — paBHoGeaperHbit, OA =AB;, AZABO =45°,
ZOAB = 90°. — Toraa, orpesok FA cosnaaaer c orpeskom AB u Touka C
MPOEKTHPYETCs B TOUKY B.

HO v CB neprieHaMKyJIipHbI K MA0CKOCTH ABO, 3HAYUT OHM exaT
B OAHOH maockoctH, ZHOB=90°, ZCOB = 45°, 3HaYyUT, UCKOMBIH
yroa 0 = 45°,

Ne 516.CA 1 AB.

W3 Touku A nposenem OA 1 AB, ZCAO = ¢. FlocTpouM Touky O B
wiockoctn ABD, Takyio, ytTo OA L ABW OD || AB (puc. 306).

He ymansa o6iIHOCTH MOXHO cuMTaTh, 4T0 AC = AO, HHaye pac-
cmoTpum Touxy C, Ha npsiMoii AC, Takylo, uto AC, = AO.
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OD||AB,a0A L AB, snauut,0D 1 OA.Tlo TCOpCMCOTpCX nepreH-
nukynspax CO 1L OD.

[pumeM AD = a. B AAOD: AO = asin6,0D =a cose B AOACno
TeopeMe KOCHHYCOB

CO' =04+ AC =2+ AC+ AO  cos ¢;

CO' = a’sin’ + a’sin’ 8 — 24’ sin’ Ocos ¢ = 2a’sin’ 8+ (1 — cos @).
B npsimoyronsHoM ACOD

CD =0C+ 0D

CD' =2d*sin’ 6 (1 — cos @)+a’ cos’ 6.
B ACAD no TeopeMe KOCMHYCOB UcKoMbIi LCAD = x;

CD'=CA+AD' —2-CA-AD - cosx.

2a°sin’ 8 (1 —cos) + a'cos’ 0 = a’sin’ 0 + a’ — 2 a’ sin B cosx,

2sin’® — 2sin’Bcosp + cos’@ =sin’B + 1 — 2s5in O cos x,

sin’ 6 — 2sin’ 0 cos p+cos’® —1 = —2sin O cos x,

1 —2sin’Bcos@ — 1= —=2sin O cosx,

2sin’ B cos @ = 2sin 6 cos x,

sin 0 # 0, nosTomy sin O cos ¢ = cos x.

Puc. 306

Ne 517. Yepes Touky D npoBeneM J1yy napasuiensHo peopy AB; uepes
TOYKY A TpOBEEM J1y4, NEPEHANKYNSIPHBIH pebpy A B; 3TU Jiyuu nepe-
cekaloTcsi B Touke F. Takum ob6pazom, AF L FD. TTposeaeM otpesok CF
u orpesok CD. INo teopeMe o Tpex nepneHaukynsipax CF 1 FD wu
ACFD — npsiMmoyroibHbIi (puc. 307).

AFDB — npsMoyronwiuk, AF = BD =p, AB = FD = m.

Hna ACAF 3anuiueM TeopeMy KOCHHYCOB:
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CPR=AC+ AF =2 AC - AF- cos 120° = 0’ + p’ — 2np cos (180°—
~60°)=n2+p2+2np~15=nz+pz+np.

BACFD:CD'=CF + FD',CD’ =n* + p* + np + m’;
CD=\|n*+p'+m +np

Puc. 307

Ne 518. a) 1o ycaoBuio a || 0., 3HAYMT Bee TOUKM NPAMOM HaxoasTCs
Ha OJIMHAKOBOM pacCTOAHHMH OT IUIOCKOCTH (. [TpennoyoxuM, H4To Npu
IBVXXEHMM g, He T1apaJUle/ibHa o, 3HaUKT, g, epeceKaeT O, TO ECTb TOYKH
NIPAAMOI @. HaXOAATCS HA PA3THYHBIX PACCTOAHMSAX OT IUIOCKOCTH Q. a
3TO MTPOTHBOPEUNT TOMY, YTO MPHU ABHKEHHH PACCTOSHHE MEXIY TOYKa-
MK coxpanisieTcst, [Tpeanonoxenne HeBepHO, a, || .

6) lano: Pe3yabraT ABMXKCHUSA:
A o -
N "4
c ‘
B
a M
Puc. 308

IMpumem M — Touka IIOCKOCTH O, B KOTOpOH a repeceyeT a. Buibe-
peM Npou3BoJbHEE TOUKU 4 €a, Be a, Ce ¢, Tak, ytobnt Toukn B,M,C
HeE Jiexanu 6bl Ha OIHOM NpsaMoi. (pHc. 308).



214 nasa V. Meroa xoopavHar B NDOCTPAHCTBE

ANAMB v AAMC — npsMoyronbHbie;

AM = AB — BM® = AC — CM".

[pu neuxeHnn AB=AB, AC=AC AM=AM,.
AM!=AB>— BM, snauut, AM, LBM,.
AM?=AC?—~CM snauut, AM, LCM,

3naunt, A M, nepneHANKyI9pHA NIOCKOCTH O, MO NPU3HAaKy Nep-
NEHANKYAAPHOCTH NPAMOU K MIOCKOCTH.

Ne519. PQ 1 AO, AOC o.. BbiGepeM Ha peGpe AByrpaHHoro yraa PQ
Touky O; npoBenem OB L PQ, OB, 1 PQ,.
£B0OA = ¢ (puc. 309).

Puc. 309

[1pu sepKanbHOit cCHMMETPUK TouKa B € (3 nepeilneT B Touky B, € B,
npu otoM ol BB W npoxoauT Hepe3 cepelMHY oTpe3ka BB
BK = BK.

ABOK = ABOK, ouu upamoyronstibte, OK L PQ, OK — o6wuit
KarteT, B K = KB — 1o onpeneaeHio 3¢pKa b0 CUMMETPHH.

Torna, £BOK= ZBOK = @, NOCKONbLKY JjIHHEHHbIE MEDPbl IBY-
IPaHHBIX YIJIOB PABHbl, TO U COOTBETCTBYIOLLMWE [IBYIPAaHHBIE YIJIbl MEXK-
1y TJIOCKOCTSMU O M 3, & U B, TOXE paBHb.

Ne 520. a) BuibepeM B ri10cKOCTH O TOUKY K M MpOBEACM Yepe3 Hee
[Be nepecekawtimecs npameie a u b (puc. 310). [pu nBuxeHuu (na-
panieibHOM NepeHoce) npsamMast b epeXoanT B NapaieibHYIO ¢il nps-
Myto b, a ipsiMasi a — B MapaJjuieabhylo ef npamMyto a,. [lockonbky au b
nepeceKatoTes, To a, M b, Toxe nepecekatotes. Yepes @, v b, nposeaeM
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TUTOCKOCTL . ECIIM aBe mepecekalo-
LLHCCS NPAMbIC OJAHOH MJIOCKOCTH CO-
OTBETCTBEHHO 1apajifiefibHbl  ABYM
TIPAMbIM APYroi TJIOCKOCTH, TO 3TH
MJIOCKOCTH MapaijieibHbl. TakuM 06-
pasoM, ¢ || a,. lokasato.

6) ﬂpOBeu.eM Ha TLIOCKOCTH o
npamyio a | pu b | p. Kak ussectro
(cMm. 3anauy 484), npsimag, napan-
JlefibHasg p UM colepxaiias p, OTo-
OpaxaeTca Ha cebs.

[Mpsimasn b nepexoavr B npaMylio b, a
NpAMas a NEPEXolMT B TNpIMYK a
(puc. 311). Uepes napawienbHble nps-
Mble @ U b NPOXOIMUT eaAMHCTBEHHas
TI0CKOCTD O, KOTOPasi TakMuM 00pa3oM
orobpaxactcs caMa Ha cebs. Jlokasano.

Vo
£~

Puc. 310

-
_——"_——*
b

a

Puc. 311
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§ 1. Onamuap
Ne 521. R=1,5m, H=4wm (puc. 312).

B 0 c
7 AC=BO=H*+Q2RY =JH? + D' =
=16+9=5m).
= Ne 522.  AA B,B— npsmoyronehuk. M3
// AAB,B (puc.313):
oy AB=2R=4gsin60°—48‘/_ 243 (em);
! R= 123 (cm);
Puc. 312 48
H=B B=48c¢cos60° = > = 24(cm);
5 S, =aR=mn(12/3)}=
4, . B, =m-144 3 =432n(cM’).
60" Ne 523. AA,B, B — xBajpar,
" /,’ H AB, = 20 cm. AB = H (puc.314):
N
il H/2=20= —-@——M—IO\E,
A 22
’ H=102,5,, = nR},
A 7] B ] or»«l
5 tme R==, AB=5,H=5J5,
Puc. 313 S, = m(54/2)’ = 50m (cm”)

o
KL L

Puc. 314 Puc. 315



§ 1. LnnuHap

Ne 524. OceBble ccueHHs MYTeM HanoXe-
HUS COBMANYT (TO €CTh OYAYT paBHbBI), HO BbICO-
Thl LIWJIMHAPOB He 06s3aTEeNbHO paBHBI: g #
b (puc. 315).

Ne 525*, (Puc. 316)

(R0 [, 5
{H-2R=10_ 2 |TTH.
?_ s 2 ’ ’
RS s e
H H*
-1
H= (Lj =\/5—1I—(CM)
U\Sn
Ne526. (puc.317)S,, =R, S..= 2HR
Sy _V3 13 _ nR? _R_3
S. 4 4 2HR H 2’ 4,
tg(x—yi' = llgoc—ﬁ'
H' 2 2’
tga =3, 2 =60° N ST
ZBAB =30% LA BA=30° 2R
ZB = 180" -2 30° = 120%; Puc. 317

ZATA, = 60°.

No 527. AB v 0,0 — cKpeluuBaworcst
(puc. 318).

a) 1. IMTocTpouM TUTOCKOCTD, CofepKallyo AB
TaK, YyToObl 3Ta MIOCKOCTL Oblla Mapasie/ibHa
0,0. AA BB, — npamoyronbHuk. p(48, 00,) =
= p (1. AA,B, no 00)).

[MpoBenem OP L AB, p(AB, 00,) — paccron-
HHe oT npsiMoii AB 1o npsamoii 00, p(48, 00,) =
= 0P = d (110 yCJI0BH10).

2.r=10mM,d=81aM,AB=1311M, h = ?

AP=BP=r' —-d",AB=2r'-d*,

AB = 24100-64 =2+ 6 = 12 (1m),

Puc. 318
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h=\AB* - A B* = 169-144 = 5 (um).

B)h=6cM,r=5cM,AB=10cMm,d="?
AB=AB —h* =.100-36 = 8 (cM)
A P= PB=4(cM).

U3 AAOP:d = \[r' = A P' =25-16 =3 (cm).

Ne 528. lNpumeM T — ceKyiiaa MIOCKOCTD, HIOC-
koctb Tt 0,0 (puc. 319). 0,0 neprieHANKYJIsSpHa I0C-
KOCTSIM OCHOBaHMii, 3Ha4MT, npsmsic AB v CD, no

KOTOPBIM Tt iepecedeT OOKOBYIO MO-
BEPXHOCTb LMAMHIApA, TOXe OynyT
NepneHIMKYIAApHbl  TUIOCKOCTAM
B ocHoBaHMil. Otciona ABCD — nps-
MOYrofisHUK. TouKa 4 NepexoamT 8
TOUYKY B Touka D nepexoauT BTOY-

’ Ky C napajijieabHbIM IEPEHOCOM CO-
raacHo m. 53.
4 Ne 529. H=8 ¢cM, R=5 cM.
D=3cM.5=2?
Puc. 320 AABB — upaMoyronbHMK
(puc.320).

%AB=\/R2—d2: AB=2RT_d':
S=AB - H=2R -d* - H=2J25-9-8= 164 = 64 (c\’).

Ne 530. H= 12 cM, R =10 cm, AA,B,B — kBai-
pat (puc.321).d="?

AB=H= 12CM,—12—AB= R-d'=

%=4100—d'; 6= vI00=d%: 36 =100 d";
d =64, d=28(cM).

Ne 531. H=10 oM™, S, =240 aM’, d =9 am.
R=?
S=H AB;240=10-AB= AB =24 (am).

Puc. 321



§ 1. Unnungp

—AB VR - 4.

=+R’-81,144=R —81,225= R,
R=15(11M).

Ne 532. Z BAC = ¢ — R¥HEHHDbIH yron ABYrpaH-
Horo yrna CA AB (puc. 322).

[IpuMem R — paanyc ocHOBaHHUS LWAMHIpA,
H — BBicoTa uunm{ﬂpa.

5 =S = 2RH.

AR R AB R
= , WK = ;

sin(180°=2¢) sing 2singcosg sin@
no TeopeMe cuHycoB u3 AAO0B (puc. 322)

AB = 2R cos ¢;

S, =8, 4m = AB- H= 2RH cos ¢;

S, 2RH 1

S, " 2RH cosQ - cosy

Ne 533. (puc. 323)
S=2RH=R=—_,
2H

%AB= R-d>

2
1,43: s ~d.
2 4H’
2

S.=AB-H-= o) & =S -4H .

4H
Ne534.S,, ., =
NAOB (puc. 324): AO=08B = R. Puc. 323

BM = %AB =dJ31k —%’— =1g60°=+/3.
2BM = 24\3; AB = 2d\3; S = 2dh/3.

Ne 535. d = 2cm, LAOB = 60° (puc. 325).
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ﬁ—ﬁ—[g}(ﬁ—_l_. =
0K 2 NE]
2
BK =—.
NE]
4 43
AB=2:BK=—=—"{(cmM).
53 {cm)
AA B B — npaMoyro:ibHUK,
S=f?-10\/§=40(cmz).

Ne 536. LACB — BnucaH-
HbIA, NOCcKoibKy ZACB =90°,
TO OH OMUPAETCs Ha AUAMETP.

[pumem, uto A — oBpasyuias, paBHas BbICOTE
UUAKMHApPa, R — paanyc uununapa (puc. 326)

IMpumem BC = x, cnenoBareibHO

AC = VAR -x*
5= Smee=S=xh=5,=5 . =hJaR -x’,
xh=h-VART —x* = x=AR -x?,

x =4R? - x*, 26 = 4,
X=2R, x =RJ2 (cm), R =

X
V2
[1noianb 0CeBOTo ceYeHUs

2xh 2
SJ=2Rh=-——2— (CM).

5]
S, =~2(xhn) = SV2.
C
SN Ne 537.
B Oy D=1m; H=nD.
'//t. Spe=?
7 S 2t
; =__D=..._
" ,«/4' R
¢ B of H=m-1=mn(m),
4 Sm=2n-—;—-n=1tz(mz)

Puc. 326
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Ne538. §,.=S5, S = 7 (puc. 327)

S, = 2k =8, 2h =
T

s

T

Sns=AB-h=2h=

Ne539. D=1,5m, H=3M,Hal M —200T
KpackH (puc. 328).

SW=27trh+27tr’=7t-l,5‘3+2n[£2§)= Pue. 327
=T['4,5+TE'2§-5- =451+ 1,125n = 5,625T. o
Konanyectso kpacku: 0,2 - 56251 = 1,125n (kr).
Ne 540. (puc. 329). H — R= 12,
S, =2nR(R+ H)=288n(c™’), R=7, H="?
H-R=12 _[H-R=12 P
2mR(R+ H)=288n" |R(R+ H)=144 “e

R'+ R(12+R)y=144; 2R’+ 12R—144=0; R°+6R-T2=0;
R,=-32y9+72=-340.
R >0, 3HaunT, R = 6 (cM),
H=12+6=18(cM).

Ne541. (puc. 330)
d=20=02m,S, =2n-rI=n-d-/
_2,5rd -1 _
S,="——8,+S,=n-02 4+
2,510, 21-910 087-2.5 Puc. 329
+ 3 y =0\81t+ i Y

100 100 _
25 I=du

14
=038 !l+——)=0,8 1+0,005) = 7
" " 100 m( ) () i

=0,8n- 1,025 = 0,821 (M?).

Puc. 330
Ne 542, (puc. 331) S_, = S; S=nR".

[1prMem BbicoTa UMIKHApPA h. AAA B,.



nasa VI. UnnuHap, KOHYC y 1Lap

222
2
y 0 g R oo r= 2, ——E—clgwl\/i,
1 T 1 h T tgp i
- [ [s_
L S, = 2nRh =2 |— - clg @ - 2n@,/—=
|7 ¢ n Vn
i =4nctg(p;=45clgcp
R
o L __ Ne 543. (puc.332) S, =?S,, =
R _Ep S. =2nRh, S, =2mR(h +R),
w AB=2mR, R ——;E. (1
T
Puc. 331 h=AA, (2)
4, y P B, JnaroHanu  npsMOYTOJIbHUKA
T paBHbI M B TOUKE T AeAATCS NOMNOAAM,
? AATA,. Tlo Teopeme KOCHILYCOB:
d d A\ e d d
A B AAIZ=(—j +(—) —2——-cosp =
2 2 22
2 2
- =d—(l—coscp) -4 2sint L= g sint 2,
2 2 2 2’
AA, = \}dz sin?? = gsin 9, AA, = h,
2 2
Pacemotpum AATA. Tlo TeopemMe KOCHHYCOB!
Puc. 332 ? : 2
AR = (i) + (EJ —2—‘{--(1—'~cos(180°—cp) 2
2 2 2 2 4
24 & d’ .9
+ ——cos @ =—(1 t cos — 2cos =d cos
4 @ 2 ( "= 2 2 2’
Y
dcos
AB=,{d2coszg=dcosg;R=i€= 2;
2 2 2n 27
9
dcos-*-
S,.=m——2-dsin? = sin Leos 2 = L 25in Qeos & =
2 2 2 2 2 2
d? cos' ¥ e
= —d'sing; S, =0k = —cosz .5 =5, +25,
4n’ 4n
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2 2 2
Son = ldz sing +2- i-cos2 ®_ 4 gn o+ 4 ot =
) ' 4n 2 2 2 2
=4 smq)+ z(Pj

ne

2
Ecau npuHsTSL 32 ocHOoBaHHe AA,, 3a BHICOTY AB, TO S, He Mameumcn
AA dsin? d*sin’ = @ d*sin’
Se=?R=TLr=__ 1.5 —nR=n. 2 = 2;
2n 2n 47’ 47
d*sin* )
S,,am=]—dzsin<p+2 21y 9m(p+d in’ 2:
2 4n 2 21[ 2
Ne 544. (puc. 333) S, = 7R 3
CropoHa KBaupaTa-(-j-— —d~ =21R = d
V2© 2
2 2

2\5 7T o 8- TCZ T
Puc. 333
Ne 545. R= 04 = a, H= AA, = a (puc. 334).
a)S,.oe= 2RH =2aa =2da’; 6)S,,=2nRH=2naa=2nd’

B) S = 2md’+ 2(nd’) = 4nd’,

Ne 546.a) 1. S, = 2nba; 2. S,, = 2nab (puc. 335); S, oaMHaKoBa.
6)S,,,=2nba +2nb’' =S, S,=S,, = 2nab + 2na’

noam

S, _2nMa+ by _ b

Puc. 334
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§ 2. Konyc

Ne 547.50=h=15cM, R=04A=8¢cM, [=AS =7
AS =[50 +04* =15 + 8 =J225+64 = 17 cM (puc. 336).

A
S Ne 548, (puc. 337) a) o = 30",
e _ 1243
R =A0 = AS cosct =AS cos 30°= = = 6/3 (cm)
¥ 2
) S, =7R = n(6J/3) =36-3 1= 1087 (cM?);

Ao B 6)a=45°.R=12-—23-6J5(cm),

Puc. 337 S, = T (652) = T2 (eM);

B) o =60". R= l2'%=6(CM). S, =m-6 =236m(c™’)

Ne 549. PO = h = 8 1m (puc. 338).

S = Ls  Po, =26)8, = Ls_|
2 4
COI‘)‘laCHO Il. 57 NJOCKOCTb, lapaJljic/ibHasA oC-
HOBAHHIO (OHa XKE NEPICHAUKYIAPHAA K Cro OC"),
NEPECceKaeTCs ¢ KOHYCOM 110 KPyry W pa3bupaer

KOHYC Ha B¢ YacTH.
APOA ~ AmA,%zo_:A_r,ﬁQ_-zi,

PO, ="

—_— 04 8 r
\/i

S —nrz ’]:J’ﬂ—__n = .§_L

* T 8 S A
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S | 8
= = e = 2 .
6) PO, = 8 ’Sm 8,/2 "3 42 (am);

/l 8
B) PO,= 8§ 13 (amM)

Ne 550. ZAPB=90°, AO=0B=5cM,
SAAPB =2

S .= %AP' PB= %AP’, (puc. 339)

adPB

24P = AR (no teopeMe IMndaropa),
AB=10cmMm.

AP’=—;—-25 -4 =50 (cM),
S = % =25 (cMm).

Ne 551. a) ZBPC = 30°,
PC = PB = 2r (puc. 340).

S,onc %PB- PC - sin 30°%,
2r-2r
SABPC = 2 . 2

i

=/ (kB. €IL.).

Puc. 339

Puc. 340

6) ZBPC=45,S = 2r2r2 A2 (xs.en)

nsrc 2.2

B) LBPC=60°S,, = _2_"_2"_“'/—5
2.2
Ne 552. PO=h, LZAPO=060", AP L PB,
PB — o6pasywouwas. S, ,,, = 7 (prc. 341).
1) AP=2h, 1. k. PO — xarcr, JeXxaUuH
npoTus yrna B 30°;
2) AP = PB = 2h — Kak 00pa3yilLUH1e KO-

Hyca;
3) AAPB npssMOyroJibHLIA.
S = -12—AP' PB

8 daneen. 10—11 k.

= /A3 (k8. €1.)

Puc. 341
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P S iy = —2—h—2—g—il =2/’ (xB.e1.)

Ne 553. AAPB — occeroc ceucHue. S

~APE

=6am’, S, = 8 am’, h = PO =" (puc. 342).

1
1)S.,,==PO-AB, AB = 2r.
4 B R
S ™ =rh,6=rh )
Puc. 342 2
S, =nr 8= nr (2)
Nus2)yr= E= E-Q; us (1)
Yo Vo

h_6_6JE_3JE_ T
8

Ne 554. BC — xopna, CTATHBACT yroa a) B
60°;6)B90°. S, = ? (puc. 343).

Ilposeaem OK L CB u coeanHum Py K.
[lo TcopemMe o Tpex MEpHCHAMKYAIpax

PK 1 CB. PK — Bhicota ABPC.
S =SB,,C=%CB- PK.

cew

a)BC=r, 1. K. ABOC — mnpasuiibHbiii,
T. K. ZBOC = 60°,

Uz APOK PK=+PO'+0K?, unu un3
ACPK: PK=-CP* -CK*.

)’ =\/4/2 -r’ _Jar-r'

4 2
=£-\/4/?—r2.
O R
20°—r
6)CB=r/2, PK= /’—(L) =32 -,
) \/ 7)) T Th

2 _ Ll
pofz N o

| r
S =—.p .
con 2 ﬁ 2



§ 2. KoHyc ' 227

Ne 555. OP=h=10 cM, BC — xopua,
ZCOB = 60°, (purc. 344) apyrpaHHbIA yros
MEXIY MNMIOCKOCTLIO OCHOBAHWUA W ITJJOCKO-
cteio BPC pasen: a) 30°; 6) 45°; 8) 60°.

S’\BI’(' = f)

[TOCTPOHM JIMHCIHbIH VIO 1aHOr0 ABY-
rpatyoro yriaa. [Mposoaum OA L BC, ctpoum
orpesok PA. [To Tcopesme o Tpex nepiieHAHKY -

napax PA L BC. Puc. 344
OALBC = ZLPAO — aunueitublii yrosa AByrpastioro yria,
PALBC
a) LPAO = 30°. Y13 A POA:

h

PA=_—"_ =2h u3 ACOB: BC = r = 2CA. L
c sin 30°
A I 0A
=g 0= e, CA =2
0A J3 J3 A
Ha APOA: - = 19307 = -]ﬁ, 04 = hv3
04 - v oh N\ A

3 . o
Mrak. CA= "2 = f, BC= 2h. S = ~ BC - PA, Puc. 345

| .

S5 = -2-2/1 “2h = 20 (kB. L), S, =20 100 = 200 (oM').

et

l —

3

’3) (PHC. 345) 2 PAD = 457,

- — ; "1"7
PA =T (o) = 5 (eny Gt =, Gt T BC= 0L
.2 L S
S, 7= hiy2 = — Vo =26 o),
R IV 3 3
B) (pHC. 345). A PAC = 61
h . ~ . h .. o4 e I3 .
— =g 60O = N3, 04 = — Ca = T = (oAt
01 V3 V3 v 2}' 3
2h It 24 ’
CB=—~(cM), PA= ——— = = (CM).
3 sin60® 3
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1_ . 2h . z_h = __th = _ZE (CMZ)

“ 243 3 33 9

S = = (cM)).

P Ne 556. TlnockocTb O meprieHUAHKY/IspHa
ocu koryca PO (puc. 346). [lokazats, 4To:

£ 1) CeueHHe KOHyca MJIOCKOCTBIO o Oyaer
, ‘ KPYroM ¢ LIEHTpoM B Touke O,;
PO

2yr,=—2r
PO

BribepeM npounssosnbHyto Touky M, € a u
Touky M, € O(r,). (Ha NIOCKOCTH OLCTPOMM OK-
M PY>XHOCTb C LEHTPOM B TouKe O, H paiauyca r 1
Puc. 346 Ha 3TOH OKPYXHOCTH BBIOMPACM MPOM3BOJb-

HY10 TOuKy M).
Yepes Touky P v Touky M, nposoaum ayd PM,, KoTophiii nepeceyet
TUIOCKOCTb OCHOBAHMA KoHyca B Touke M. APOM, ~ A POM kak nps-

MOYTOJIBHBIE, MMCIOLIWE ONUHAKOBBIH OCTPBII YFOIL.
PO, _OM, _PM,

PO OM PM’

OM=——"1—L=——"p =1 =const npu 3anaHHON Toukc P u

okpyxnoctu O, (r,).

Bb1god: Touka M — Npou3BobHas, 3HAUMT, BCC TOUKH jiyda PM, nc-
pECeKaIOLINe IUIOCKOCTL OCHOBAHUA KOHYCa, J1CXaT Ha OKPYXHOCTH
O(r), TO ecTb PaBHOYJATICHbI OT HCKOTOPOH TOYKHU O Ha pacCTOsIHHE 7,
410 BUAHO U3 hopmy:bl. [To onpeaciacHuo PM — obpasyioliiasi KoHyca.

4) ObpasyioLlHe COCTABIAIOT KOHHYECKYIO [OBCPXHOCTD, OITOMY
nokaxem, uto eciu VM, € aou M, € PM, 0 M € O. (r).

5) APOM, ~ ANPOM, rne PM — obpasytoruas.
ot = P00 op PO
PO PO
BblBO/1: 3Ta OKPYKHOCTDb ByaeT ceyeHueM OOKOBOI MOBEPXHOCTH, a
Kpyr, 'paHHIieH KoToporo sisrsieTes O, (r,), GYIeT CCYCHHEM KOHyca
HJTOCKOCTLIO (X.

r = r = cons!np¥ 3a1aHHON TO4Ke Pu r.



§ 2. Konyc 229

Ne 557, M3 pucyHka K 3anade 556:

OIMI—POI rl— 1. = 2
L= LML = —4; § =7r;
02 2 POZ rZ 2
S
r’ PO’ 5 PO’

Re%]
e
3
a .ch: a
3.
. ~

nl’a
Ne 558. AN NS, =——=nmrl;
o (puc )- DS, 360° r
2)i=r'+ H =9+16 =5 (cm); Puc. 347
HEBA_ais o q=300T 3 g5 32216
360° n-55
Ne 559. (puc. 348). r =/cos 60° = é, r= é
_mlo _ . !
S, = 60° = qrl. HaidnieM rpatyCHYIO MEDY JLYTH O
o= 360°m-1-1 _ 180°.
nl.2
Puc. 348
Ne 560. (puc. 349). [pumem LAPO = x.
x=7 P
2
%6(?; = nirl, 3nech [ = AP, r = OA A
_ nla of
= = !
360°m-/ [360° )
a)r= 180°4 =—,6)r=M=L;
360° 2 360° 4 A B
60°4 !/ .
AT
A0 r Puc. 349
U3 AAPO: sinx=—=—
PA
1

a) sin x= 5' x = 30°, ZAPB=2x= 60°;
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0) sin x = l—, X = arcsin l ZAPB = 2arcsin l—;
4 4 4

B)sinx = l, X = arcsin I— ZLAPB = 2arcsin l
6 6 6

Ne 561.r=9cM,00=120°. H=7S,

2 o 'ﬁ
ﬂg=nr[, w=n'9-l -T~[[——97t/ otciona / = 27 (cm);
360° 360° 3
H= Vlz -
11=y27"-9 = 9.3:9.329:9= 599 -1) = 98 = 18¥2 (cm);
Sw—nrz - 81 =817 (cM)
P No 562. AAOP — paBHOGeIpEHHbI
e (puc. 350);
r=0A4=1Isin45" = ———6’5"5;
I1=6,5em 2
S =T,
5, =12 ‘F 6,5 = 21,1257 (cm).
4 B
— —_ 2
Puc. 350 Ne 563. H=1,2¢cm, S, = 0,6 cM”.

S =7 (puc. 351).

no

S =xa(l+pr,
SAA,,,,=15AB-PO=—-2r'H=r‘H,

06=r-12 r=—t=—=— ;
2 12 2
I=JH +r,
[=144+0,25 =169 = 1,3 (cm);
Puc. 351 S =m-050,5+13)=

=m-0,5-1,8=0,97 (cM).

Ne 564. I'lo Teopeme CMHYCOB (pHC. 352):

a r
—=2r = r= =cos@p = [= ,
sina 2sina ' 1 cosP
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| = a . P
2sinccos@’
S,.. =1 +nr,
I a y
- 2sinal 2sina. 2sinocosg
_ nma a (1+ L \’=naz(l+c05(p) r O\ 4
2sino 2sina cosp,  4sin‘ocosp 0
o>
Ne 565. (puc, 353). Ilpu BpauweHuu no:uy- \

UM KOHH‘!CCKy}O IlOBCpXHOC’I’b.
S =1, S, =rr(l+r).

DI=+6 +8 =+36+64 =10 (cm):

)8, =78 10=80m (cm?);

=T 810+ 8) = 18- 8 = 1447 (cu).

e,

Ne 566. (puc. 354). 85, =25,
Dr=msing, [ =m;

S, =namsing - m=am sing;
2) S, = 2num’sin Q.

S, =mrl

w

Teao apaweniun

Puc. 353 Puc. 354
Ne 567, {puc. 355, ¥

Puc. 352

reloeson =06 ff=denm /=7
[popees: 4 A & OA.
AM=H=4cm AM = 3o,
AA=NH + AM =\1619 =5 (cm).

7

Ne 568. MporeaeM A M 1 OA (puc. 356). 4 r
AM=00=Hcy, AM =6 cm. Puc. 355
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4, Sem o, a) H=10"-6" = J100-36 =
= 8 (cM);
& 0) S = S mponeiaa
N H H 5+11
N — = —
S o = —=—"8=16-4=64 (cM).
A M = T om 0 Ne 569. Ocepoe ceueHHE yeeUeH-
HOro KOHyca — paBHOOeipeHHas

Puc. 356 TpameLmst ¢ OCHOBAHWAMU 2r U 2R.

(puc. 357). HaiineM BBICOTY Tpane-
uuu 00, = H. AK= R — r, AABK — npsaiMOyro/ibHblif paBHOGeApeH-
HbIH,

BK=00=H=R-—r.
_BC+ 4D 2r+2R

S.ocn 5 H = 5 -(R—r)E(R+r)(R—r)=R2—-r2
B r 0, C
H
4 Kh =
A™ ~~— 0 D
R
Puc. 357

Ne 570. (puc. 358). S, = 80 cM’, PO = OM,
CDLPM. S, oo™

N | (e r)l,rner=0C,r,= MA,
I=CA. CO — cpeanss nuumsi B AAPM,
AC=CP.

S, = nrAP. llpumeM AC = CP =, cne-
JIOBaTENbHO

nir, - 21 = 80, unn ntr/ = 40 (1)
APOC ~ APMA.
r ! r 1 r
PM MA PA r 2 r 2 2
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40
Hs(l)l=—; S, =n|-+
() ar ™ R(Z

r, ) 40  m-3r-40 _
+r, =

Ne 571, (puc. 359). [lIpumem &
CB=r,AD=r,1= DC, H= BA.

[Mposeaem CM 1. DA . 33" P

W3 ACMD: DM = 3J2 cos 45° = ,
32T i H 0
=== 3 (em); D M A

DA=r=3+4="7(cm). Puc. 359

S =n(r+ril, 10

S, =nd+7N3W2=n-11-32 =33N2m; ‘

S =S, TR+,

S,. =33W2n +m(16+49) = 33V2n +651. 4,

Ne 572. (puc. 360). | M’ —150T,
N = 100 Bexep. 75

S, =nr+r), S =1},

S, =210+ 15)30 + - 10’} = 15
=2[r-25- 30 + 1007] = 2n[750 + 100] =
=850 + 21 = 1700w (cm’)

1v= 100cM, 1 M = 10"cMm?, xM*= 17007 cM’,

1700n ) 30
= =0,17n (M),
100-100

§= 0,171 (M), 100S = 171 (M).

Omsem: pacxoa Kpacku COCTABUT: 0
0,15 17 = 2,55 (xr) = 8 (k).

Puc. 360

§ 3. Cepa

Ne 573. Uepes TpM TOUKH NMPOXOAMT €AMHCT-
BEHHasg IUI0CKOCTb, B YaCTHOCTH, Yepe3 TOUKH A,
B v 0. CedeHucM OyneM OKpYXHOCTb, IPOXOS -
nias yepes UCHTP chepbl.

a) lMposeaem pammycwt OA u OB. AAOB —
paBHOOe/IpeHH b, OM — meauana (puc. 361).
Toraa OM takxe u BbicoTa, To ecTb OM 1L AB.
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6) Ecau OM 1. AB, to AOMA = ANOMB. (OM — obuiuit karter,
0A= 0B = R). Torna MA = MB, Touka M — cepenuHa AB. YTsepxic-

HWC [JJ0KA3aHO.

Ne 574. [1poBeaeM CEKYIILYIO IFIOCKOCTL Yepes
Touku A, B v O {(puc. 362). Ceuctive cepst 21O
MIOCKOCTLID OY/eT OKPYXHOCTbIO paiuyca R ¢
ueHTpoM B Touke 0. OM — Meauana B papHoben-
pctiHom AAQOB, nostomy OM L AB.

a) R=50cuM, AB = 40 cM, naiitu OM.
Puc. 362 AM = %AB = 20 (cM). U3 AAOM:
M =OA ~ AM* = JR' = AM* = 50" —20'=
=4/2500 =400 = 2100 = /21100 = 10v/21 (cm);
6) R = lrS_.\m AB = 'R A, Halite OAM.

OM = fR’—(—l—AB V15729 = 22581 = 144 = 12 (Mm);
Vo)

B) R =101z, OM = 00 ¢, taiitu AB.

oM = 60 ca = 0 an.

AM =NOA =0M =10 =67 = V100=36 = /64 = 8 ().

AB = 2AM = 16 (1m);

I)R~-L1 ()/tl =z b, HT 1 M.

AM = O —OM° = YREZ0Y = e -

s

No 375 (pac. Zedd Mepes rourin AL B ronky
O — 1P chepbl IPOBC M ITOCKOCTD, B ceie-
HUH OVICT GXDYAROCTE pddived R, HpOXGIgIuas
depes uenrp ohepe. B pastotepeition S.0AB
aposeaes OM L 48 OM - suicora v pasnode-
PCHEON TPLVTOILEMKS, 3HAYHY, OM — Mmeamana,

m
Puc. 363 MA = MB = —. OM — ucKoMoOC pacCTosiHie,

OM =JOM’ —MA* = R' ——-

m _ \/'4R“ -
\/ 4 2
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Ne 576. a)A(2 —4:7), R= 3, Cornactio popmy.te (1) n. 59
(x—x) + (- y(.) +(z—a5) = R’ umeem:
x=2'+ @+ +(T-7"=9

6) A(0;0;0), R=+2; ¥ +y+7=2
B)A(2;0;0), R=4,(x -2+ y'+ 7 = 16.

Ne 577.a) A(-2; 2;0), N(5; 0; —1).
CornacHo cdopmyne (1) 1. 59 ypaBHecHME cepbl ¢ LICHTPOM B TO'IKe

C(xn; yu; zn) UMCCM BUJLL (X - xn)z + (y - .yn)2 - (Z - zu) - R

B nawnoM cayuae oHo umeeT BUA: (x + D+ - ¥ +7=R. Tk

TouKa N nexut Ha cdiepe, To ee KOOPAUHATHL YIOBJICTBOPSIOT AaHHOMY
YPaBHCHHIO:

(5+2)+ (0 -2+ (=1’=R,49+4+1= R, R = 54, no310MY

ypaBHEHHUe cdepbl UMeeM BUA: (x +2)° + (y — 2)* + 7' = 54;

0) A(=2;2;0), N(O 0; 0) (x x) +y- y(,) +(Z—ZU) =R.
(x+2) + (y 2+ 2= R
(0+2+(@0-2+0=R4+4=R R =8
YpaBHetine UMeeT BUL; (x + 2)Z +(y-2'+7=8;

B) A(0; 0; 0), N(5; 3; D).

=0+ (=0 +(z—0 =R,

Xy +7=R,5+3+1'=R,25+9+1=35 R =35
YpaBHeHHe UMeeT BUA X* + )7 + 27 = 35,

Ne 578.a)x' + ' + 7 =49,
(x—x) + @ =y) + (z=z) = R, e R— pamyc chepsl, a(x, y,;

Z,) — KoopauHatbl TodkH C — ueHTpa chepol. B 1aHHOM chyyae

X

—‘)?_fx; y—y,=y; 2—7 =2 noatoMy x, =0; ,=0; 1,=0, a
9

= 7. Arak, koopiaunatel ueHTpa (0; 0; 0), pannyc pasen 7.

6) (x—3)+(y+2y+=2
x—x)+@—y)+(@z-z)Y =R,
X—=3=x—-Xx,x,= 3

y+2 y—- yo’y(l _2)
Z—ZO"‘Z, ,

2=R,R= 72,

Koopnunarst ueHTpa cdepsi (3; —2; 0), paavyc paseH V2.
Ne 579.a)x' —dx +y' + 2 =0,
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x’-:—yz+z1—4x=(xz—4x+4)+y2+zz—4=0,
(x — 2)' +y' + £ = 22 — ypaBHeHuUe chepsl.
Koopaunarst nenrpa (2; 0; 0), R = 2;
6) X +y +7—2y=24,
X+ =2y +D-1+7=24,
L+ -1+ =25=5.
Koopnunate uentpa (0; 1; 0), R=135;
B)xz+2x+y2+zz=3,
O F o)~ 1+ + =3,
(x + 1)’ + ) + 7 = 4 = 2 — ypaBuenue chepsl ¢ ueHTpoM (1; 0; 0),
R=2;
NX—x+y +3y+7—21=25,
Wo2br - Logrea 30 2@y -a-
2 4 4 2 4 4
=12,5 ; ,
1 3 2 1,9 10
x—=| Hy+ 2] @) =25+—+ 2+ 1=25+ 2 +1=
( 2) (y 2) S 4 3 2
=25+25+1=6 = (J6),

2 2
(x —%) + (y + %) +(z —l)2 = (6 — ypaBHeHHe chephl; B TOYKE

C KOOpAMHaTaMHu (%; —%; 1) pacnionoxeH ee ugHTp, R = 6.

Ne 580. (puc. 364). Ceuenue iapa 1nocKo-
CTbIO €CThb KpYT. OB nepneHANKYAPEH TU10CKO-
CTH ceyeHuss, OB=91M, OA=R. M3
npsiMoyronbHoro AQOBA:

AB=JOA -0B* =JR*-0B* =
= J41* —=9* = 1681 -81 = /1600 = 40 (1m).

[Trowans Kpyra B ceyeHUU:

S = m(AB)’ = n 40’ = 1600m (am’).

Puc. 364

Ne 581. IMnockocts AABC nepecekact cde-
py ¢ ueHTpoM O MO OKPYXHOCTH; 3Ta OKPYXHOCTb ONMHCaHa OKOJIO
AABC. U3 Touku O nposeacM OK, MeprneHAHKYASPHBIA  MIOCKO-
cth ABC, OK — uckoMoe paccTosiHHe, TouKa K — LIEHTp OMUcaHHOM
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okoio AABC okpyxkHocTH, CoenlHHUM TOYKY K
€ 0HOI1 13 BepILHH AABC, HanpuMep ¢ TOUYKOHR
A, npoBeaeM paauyc B TOUKY A (puc. 365).
LAOKA — npsaMOyrobHLIA, U3 HEro Nno Teo-
peMme [Tudaropa Haxonum OK:
OK =JOA* — KA* = 137 - AK*.
Buiumcaum niuny AK.
AK = AB-CB-CA ,
4.5, n
SAAK‘ = \/P(p - AB)(p— ACXP —CA)
6+8+10
p= 5 - 12,
S=J1264.2=/62642=6-2-2=24
AK _6-810_24-2-2.5 5 (cm),
4.24 24-4
OK =13 - 5 = /169-25 = V144 = 12 (cm).

Ne 582. TliiockocTh NMpsMOYro/ibHHKa Ie-
peceueT cepy Nno OKpyKHOCTH, KOTOpas GyeT
OTUCAHHOMK OKPYXHOCTBIO OKOJIO ITPSIMOYTOJ1b-
HUKa ABCD. Ee LLeHTp HaxoaUTCs B TOUKE Mnepe-
CeYEHHS  HaroHaiei NPsIMOYrOJIbHHKA
(puc. 366). [1pumeM @ — ueHTp cdepbl, clieno-
BaresibHo OK MeprneHAHKYASPEH TUIOCKOCTH
ABCD, OK — vckoMoe paccTosiHuE.

W3 npsimoyronbHoro TpeyrojikHuka ACGKA
Haiinem OK:

OK =JOA* - KA* =R - AK*. AK
PaBHO MOJOBUHE nHaroHanu ABCD.

AK= % =8 (c™m),
OK =10 =8 = /100-64 = 6 (cm).

Ne 583. (puc. 367). PaBHoGenpeHHbI
APQR kax Ob NogoXWIH Ha cdepy, OH
kacaetcs cdeprl B Toukax A, B, C. Onyc-

w

Puc. 365

(cM),

Puc. 366

Puc. 367
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THM K3 LeHTpa cdepnl O nepneHankyasp OO0, Ha tockocts POR.

OA L PR.OB_L PQ, OC L RQ(TloTcopeMe 0 Tpex neprieHInKy-
asipax OA, OB, O,C nepncHANKYASAPHLI K COOTBETCTBYIOLLIMM CTOpO-
HaM APQR).

AN00 A= A00 B = A00C (ot npsimoyrosbHbic, 0,0 — obuMi
katet, 04 = OB =0OC = R).

BuiBoa: Touka O, — LeHTp BIHCAHHOK OKPYXKHOCTH.

HaitieM paauye BHUCAHHON OKPYKHOCTH:

S
poSeme 10410412 0
» 2

Mo ¢opmy:ie Fepona:
wor = V16664 =4-6-2=48 (c), r—‘%— (cm).

M3 AOO,B 110 Tcopeme Mudparopa:
00, =.JOB* -0,8° =R -r* =5 -F =4 (cm)

Ne 584. 3anaua npakTHUCCKH JIOCI0BHO NMOBTOPSCT 3a1a4y 583; oT1-
JTMYAIOTCS! . TOIBKO JLTHHBI CTOPOH M 0003HAYCHHE TPEYToIbHUKA: BMC-
cte A PQR oyiet AABC. Bee paccyxicHHst HOBTOPSIOTCst: Touka O, —
HEeHTP BiTHcaHHOK B /x4 BC okpyxHocTH. [TpunmeM, uro ce panuyce pa-
BCH 7.

)y = E;L'i”.('.’ p= 19_4-_1_4_:+-__[l = % = 2] (C\i)
P

To dopumyie Cepota:

S=mp-1)p-14)p-13) = 21876 =7-2:4.2.7. 2.3 ==
=7-3:2-2= 84(cv’).
\f?‘%:‘?\/’_ P04 - :w; = 3 (L)
A Henp s;\;\.«{o ibHore 00 F
00, =R = J9=3(cm)

No 585, (pic. 368). U3 uenrpa chepul,
Toukm O, nposeiacM OO, NCPNCHIMKY IS PHIH
niockoctH  ABCD. Tlposeaen O,L L DC,
OM L BC,ON 1 AB,OK 1 AD. (Ilo Teo-

Puc. 368
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peme o Tpex nepnieHauky.aspax OL, OM, ON,
OK nepneHIHKyAsipHbl K COOTBETCTBYIO-
LIAM CTOpOHaM poM0ba).

ANOOL = AOO, K= AOON= AOOM
(oHu npsaMoyrosibHbie, 0,0 — 0O1LUii KaTeT,
OK=0L=0N=0M=R). TorraO,K=
= 0,L = O,N = O,M,104ka O, paBHoyaalcHa
OT CTOpOH pomGa, To ecTb O, — LeHTp
BMUCAHHOW B poMD OKpYXHOCTH (pHc. 369).
Tpumem, 4To ee paauyc pasen r. CrenosatenbHo U3 AOO, L:

00, = JOL* -0,L* =R* ~r*. = J100-r*.
HaiiaeM r. BD = 15 cMm, AC = 20 cM (puc. 369).

I 7
CD = J0.C7+0.D° =\[[—12~AC) +L%BD) - %V'Acu BDY =

=1 msrann = Y05 - B (o
2 2 2
_ 1 25 5
S!\O,CD - S'CD'OIL = -2-—2- r. C npyroi CTOpoHH
S poer = }ISAK,, =:l‘-'L2-AC- BD= % - 20 - 15. ITonyunin ypaBHeHHUE:
125 1 g0 s g 20085453 o
2 2 8 2.25 2-25
0,0 =+100-6 = 100- 36 =64 = & (cm).

Ne 586. B coorseTcTBHU € 11, 60 paCCMOTPHM YpaBHCHHeE:
X+ y =R —d rae R — pannyc edepbl, d — paccTosiHWe OT ee
LIEHTPA A0 MJOCKOCTH 0.

a)R=61M,d = OH = 60cm = 6 aM. OH — BBICOTA TETPadApa, 3Ha-
yyuT, OH nepneHIuMKyasapeH miockoctmn ABCu OH = d.

R = d.Cdepa M 1JIOCKOCTb HMEIOT OIHY OBLIYIO TOUKY, TO €CTh OHH
KacaloTcs.

6) R=3M,0H=d=95cM=0,95M.R>d, R — & > 0.

YpasHenue ¥’ +y' = R' — 4’ siBnsieTcsl ypaBHEHUEM OKPYXKHOCTH M3
riockoctu ABC. TakniM 06pa3oM, cdepa U ILIOCKOCTh OCHOBAHKSA TET-
pan3/pa NepeceKaoTes M0 OKPYKHOCTH,
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B)R=5mm,d=0H=45cMm=4,5am. R>d, R — £ > 0.

Kak 1 B ciyyae 6), chepa M FU10CKOCTD MepecekaroTcs.

NR=3,50M,0H=d=4n1m, R<d,R—d<0.

YpasHerue X’ +y' = R' — d° He MMeeT pellIeHH i, TO ECTh MIOCKOCTh
ABC v chepa He HMEIOT OOLLIMX TOYECK,

Ne 587. Ecnu R > d, To cekywias rnockocTh u cdepa (1ap) nepece-
KaloTCA MO OKPYXHOCTH paauyca r =~ R’ —d* (1. 60). B ceueHuH no-
JIYYUTCST KpYT, ero miowans S = nr = (R’ — &).

a) R=12cm,d = 8cM. R> d, cexywuas njaockocTh ¥ cepa nepece-
KaloTcs.

r=R—d, F=12 -8 =144 — 64 =80; S = 780 = 80n (cM’).

6)S=12cM’, d= 2CM S=nR*— na’z' R =S+ nd

2
R=J”d+s / +— 4+ 2 (cm).
i

n

Ne 588.00,=ON = g
IMpumMeM A0, = OB =vr.
W3 npsmoyroisnoro AA0O, (puc. 370):

2
a)yr=JR* -00" =,fR’ —1:—=—-R‘2/3

6) Mnomann 60KOBOH MOBEPXHOCTH Mps-
MOrO KpYroBoro KoHyca HaiaeM no dopMyne:
Puc. 370 S, =nrl,|=0A=R,

2
c Sm=nrR=n-R‘2/§-R=”R2“/3.

Ne 589, (puc. 371). TMposoanm OO,
NepreHANKYASPHbINA TIOCKOCTH CeYeHMS,
4 0 k> B coegunuM Touky O, ¢ ToukaMH Bu C(Touka
C nonyyaetcs npoaoJxXeHHeM, oTpe3ka BO

(1o mepeceyeHMst €ro co chepoit).
ACOB — paBHODGEAPEHHBIH, B HEM
00, 1 CB. Atorna 00, Takxe ABIsIETCA Me-

Puc. 371 amanoit, CO, = O B.
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Touka O, paBHoyaaieHa oT Touek C W B, nexXalllux Ha OKPYXHOCTH,
1o KOTOpoit ceyeHue nepecekaer chepy. Touka O, — LEHTP OKPYXHO-

cti, a ZOBO, = a. [IpumeM OB =r.
a)R=2cM, a=30°
N3 AOOB: 0,B=r= Rcos30° =

RV3,
2

L=21rr,L—2nR\/_ W3R = 2\/—n(c~1)

6)R=5M,0a= 45°r—Rcos45°=-R—J:

L=2r=2n" T‘/_ nV2R= Sn\/—z(M)

Ne 590. Touka C— ToyKa, B KOTOpOH
TUVIOCKOCTb €€ Kacaercst cdephl; rioc-
KOCTb O — KacaTenbHasi k cdepe; B
obpa3syer ¢ o yros ¢; MiocKocTs 3 nepe-
CEKAeTCs ¢ LIApOM T10 OKPYKHOCTH, OUa-
METp KoTopoii CAB.

Mposenem 00, L CB, coeauHUM
Toyky O ¢ Toukamu C u B
A00,C = AOO,B (onu npsiMoyroJibHbie,
00, — obwnii karet, OC = OB = R). To-
r1a CO, = O, B, Touka O, — LEeHTP OKPYX-
HOCTH, MO KOTOPOH IUIOCKOCTh [3
nepecekaet wap (puc. 372).

Hapucyem ceueHme iunapa miaocko-
cTbio COB. ¢ — yron MexXny IIoCKOCTSI-
Mu o d 3. Z. OCB =90° — @, NOCKOABKY
ABOC —  paBHOGEOPEHHBIH, TO
Z0BO,=90°— ¢ . U3 AOO,B:

OB =r= Rcos(90° — @) =R sin g.
IMnowank ceyeHust wapa

S=n/,S=n(Rsin @) =7k sin’ .

Puc. 372

Ne 591. Hapucyem ccueHHe NIOCKOCTBIO, MPOXOASILUEH Yepes
UEHTP wwapa, Touky O, 1 NeprneHauKyIsSpHOi peBpy ABYTpaHHOIO yria

MN.
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Cor1acHo CJIEACTBUIO M3 TCOPEMBI . 23 110CTPOEHHAs! TIOCKOCTD
nepricHAMKynsipHa o U (. MposeneM OB nepneHAUKYISIPHO NIOCKOCTH
o M OA nepneHIHKyASpHO 110ckocTH P (puc. 373). OB =04 = R.

OA 1 B, AC neplieHauky.1sapeH pedpy MN — no 1oCTPOEHHIO.

OC 1. MN — no TeopeMe 0 Tpex 1ICPNEHANKYAsApaX.

OC — paccrosiive ot licHtpa cdepel 10 pebpa MN, OC = qa.
AOBC= AOAC (OB=0A=R, OC — obuwas), nostomy OC —
Buccektprca LACB, a ZACB = 120°, Torma LOCA = 60°, U3 AOCA:

OA=R=asin 60’ = g?. AB — paccrosinue MexXay TOUKaMH KacaHus.

NAOB — pasHoGepeHtbiid, ZOCA = 60°, Torna £ZOBA = Z0AB = 60°,

NAOB — paBHOCTPOHHUM, AB = 0A = ﬂjz——:i.

Puc. 373

Ne 592. (purc. 374). oo — KacaTesibHas I1.10CKOCTh K cepe, P e a,
KP=15cM,0K=04=R = 112cM. JokaxcM, yro Touka A € OP0y-
JICT OnuxaiuIe Toukoi K TouKe P,

BosbMeM npousBonbHyto Touky N Ha coepe. TlpoBeaeM oTpe3ku
NO u NP. Tlo HepaBeHCTBY TPEYTONbHHUKA!

Puc. 374
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ON+ NP> OP,0P =04+ AP,

R+ NP> R+ AP, NP> AP

Hrak, AP < NP,a T1.x. Touka N BbpiOpaHa NPOU3BOALHO, TO YTBECP-
XaeHue nokaszaHo. U3 npsaMoyroasHoro AOKP (0K | a):

OP=+OK + KP? =R* +15 =~/112* +15% = {12769 = 113 (cm).

AP=0P—- R=113—112=1 (cM).

Ne 593, Mo popmy:e n. 62; § = 4nR’.
) S=4n-6 =4mn-36 = 144n (cM); 6) S = 4n - 27 = l6m (am));
B)S =41 - (v2) = sn(x): 1) S =4m - (2J3) =4n- 12 =48n(cx).

Ne594.5 . =9=nR R = 2 (M); S=4nR =4n- 9= 36(\7).
n T

32 81 9
Ne 595, 5= 324 S=4nR R = o= 7
oM’ 4 \1 dn \}n \/&(c M)-

Ne 596. Mepsas cdepa: S, = 4nR..

Bropast ctepa: S, = 4nR,

Muoxuiens 47 0.U1HaKoBbId, Torza, S, ~ R, S, ~ R}, (~ o3hauacr
«[IPOOPLHOHAIBHO» ). YTBEPXK.ICHHE JOKA3aH0.

Ne 597.5, =4nR R=5w, S, =4n 5 = 100n(v’): S, ==/’
L — pamuye kpyra (M), mL’ =1 100, L7 = 100, L = 10 ().

No 598, (puc. 375).01poseiens amaMerp #
CHRepbl HEPRCH LK BIPHO X b papi- N NN
v PO Uoe s i r (l__.:‘v D
JICABHLIM CeucHBsIN, Hepes uameip L poise -

AT

o

HEM CCK}'H{le IUIOCKOCTD, KOTODGS
Hnepeceyer (‘.(_bcpy 1O OKDYALOSTH, [LEEHNC
EOTQPOI pasrH pajInyey cepul,
AND=r =9cM, MB=r =12c\,
NM =3cw. OD=ODB=R
m/ OBA:OM =R ~127 = JR —144. 5
~SODN: ON = R =9 = JRT 11,
MJ\—M) MO =R =81 — JR -141.
f “81 - \ﬁe _144 =3, \/R2—81 =3+ VR -144,

Puc. 3 75
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6VR* —144 = 54, JR*~144 =9,

R — 144 =81,

R=225 R=15 (M), (R>0)

S=4nR=4n-15=225-4-¢=
= 900m; (cM’).

Ne 599. PaccMOTpHM  cedeHue cdepbl
NIOCKOCTBIO, TIPOXOASILIEH Uepe3 cheayloume

Puc. 376 TPH TOYKM:
1} of6uiyro TOYKY ABYX CEYECHMIH, U3 KOTO-
— ¢ poii non, yrioM 90° BEIXOJSAT paalychbl 7, U 1y,
\r—/__ a 2) xoHel paauyca r,,
P SR 3) KoHel paanyca r,;
3 Al — Yron ACB — BIIMcaHHbBIH, T.K. OH paBeH 90°, T0
OH onupacTca Ha auameTp cdepbl, TO CCTb
AB=2R. :
QQRY = (2r)" + (2n); 4R = 4r + 4r)};
R=r’+r.

TMnowans cheph S = 4nR’ = dn (r} + 1,)).
' Ne 600. (puc. 377). Unaunap nonyuex Bpaiue-
uHueM ksaapata ABCD BOKpyr cTOpoHbl AB;

Puc. 377 AB=a.

S, =4nda’; S, =mna"; S, =2n-AD-AB=12n-a-a=2nd";
S, =285, +S, =2nd+2na =dnd’.
Buteoo: 5 =S, YTBEpXICHHC I0Ka3aHO. .

nO.TH uuKy

Bonpocbl K riage V1

1. O6pasyoulas nepleHIUKyasp-
Ha K OCHOBaHUIO UWJIUH/Ipa, 3HAYMT, U

A4
0 HUCKOMBIH yroJi paeeH 90°.

2. ITpsaMOyronbHUK.

3. a) na (puc. 378 a).
pAB,CDY=00=H

D 5 6) na (puc. 378 6).
PAB,CDY>AA, = H

Puc. 378
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B) HET, T. K. HHauYe Obl M pacCTOSIHUE MEXILY [apaiesbHbIMH
NJIOCKOCTSIMH OCHOBaHUH GuLI100bI MeHbLIE f.

4. [TepBas getanb BTopast aetans
2/ I — BbicoTa (06pa3yiollast)
r
5 r — panuyc OCHOBaHHSA
Sgpe =21 % -2/ =2nl S, = 2l
2 2
r r
Sy =Tw|=| =n— S =g
G
mr’
Sy = — 28, =2’

5. (puc. 379). Omeem: a) j1a; 6) na.
6. Omeem: paBHOGeAPEHHBIR TPEYrOJIbHUK.
7. Omeem: na.

8. R=+5cm, D= 2R =25 = J20 (cm).
BbLIYMC/IMM  TMIIOTEHY3Y TPSIMOYToJIbHOTO
TPEYrONbHUKA;

C= v{;+—(—2\/_—2)2—=«j16+ =24 (cm).

Puc. 379
C> D, 1.x. /24 >20. ¢
BbIBOA: TMIOTEHY3a HE TOMELLAETCA BHYTPH Cepbl, TOr/Ia, XOTsH Obl

OilHa BEpLUIMHA JIEXHUT BHE ChEpHI.

9. OnHa cthepa Beeraa 6y1eT BHYTPH IpYroid, MO3TOMY 001IYIO Kaca-
TEJABLHYIO [UIOCKOCTh POBECTH HEBO3MOXHO (paauyc BHYTpeHHeli cde-
pbl «HE JOTAHETCA» TVIOCKOCTH, Kacaloleics rnepsoi chepsl).

10. Omeen: 310 chepa, y KOTOPO#t JaHHBIH OTPE30K SIBAsIETCS AUa-
METPOM.

Puc. 380
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HOI'IOJIHHTEJII:HI:IE 3alavyn

Ne 601. ABCD — oceBoc ceueHue, OA=r;
Touka P — cepeanHa paimyca OA; 11710CKOCTb
MNKL __ OA (puc. 381).

Ocepoe ceuenne ABCD n ceuenne MNKL —
npsiMmoyronbHUKH. [Tpumem obpasyloitias UMAHMH-
npa LM = |, cnenopatesbHO

S=8,,=AD LM - 2rl.

Haitaem ninHy otpe3ska MN.

ON=OM = r,0P=%.

M3 npamoyroabHoro Tpeyronbiuka ONP;

L)2= o _r 3
4 2

AOPN = AOPM, nostomy NP = PM,

rv3
NM=2PN=2-i=r 3.
2
Puc. 381 Suwe =MN-LM=riJ3 ¢
HUtak, § = 2rl, otcronarl = —,
_S = 2
Mostomy S, = 3\/3.

Ne 602. ABCD — npsiMOYroJibHHK.

Yepes LeHTPpbl OCHOBAHHI NMPOBEAEM AHAMETPbI, MEPNEHINKYHAP-
Hule K ctopoHaM ABu DC. OM L AB, ON L DC.

W3 naaHMMETpUM U3BECTHO, YTO AUAMETD, MEPeHAUKYASIPHBIH K
XOp/e, ACTUT XOPIYy NOMo1aM, Mo3ToMy Touka N — cepeanHa DC U Tou-
Ka M — cepenviHa AB. OTpe3ok MN napasineneH ctopoHam AD v BC,
ZNMO, = 60" — yroa Mexny npamoit BC (unu cit napanicnpHoit MN)
M IUIOCKOCTBIO OCHOBaHHs. [TprmeM, R — pannyc OCHOBaHUA LIMJAMHA-
pa (puc. 382).

2
DC=AB=a;DN= g U3 ADNO: ON = JRI —"Z.

3 npsiMoyroibHoTo Tpeyronbiuka LON:

LO a
=L =g 60°=+3,0L=3" R -—.
on " 188 =3 A
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L2
\

\
S

Puc. 382
B n1ockocTH BCpXHEIO OCHOBAHMS
Vm = \”’I; —(g)z;maqm, O M= ON.
B arom cayvaec AO LM = AOLN, orcioaa

OL=0LOL+10=00=a
(BBICOTA uw;nm:ipn pasHa cropGpuxleLﬂCH).

r I3 2
23 ,R Sy a3k -Li=g NR-34 =4
4 ( 4
. . & 3
DR =4d, B=L p=-f =
3 Ji 3

Ne 603, (e, o .

= '<; 4‘( S s L
MY ROOPIHHET, WK CORQIHD Ha {4181
kKe. OcL opmuar  nepnhsit 8IRV.Hpha ("' !
L] '
HIOCKOCTH (L 100KOC TS O Hapd LIc T b- T E
i

A OCH L IHKAT, 1o h()l'i);r\)»i Hallpdag- . l
JCHE OCb LM MNP, 5)’;1;‘1\1 JABHEATE |

K O . v ’?)""R'\ ¥
ILIOCKOCTE O B HANPABICHITH, VKIEH-
HOM CTPCAKOH, (3PLLIC IbHO ISTKOCTH
Oxz. Korsta Touka A OyieT Ha paccros- * —
Hun R or Touxi 0, To Teuka A coBnajer
C TOUKOH A, 1 TONYCTHM, YTO ¥epes To4- Pue. 383

KY A, MOXHO [POBCCTH ABE HPAMbBIC, Na-
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paulenbHble ocH Oz (WM, YTO TO Xe caMoe, NEpPNEHAHKYASIpHbIE
nnockoctd Oxy). Ho no Teopeme n. 4 yepe3 TOUKY A, NPOXOAHT CAMHCT-
BEHHas MpsiMasi, napanjelbHas OCH UWIHHApA. UTak, Ha MOBEPXHOCTH
LIWIIMHIpa HAiOETCs TOJILKO O HA MPsIMast, JIEXaLlas B FTUIOCKOCTH O U
napajuicibHasi OCH LIMJIWHIPA, a 3Ta NpsaMasi U ecTb obpasyloLlas LM-
JIMHIpa.

B C Ne 604. (puc. 384). Mpu BpaitieHUH
npaMoyrojbHuka ABCD BOKpYT CTOpO-
a Hbl AB MONyYHMM UMMHApP, Y KOTOPOTo
r=b,1=a.
4b D S, = 2arl = 2nba, S, = nb’,
b S, = 2mab+2mb’ =S,
Puc. 384 [Ipn BpaieHUH BoKpyr cropoHbl AD
NOAYYUM LATHHAD, Y KoToporor = a,!= b.

S, =2nrl=2nab, S, =na’,
S,,=2nd, S, =2nab +2na’ =S,

1o yCn10BHIO MONYYHIM CHCTEMY YypaBHEHMH:
{2nab+ 2nb’ =S, {2b(a+ b)=S, b_S,

1
2nab+ 2na* =S,; |2ab+a)=S,. a S,
IMosncTaBuM B NEPBOE YPAaBHEHHE CHCTEMDI:
2

2

2
2n-a-a‘§—‘ +2n:-az--S‘—2=S,, 2n-a’(i+ S—‘2)=SI,
2 2 2 2
e S __'sst s
2 5578 2m-5,(5,+5) 2n(S,+S,)
S;
S; S; S} S;

b2 =4.21 = = 3
Y 2m(S,+5,) 57 2m(S,+S,)
HduaroHans BD HaxoauM n3 AABD.

e S: S: - SI+S?
BD= 2 bZ = 2 1 = 2 1 :
“r Jzn(sl+sl)+2n(s,+s,) \/2n(s,+s,)

BD = AC.
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Ne 605. a) ABCD — xBaapaT, CTOpOHa paBHa a.
a
CrnenoBaresibHO pPaquyc OCHOBaHMUSA » = 3 BbICOTA

UWJIMHApA paBHa a.

SM=2n-—(21-a=na’, SM=TU'2=TE%,
a a _ 3nd’

25, =M—, S =na+tn—="
2 2 2
3 g

S -2 _3

S na’ 2

6) INpumeM AB = a, cnenoBatenbHo AD = 2a.
Bo3MoXxHbI IBa cayyas.

Ocegoe ceverue

yuaundpa
B :

c

Puc, 385

Ocesoe cevenue

(]

1) AD = h, AB = 2r, cnenoBarebHo r = -‘2-1-.
2
S,,"=21t'£'20=21t¢12, Sm=nr’=n£_,
2 4
25, =12,
2
a_5
Su= St 28 =it n S =i »
5 Puc. 386
S _ 20 5
S,. 2mdd 4
2)2AB=AD.AB=a, AD = 2a,AB= h,AD = 2r,
r=a.
S, =2mrh=2n-a a=2nd, B C
S.,=nf=mn-a, 25 = 2n-d,
S = S, 28, =2nd’ + 2na’ = 4na’.
S 470 _ 5 4 D
Se 21’ Puc. 387

Ne 606. ABCD — npsimoyronshiuk, AB = h, AD = 2r (puc. 387).

a
[Mpumem AD = a, cnenosate/bHO r = 3
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8 < S, =2nrh=2n gh = nah.

Tlao1uans ONMMCaHHOTO OKOI0 OCEBOTO CeUeHHs

h 0 1 ' on
KpyrapaBHa Tt - AQ" = 7| »2—AC) =7 - AC
N
A D U3 AACD: AC = I + o’ Tlaowmann kpyra
Puc. 388 S.r = _}(hl + al) (pHc. 388).
Mo ycnosuio S, = S, win Tah = %(h2 +a).
w r_a
TpeGycTes HANTH OTHOLUCHUC - = —
6 2h
s s i
4ah=/1‘+a',:4azh—l- (f)—é{—ﬁ'l—()
h RV hJ
Mpumey, v = —, cle1oBaleabHo Y — 4y + 1 =0
ﬂ

v,,=2%J4-1=2+43
3> 0 — o cMbicay 3a71aui, 00a 3HAYCHUS VI0BIETBOPSIOT HTOMY
YC.JIOBHIO. MCK()MOC OIH()IIICHHCZ
a Y., 2t+3

% 2 2
B c Ne 607, ABC D -~ ocepoc cc‘{c‘mc; ABCD — npsi-
MOMVIOABHHK {iie 389 P A8 = lz il_) =2R.
S. = 2nRIE eprne T panent ._(7R + 1),
4 Mo VCIOBHIO 2 == 2L 2R psn 2:?,
h=p— 2 R
8= 23R(p - 2Ry = TupR - Al
ﬂpnmxl A P) = 4R+ JaR, R0,
A b HailaeM ¢ HAaMAOIBIWICE  Shaducie
Pue. 289 F(RY -~ napadosa, ReTBi Hannar ekl nmu, OreiHa -
Ta “CPILLHLL Oy,1eT H'u'ﬁowbmn\i anaucHuesM {R).;
Ty

- —— O AHHATA BCPUIHAHDBE paABHA
2 (—41*) P P P
2 5 N -
_4 2 : 2 2 2
ﬂ£)=_4n(£) P A L A
4 4 4 16 16 16 4

Alcimcca BepUIniibl —
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Hauboabias niouanb 60KOBOI NMOBEPXHOCTH JIOCTUraeTcs 1pH
2
panuyce OCHOBaHMUSI UMIKHIApPa R = % h=p—-2R=p— —4’”— = g

Ne 608. (prc.390). Ec;iv BHYTpeH K pajuyC paBeH 5 ¢M, TO BHYT-
petunit aMaveTp D= 10 cM, COOTBETCTBEHHC BHEWIHHH IMaMCTD, C
YUETOM TOUMHBI CTEHOK, OyAeT:

D+2=12 (cm).

2 dZ
S, =n—=36n(cM) (S, . =T VR rie d — 1uaMeTp Kpyra).

o pen
BricoTa cTakaHna 16 cM, nnostomy S, = 27 % <16 = 1927 (cM?).

[/ITHK, rJiolanb BHEIHC [IOBEPXHOCTH CTAKAHa.
S, =S8, +S_ = 1921 + 36m = 2287 (cM?),

Haiacm noanyio niaoutans BHYTPEHHEH MOBEPXHOCTH,

S, =mn-5 =25 (cM). BoicoTa BRYTpcHHe#H vacTH 16 — 1 = 15 (cm).
S, =2n-5-15=150m (c™). S, =S, + S, = 175m (c™)).
HaitacM riowans Kosbua: S, = (6’ — 57) = n(36 — 25) = 1 Im (cm?).
[nolwans noaHOM NOBEPXHOCTH cTakaHa paBHa:

22871+ 175m + 1lm = 414w (eM).

7 -
e
Ao=10cx [ ¥
IR
ZEII7

77
Iem } -

Puc. 390

o.

Ne 609. (puc. 391). [To dopmyne o = §6T—, riae o — rpamycHas
360°.r

Mepa ayrvi ABC. B naHHoM cnydae o = 90°, noatoMy 90° = 7 , OT-

r !
cional =4 7 Win — =4, [ = 4r, YTBepxaeHne 10Ka3aHo.
r
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B

Ne 610. (puc. 392). O6pasyoiwue KoOHyca
pasHbr;, ipuMeM DA = DB = DC = a.

[MpsamoyronbHeie Tpeyromsuuku DBC, DAB
u DAC paBHBI N0 ABYM KaTETaM.

AB=AC=BC=+a + @ = aJ2. Haiinem

R o dopmyse aﬁ = 2R (TeopeMa CHHYCOB
sin60°
s AABC): i 5
a2 2 2
R= =al—=, BF=2—-a.
NI \g V3

2
Ipumem £ZBDF = q, criepoBareib-

HO M3 TeopeMbl KOCHHYCOB st A BDF
nMeeM:

2
2Jza =a+d~-2a-a-cosaq,
F 3

2 1
—=—-2C0s O, COSQL=~—,
3 3

Ne 611. (puc. 393). [TpumeM r —

paavyc oCHOBaHUS KOHYCa, h — BhicOTa KOHYcCa.

Mo ycriosuio S, =nr u S, =nrl, [-o6pa-

3yI0LLast KOHyca.
[=~R+r,

5= 3T

S =nr, Si=nrH +r)y=nrn+ar
SP=nr, S=nrr+ S’
ru =———S°2 — S'z

2
2 _ 2 52_52
rh = ‘S‘()T.tZAS‘l = -J on —= Stu'

4
Ne 612. (puc. 394). Ilpumem CO = h,
OB=r, | =+h +r*.

S, =mrl=mnryh*+r’,
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S, =n’+ S, =n’+rrJh’ +r’
See _ 7 arvh 4t 7
Moycnosuio =22 = —, ————————u = —
Sim/m 8 TU‘Z+7II‘vh'+r2 8
8V +ri =Tr+ T +r, R +r =T7r
W+ rF =497 h'=48/
h h 2 2 1 i
—-=tga, —=tga,l ttga=——, 49=—
r r cos o cos” o

cosqQ = 17, WIH €OS oL = ——;— Mockonbky AABC pasHOBenpeHHBI,

" [
TO O — OCTPHIit yrof1, cos a > 0. o = arccos —.

Ne 613. (puc. 395). Tpoeegem
OC L DB, otpe3zok PC. Tlo Teopeme o
Tpex neprneuaukynsipax PC L DB,

PC — Bbicota ADOB.

3anuiieM TeOpEMY CHHYCOB [UIH paB-
HobeapeHHoro ADPB.

bE__ 4 , sin 120° = sin 60°.

sin120°  sin 30°

pp = 4sin&0 =4-2£=4-\/§(CM). Puc. 395
sin 30° 2
2 ( :
W3 AOCD: OC= 0D — DC? =Jon’~(%} - /4’— %—ij -
\
=/16-4-3=J4 =2
oc _

£ZPCO = 45°. U3 APOC: PC = =242 (cm).

cos45°
Smwﬁ%DB' PC=%-4J§~2~/5=4\/6(CM2);
360°'I‘ r o 2700 3
Ne 614. (puc. 396). T eq = - _ _3
(puc. 396). Mo hopmy = = =

M3 npsMoyro.1bHoro TpeyroibHuka POB:
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-

r 3 .3

—=ginf, sinf== p=arcsin=

; B B 2 f 2
(MOCKOABKY ) — oCTphiit yron).

Ne 615. Tipu BpatteHun AABD sokpyr
TUIOTCHY3b! MOJAYHMM ABa KOHYCA C 00LKM
ocHoBaHucM (puc. 397).

S, =1,

U3 AABD; DA=~d' + b,

sina = b , r= ab = BO
NI NS

bBokonas MOBEPXHOCTD TicpBOTO

(«MpaBoro») KOHyca: §,, = M —m—== g
Na' + 8
bDokoBass  11OBCPXHOCTL  BTOPOTO
B («1cBOTO») KOHyca:
b a s, 8b
D « A o \m
0 TTOBCPXHOCTD TC3 HMECT AAOIHIR 1D
_na b ub’

Puc. 396

="

>
R

C N +b Ja + b

Puc. 397 Mo 616. (prce. 398). Tpu spancHun Tpi-
newt AR BOKPYVT CTOPOHEBE A 107V -
_ GHTCH TC 10 BRPAHICHH 3. KOTOPOIL COUTONN
\ $3TPCN HACTCIE LCHTPLIBHO ~  [Hania-
4 FO KPVIOBOIG IULTHHAPL C paguyeos B/
4400 M NN i m.xcnjmi BC it tayx OILHHAKOBLIX KO-
4 HYCOR (IpAneiisl paBHodepenias no
VCIOBHIO).

4 /4 AM = N = “__)_B = Tiesg

B, C; BM =1 -2 =12 = V3 (ew).
boxonad NOBCPXHOCTL MM DAL
Pue. 39, R
ue. 39 == BM- BC =
=21 W36 =243 (ev).
bokosas NOBCPXHOCTL OAHOIO KOHYCA:
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S,=nrl=mn-BM-AB=m-2J3 4=28n3 (cM).
boxkonpas NMOBCPXHOCTL BCCrO T€,1a BpallCHUS:
S= 24n3+2 813 =24n/3 + 1613 = 407 /3 (cM).’

Ne 617. a). Tposenem OK L BC, otpe- D
30k DK (puc. 399). Tlo Tcopeme o Tpex
nepncHaukyaspax DK 1 BC. B npaBuib-

HoM AABC OK — paiuyc BIMCaHHON B
ANABC okpyxHoctu. [Tpumem OK = r,
= oanc
P
rae P — nonynepumetp AABC.

E}

a
W3 paBetcTBa = 2R (Teopema
sin

OCJ

C

cunycos 111 AABC) naitneM a — cTopoHy Puc. 399

AABC.
a=2Rsin60° = 2'3-§=3\/§(cm).
av3. 3a @J3_ a3 _ a

Spe=—— P=— r= = = c™M);
e ™ RN "R W e C RN e
2
r=§i§=g(CM)
243 2

W3 npamoyroabHoro ADOK: DK = +/DO? + OK*? = \}l6+ 2 = ?
sm=153C- DK=%a : DK=%'3\/§'@=Z3J219(CMZ).

_ (3¥3)'V3 _ 2743,
4 4

S.sm— = 3 * SAK‘D = g v 2|9 (CMZ); SAAK'
Sren = SeaT Spuse
_21V3
4

2 /319 =
3

S ==

now

2743, WV3-V7T3 _ 93
4 4

—4—-(3 + \/7_3)(CM2)

0) [tposenem OK L AD, orpesok PK (puc. 400). [To TecopeMe o Tpex

nepneHaukyasipax PK L AD.
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B xBaapate auaronans BD= 2R, R —
pajliyc OMUCAHHOH OKPYXKHOCTH OKOJIO
kBaiapata, BD = 2'3. [lpumeM cTOopoHa
KBajpaTa paBHa @ CM, CJIcAOBaTENIbHO

a \/5 = BD, a2 =6,

a=T 3\/_(CM),

OK= % = Eﬁ U3 npsimoyronbHoro

APOK: PK=PO* + OK®

Puc. 400 PK=\/16+2-2=‘/16+2=

32+ 342441
J J =—-AD" PK———————J
MPD ( (

=48 ,,=4" —J_(CM ); (6OKOBbIE rPAHH — paBHbI¢ PaBHO-

GcapeHHblE Tpcyronbrmxn),
Suco= @ = (3V2) = 18EM);S = Sou F Ser= 6(/AT +3) (em);

B) PO — BricoTa KoHyca. ITposenem OK L A A,, otpesok PK (puc.
401). INo TeopeMe o Tpex NneprneHAUKY 8-
pax PK 1 AA,, AA..A, — NpaBWILHLINA
wectuyronbHUK. CTOpOHA TIpaBHIBHOTO
{IECTUYIONbHUKA paBHa pajMycy OIH-
CaHHON OKPYXHOCTH.

a=R,AA =a=3(cM)

OK — pamuyc BNUCaHHOK B
MPaBWIbHBIA ILIECTUYIONBHHK OKPYX-
HOCTH. Kak M3BECTHO M3 MJIaHUMETPHH,

OK=r= _a_\/z = }..@ (CM).
2 2
Puc. 401 W3 npamoyronstoro AN POK:
PK = PO* + OK =\/16+—2;} =\/64: LA @

Srn %-A,AO-PK=§'3-@ LIy
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Bce GOKOBBIE IDaHH — paBHbIC paBHOOEAPEHHbIE TPEYrONIbHHUKH,
M03TOMY:

S =6" SAA.m =0 }’@ = 2@ (eM?);
S =68, 4,>A0A, — PaBHOCTOPOHHHiA, NOSTOMY:
a3
SM,(M‘, = 4 ’
V33 9
s =62 =" 3=2.33
- 4 2 2
_ _991 9 _9
Sun = St 8. =5 5~3J§—5(J97+ 3J3)
Ne 6118, S, =7(r+r), B _r Jhl C
rae r= 5AD= 20 (cM), /= AB,
i
r= —]2—BC = BM (puc. 402). !
M3 raHuMeTpUH H3BECTHO,
YTO ecid B, paBHOOEIPEeHHOI 4 L wh D
TpamneLUMH AWAaroHail B3aUMHO ,
NEepIeHANKYISPHBL, TO BBICOTA Ocm
TPaneLUHUH paBHA CpeAHEH JIH- Puc. 402
HHMU.
SABCD= 36 ES _BE_;_A;DMN
Ho M= cpenHei JuHUM = MN, tne MN — BbicoTa Tpa-

2
neunu. Urak, 36 = MN’, MN — BricoTa TpaneumH. 6 (aM) = 60 (cM).
_BC+AD _2r +40
60 = =1
2 2

120 = 2r, + 40, 2r, = 80, r, = 40 (cM), BC =2 - 40 = 80 (cm)

PucyHox nonxeH ObiTb H3MeHeH (puc. 403). IlposeaeM AE | BC.
BE=40-20=20 (cMm), AE=MN=60 (cM) N3 npamoyroabHoro
NABE.

AB=BE? + AE? =/20" + 60* = /4000 = 2010 (cm)

9 dageen. 10—11 k.
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B——H0en___ M C S, = m(40 +20) - 20410 =
HE = 12007 V10 (c™’) = 121 V10 (av).
nﬂOlllaJlb BCPXHETO0 OCHOBa-
HHS paBHa:
nr} = 140’ = 1600m (cM?) =
= [6m (aM’);
rnjaouiazab HHXHEIro 0OCHOBaAHUA
y al D paBHa:
20em N 720" = 4007 (cM?) = 47 (am?).
Puc. 403 S =12nJi0+ 16n + 4n =

nom

= 12110 + 207 (am?).

Ne 619. JokaxuTe, 4To: a) UEHTP cPepbl ABAAETCS LICHTPOM CHM-
MeTpuK cdepbl; 0) mobas 1psiMasi, MPOXOASLLAA YEPE3 UCHTP cdephl,
SABASICTCS OCBIO CHMMETPHHU cepbl; B) 1106as MIOCKOCTD, IpOXoasuias
yepe3d ueHTp chepbl, ABASETCS TLIOCKOCTHIO CHMMETPHU cepbl.

a) TMposenem yepe3 LCHTP cepbl MMPOUIBOJIbHYIO NPAMYIO, KOTO-
pasi nepecckaet cepy B Toukax A v B. Uepes 1ieuTp cepbl M 2TH TOUKH
IIPOXOJINT OTPE3OK, KOTOpblﬁ Ha3blBaCTCA AHAMETPOM, PaCCTOHHMC oT
LCHTPa chepbl A0 KaXA0H U3 TOUEK PABHO , 3HAYMT LEHTP chephl ABad-
€TCH LICHTPOM CMMMETPHH ABYX JaHHbIX Touek. [TOCKOALKY mpsiMas
TMPOBOIMAACH MPOU3BOALHO, TO YTBEPXKIEHHUE CTIPABEANTHBO IS M0ObIX
ABYX TOYCK, ABISIIOIMXCS KOHIIaMHM iHaMeTpa cepbl.

6) Bo3bMeM I1POH3BOILHYIO HIPAMYIO ¢, B TPOXO;IAILYIO YEPE3 LICHTD
cdhepsl. JokaxeM, UTo OHa AB1SETCs OCh0 CHMMeTPHH. BosbMeM nipo-
M3BOAbHYIO TOYKY A Ha cepe. [TocTpOUM CHMMETPUUIHYIO €€ OTHOCH-
TeAbHO a. s oToro nposeneM AK L @ M Npoao/iKUM 3a TOuKy K Ha
paccroauuc AK. [Tonyunm Touky A,. AOKA= AOKA, (1o 2-M KaTeTam)
04, = 0A = R. Ho cepa — reoMeTpHUCCKOE MCCTO TOYEK, YALICHHBIX
OT TOYKH O Ha paccTosiHWe R. 3HaUUT A, A€XHUT Ha cdepe.

Hrak, npou3Bobtas TOUKH cepbl IPU CUMMETPUM MEPCXONT B
TOUKY 3TOH Xe cdepbl, TOrAa MpsiMast @ — 1106as npaMas, [poxoasiiuast
uepe3 UCHTP chepbl — €CTh OCh CHMMETPHH ¢epH.

B) BozbMeM NPOM3BOJbLHYIO [UIOCKOCTh O, MPOXOAdUIyI0 ucped
LCHTP cdepbl. JJoKaxeM, yto aisi A1000i TOYKKM A CUMMCTpHuIias ci
OTHOCHTEIbHO O TOUKa A, TakoKe JIEXHUT Ha cepe.
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B caMoM fene, MpU MOCTPOCHHUHA CUMMETPUUYHOI TOUKH MBI HHPOBE-
neMmorpe3ok AK L o (K € o) mnpoaonxaem ero 3a Touky K tak, urodnt
AK = KA,

NAKO = A A KO (OK = 0K, AK= A K — no aByM KateTam). A4
AO = A0 = R, 1.€. A, ynaneHa ot Touku O Ha paccrosiiune R. [Nocaen-
Hee o3HayaeT, 4To A, 1eXUT Ha cepe. Mtak, pis moGoit Touku A cum-
MCTPHUYHAs et TOUKA TAKXKC J1CKUT Ha cepe, a 3HAYUT O — TIOCKOCTh
CHMMCTPHH.

Ne 620. a) Hailtuem L1MHY TMITOTEHY3bI TPAMOYTOJIbHOIO TPEYrob-
HUKa: \/1.82 +24 =./324+576= V9 = 3 (cm). Juamerp chepbi panet
2-1,5=3(cm).

But6od: nrameTp cepbl COBMAICT ¢ MTMITOTEHY30M, 3HAYUT, LUCHTP
cdepbl HAXOAMTCS Ha CEPEAMHC TMIIOTEHY3HI, TO €CTb JIEXKHUT B MJIOCKO-
CTH TPeyrobHHKA.

6) (puc. 404). [Maockocts AABC nepecekaeT
cepy Mo OKPYKHOCTH, LIEHTP OKPYXHOCTH, OITH-
CaHHOIf OKOJIO NPSIMOYTOABHOLO TPCYrOJIbHUKA,
JIEKUT Ha cepeanHe TUMOTcHY3bl. TlpoBemeM u3
Touku O orpe3ok OK, nepneHIUKYIIpHBI IUloc-
Koctu AABC, otpe3ku OA, OB, OC. PaBuble Ha-
K1oHHbie (panuychi OA, OB, OC) UMEKOT paBHbIe
IPOEKLMH Ha mocKocTb ABC, Torna, KA = KB =
= KC, touka K paBHoynaneHa oT sepiumi AABC, Puc. 404
TO €CThb OHA — LIEHTP OMMCAHHON OKPYXHOCTH.

Taxum obpasom, Touka K — cepenyHa runorenyssl AC, OK — uckomoe
paccrosiiue. AC = 3 cM, AKO = 1,5 cm. U3 AABC no teopeme IMudaropa

OK = JOA* - AK* = 6,5 -1,5* = [42,25-2,25 = /40 = 2J/10.

Ne 621. M3 Touku O BCeriaa MOXHO MPOBCCTU NpsIMYIO (OTPE30K ),
1epreHanKyIapHyio /. Ha n110ckocTH BBEAEM CUCTCMY KOODAMHAT,
KaK MoKa3aHo Ha PUCYHKC.

YpaBHCHHE OKPYXHOCTH: X + ' = R’

ypaBHCHMe npsiMoit I: x = d. Uccneayem cuc-rewy

x”’ R e R_f=(R+a(R—d)

J (R+ d)(R~d), (R + d > 0sceraa),
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a) Ecoimd <0, ToR-4d>0,=>

y=xJ(R+d{R-d) — nme TouKH

nepeceucHUs nNpaMoit U cepbt
x 6) Ecnu R =d, To y = 0 u npsmMas
d cJieIoBaTENbHO, KacaeTcs cephl.
LJ

KacaeTcs OKpYXKHOCTH B Touke (d; 0), a,
-/ B) Ecau R —d <0, 10 pelleHHii HeT,
I 3HAMKT, / HE EPECEKAETCS C OKPYXHOC-

ThlO; { HE NepecekaeTcs co cohepoit.

Ne 622, (x =3V +y' + (g +57°=125
Ecnu Touka nepeceYcHHS Ha ock
abcuuec, ee KoopauHaTthl (x; 0; 0). Haii-

I geMx.(x—3)'+ 0 +5 =25
(x-3Y=0;x=3.
KoopavHatsl Toukw (3; 0; 0).

Puc. 405 Ecnu Touka nepcceueHus Ha ocH op-
ue. IUHaT, To ee KoopauHaThl (0: y; 0).
Haitnew y.

(0=3 +y+(0+35)71=259+y"+25=25,’+9=0.

370 ypaBHEHME HE UMECT PELLIEHKI, 3HaUMT cdepa He NepeceKaeT OCh
Op/IMHAT.

EC/iM eCTh TOUKA IEPECEYEH U C OCHIO AMTJIMKAT, TO 3Ta TOYKA UMe-
et koopauHatel (0; 0; 2). (0=3Y+ 0+ (z + 5°=25; (z+ 5=
=25-9=16;z+5=4ummz+5=-4,z,=-1, z,=-9.

Cohepa mepecekaeT 3Ty OCL B ABYX TOYKAX ¢ KOOPAWHATAMH
(0; 0;—1) n (0, 0;=9).

~—

(D D).

Ne 623. T.K. IockocTh MPOXOAUT Yepe3d Touky M (2; 4; 5) nepneH-
AMKYJSIPHO OCH aBCLIMCE, TO BCE TOUKH 3TOM TIOCKOCTH ¢ KOOPAMHATA-
Mu (2; y; 2), KOTODHIE YAOBIETBOPSAIOT ypaBHeHUIO X' + ' + 7 = 36,
BynyT nexarb Ha cepe. 2°+ y '+ 7 =36, ) + £ = 32.

B NI0CKOCTH, 1EPIEHANKYJIAPHON OCH afcLince, 3TO ypaBHEHHE
OKPYXHOCTH C PAAHYCOM F = ?’ﬁ = 4/2. UtaK, 110CcKOCTb MEPECEKacT
cdepy 110 OKpyxKHOCTH, panHyc KOTopoii r = 44/2.

Ne 624. Yepe3 TouKy nepeceyeHUst AMAroHaICH NpsiMOYrolbHUKA
ABCD nposeneM NpsaMyio /, repneHAMKYASPHYIO NA0cKocTH ABCD
(puc.406). Bce TouKH Ha NpsAMOIi / paBHOy1aeHb OT BeplIMH A4, B, C,
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D. (Ecan HaklOHHBIE, MPOBEACHHbBIE U3 ONHOH TOUKH, UMEIOT PaBHbIE
MpPOEKLUHH, TO CaMH HaKAOHHbIe paBHbl PA = PB= PC= PD, Pe l.)

Yepes Touky O nposeseM OK L AB, uepes Touky O, NpoBeleM ayd
KO,. AB nepnenaukyssipHa riockocth POK. InockocTb NpsAMOYross-
HMKa ABEF npoxoout uepe3 npsamyw AB, 3HauMuT miockoctH POK n
ABEF B3auMHO neprieHAMKyAspHel. [1poseneM 4cpe3 TouKy O, NpAMy1o
m, neprne HIWKYAAPHYIO NM.10CKOCTH ABEF.

Ecnu fBe n10CKOCTH NEPIIEHAMKYIAPHBI H K OLHON U3 HUX NpoBe-
JIEH TIepNEHANKYNAD, UMEIOLLUIA 061yio Touky (0,) ¢ Apyroi miaocko-
CThIO TO 3TOT NEPNEHANKY/ISIP BECh JIEXHUT B 3TOH IMIOCKOCTH.

Takum obpa3om, m NpHHALIEXHT TUockocTy POK; m ecTb reoMeT-
PHYECKOE MECTO TOUEK, PaBHOYANEHHBIX OT BEPILUHH MPAMOYTOJbHUKA
ABEF. QA = QB = QFE = QF € m. llepeceueHue NpsMebIx { 1 m — TouKa
§ — paBHOynaneHa Kak OT BEpUIMH NpsiMoyronbHHka ABCB, Tak U OT
BEPILNH NpsiMoyrojibHuka ABEF.

JIoKaXxeM, YTO TOYKa .S HAXOAMTCS Ha OIHHAKOBOM PacCTOSIHHH OT
sepuivH A, B, C, D vi BepuinH E, F. [TpoBenem otpe3ku SA, SE, SB.

ASAO = ASOB (ouu npsiMoyronbHele, SO — obwuii KaterT,
OA = OB 1o cBOHCTBY AMAroHaJIEH MPpsAMOYToJbHHKA).

Otciona SA = SB. Utak, SA = SB= SE

Bbiule yXe YycTaHOBAEHO, 4TO SA=SB=SE=S5SC=SD nun
SA = SB = SE = SF, rorna, Touka § paBHOYIQJI€Ha OT BCeX BEPLIMH, TO
€CTb OHA SIBJISETCA UEHTPOM cepbl, MPOXoAsiliei Yepe3 Bee AaHHbIE
BEPLIHHBIL.

SR
°™"\/"*

B

Puc. 406
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z Ne 625. Bu6epem crcreMy Ko-
OpJIMHaT, KaK Moka3aHo Ha pu-

/Y\ cyiike 407,
YpaBHCHHe cephl ¢ LCHTPOM
o 0, Y Brouke O:x’+y +7=R.
YpapheHHe chephl ¢ LEHTPOM
)LJ BTouke O\ X’ + (y —d)’ + 7' = R*.
x p Pelelive cucteMer:

x2+y2 +ZZ =R2
x'+(y-d)' + 7' =R

0,(6;4;0)

Puc. 407 JaeT OTBET Ha BOIIPOC 3a1auH.
XHy+2-x = -2y +d)-7=0;2dy-d=0,d>0,n0-
oToMy 2y = d

d
y= > Mo yciiouio 3amaumn d < 2R, Torna. 3 <R, ¥y<R.
Buieod: cylLeCTBYCT HEKOTOpas ILIFOCKOCTDL, [EpPrelAHKYAspHAs
OcH OpAMHAT (a 3HAUMUT, napanic/ibHas 110CKocTH Oxz), nepccexkaio-

ulas cdepy, a npu nepecedelimu cdepbl 1I0CKOCTLIO B CEYEHHU NOJTY-
YUM OKPYXKHOCTD, YTHEPXKAECHHE a) N0Ka3aHO.

d
MoacTabHM 3HA4CHHC Y =  YPaBHCHHE Chepbi:
2 dz 2 2 2 2 2
xTg e =R, ¥ +T=R-—.

Ecmmd=1,6R 10X +7= R 22— =

= R(1 —0,64) = 0,36K
DTO ypaBHCHHE OKPYXKHOCTH B ILIOCKOCTH,
napauie;1bHOM niockocT 0xz, ee paamyc

r=1036R? = 0,6R.

D
A

Ne 626. a) TposeneM DK neprieHAUKyasIp-

Ho TuiockocTH ABC (puc. 408), npoBeneM oT-

x x pe3ku KA, KB, KC. (UTobbl He 3arpoMox/aTh
PUCYHOK, MOKa3aH ToJbKo KA).

ADKA = ADKB = ADKC (rio kateTy v r4-

A B noteHy3e). Otciona KA= KB=KC=r, r —

Puc. 408 pajiuyC OKPYXHOCTM, OMHCAHHOHi OKOJO
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AABC. Tenepb u3 ueHtpa cdepbi, Touku O, nposeaeM otpesok OT,
nepreHAMKYAAPHBLIN nockocti A BC, nposeaem otpesku TA, TB, TC.

ANOTA = AOTB = AOTC (oum npsaMoyrosibHbie, OT — obuiuii xa-
1eT, OA = OB = OC = R, R — panuyc cepnl), torna, TA=TB=TC =
= r, r— paJiMyc OKPYXHOCTH, on1ucaHHoit okono AABC. Bullle 1oKkasa-
HO, 4T0 OA4 = OB = OC = r. 3HauuT, TOukH T ¥ O COBMAAAIOT U OTPE3KHU
DK v OK nepnenaukymstpunl nnockoct ABC.

DADC = ABDC = ANADB (no nByM CTODOHaM W YTy MeXay
HUMHU), nodToMy AB = CB = AC, ANABC — paBHOCTOPOHHUM.

[pusem AD = x, AB= a. ZDAB= 2/DBA = S0—2® — gp° _

a _ X a = X
sin2¢  sin(90°~)’ 2singcosp  cos@’

[To Teopevie cuHycoB:

a = 2sin ¢. [IpuMem KA = KB = KC = r. 3anuiueM TeopeMy CUHYCOB

s AABC. —2—=2r,a= 2r—\/——3-=r«/§.
sin60° 2

Zmnm

3
B AADK: DK=VAD — AK’ = Jx -y2

B AAOKOK =+0A4A’ - AK* =R -r".

DK +KO = R, \/xz—y2 +VJR - = R,
Wxi-r* +JR -F Y =R
X =P+ R =P+ 2@ - PR =) = R,
(xR ~r) =27 — X,
40— PWR — ) =4r + x* — 4rX,
R — 4P — 4R + 4P =4 + X' — 4r%,

X —47R+4°PR =0, ¥ — 4R + 4R*- d—; ssin'p-xt =0,

Botgood: 2xsinp =ry3,r=

¥ — 4R +4R sm ) =0, x20,Tornax’ = 4R — 4R24§sin’(p.

x=DA= {4R ——sm (p —2R1f3 4Sm e
AB—a—4Rsm(p1’3 4;m(p
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6) Ceuenuem cepbl IockocTbio AABC 6yneT OKpyKHOCTB, €€ pa-
IHyC:

2sin¢@ 3-4sin‘o _4 . 3
r= 2R-Y——— - =_Rsin w/3—4sm
NG 73 3emne ¢

Mnowans ceyeHNs paBHa: TF = %ﬂR2 sin’@(3-4sin’@).

Ne 627. UsBecTHo, 4TO 6auxaitinas Touka (A4), nexainas Ha cdepe,
K Touke (M), nexaileit BHe cephl, IPUHALIEXUT OTpe3Ky OM, rne O —
ueHTp cdeprl (puc. 409).

Puc. 409

IMpumem CB = r — pannyc okpyxHoctH, AC=x, BM =24 cm.
OA=R=10cmMm.

W3 npamoyronsioro ACBM:

CM + CB = MB, umm (16 + x)’+ ¥ = 24" cMm.

W3 npsimoyronbroro ACBO:

OB =0C +CB,uan (10 — ' + A= 10" cm.
[(16+x)' + r=576

i(lO—x)Z+r2 =100.

(16 + x)* = (10 — x)’ = 476,256 + 32x + x*— 100 —x* + 20x = 476.
52x = 576 — 256,

PeliiuM cHucTeMYy:

52x = 320,
2080
52 13 ’

# =100~ (10 —x)* = 100 — 100 + 20x — X’ = 20x — x.
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16-13-64 _ 107-12}

';=20-80_80-80=100 2
13 13-13 169 13
= ’102-12z _10-12 120
13 13 13
Jnvua okpyxHoctu L =2nr, L =27 % = %Q T (CcM).

Ne 628. R — panuyc BHelIHei cchepbl; r — panuyc BHYTpeHHei cde-
phl (puc.410). CeueHHre Tena NAOCKOCTbIO, MPOXOASILEH Yepe3 LCHTPbI
cdep — KoIbLO.

[nowanp Koaslla: § = (K —F). '4))

CeueHMe, MJIOCKOCTLIO KacaTeIbHOM K BHYTpeHHe# cdepe.

Mo Teopeme n. 61 OC =r nepneHIUKYNsIpeH K TUIOCKOCTH B
ceucHuH. U3 npamoyronsioro AACO:

x=JR' -1, S _=n’=n(R -1r). )

CpasHuBas BelpaxeHue (1) U (2), ybexaaeMcsl B CMIpaBeJIABOCTH
YTBEPKICHHMA 3a1a4H.

@

Puc. 410

Pa3nble 3212494 HA MHOTOrPAHHHK, WWIHHAP, KOHYC M wIap

Ne 629. B okpyXHocTH ocHoBaHusg AB — 4, B,
avaMeTp, ZACB — BNUCAHHBIH, ONUPAIOIIHACS
Ha AMaMeTp, 3HauuT, ZACB = 90° (puc. 411).

BC L CC,, obpasyowas CC, nepnetIukKy-
JNsipHa ocHoBaHMiO;, BC nepneHAMKYAsIpeH
nuockocTH ACC,.

Ilo npu3Haky nMepneHauKyAspHOCTH ABYX -
nnockocreit (n.23) nnockoctb A4 C.C nepries-
AMKyasipHa naockoctH BCC,B,. [
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Ne 630. SO 1. ABCD, SO = h = 12 ¢cm,
AB =8 ¢cM, BC = 6 cMm (puc. 412).

OA = OB = r. PeOpa nupaMHibl pan-
Hbl OOPA3YIOLIUM KOHYCa M JIeXaT Ha Mo-
BEPXHOCTH KOHYyCa.

BD=2r. BD=+/8" +6 =64 + 36 =
=100 = 10cm

r=>5(cMm)

HaitaeM nuoiaib nosHOoNU NoBepxXHO-
CTH KOHyca,

S, =1 =m-25(cM)

N3 npamoyroastoro A SOA
SA=80" + 04 =h* + r* =12* + 5 =144+ 25 = 13 (cm)
S, =mrl,l=S84,S, =m-5-13= 65n(cv’).
S =S, TS, =@25+65r=90n (cM’)

naam

S ,=AB-BC=6-8=48 (cM)

ABCD

Bokonuie rpanu nonaptio pasusl. [lposeacm OK I DA, OL 1 AB,
orpesku SK n SL. Ilo Teopeme o Tpex neprieHankynsipax SK L DA m
SL 1 AB.

0K = IEAB =4(cm). OL = IEBC =3 (cm). U3 ASOK:
SK=yh* +OK? =12} + 4= /144 +16 = V160 = 410 (cm).
SAAASD=IESK'DA=—12—-6-4\/]6=l2w/i6(CM2).

U3 ASOL:

SL=h +0L* =134 £9 =153 =/3-3-17 = 3J17 (cm).
S, =—12—SL-AB=—12—-8-3«/1_=12\/I_7(CMZ).

Se = ASssp + Sopsp) =2 12(J10 + V17) = 24(10 + V17) (em?)
S, =8_+5 =24J10 + 2417 + 48 = 24 (V10 + 17 + 2) (cMm)

HckoMoe oTHolIgHUE PaBHO.

24(ﬁ6+«/l_7+2) B 4(«./E+«./1_7+2)
90n - 15w

Puc. 412

Ne 631.a)r=2cM, h=4cMm, R=5cm (puc. 413).
Mpumem AC = BC = AB = a, cienoBate)ibHO!
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a =
R= - ,a=RJ3 =53 (cm).
\/3 v ( )
2
SAABC: a;/g =_7€4._‘\/3 (CMz);

AC,=BC,=AB, =b.

CrenoBatebHo r = 7

b=rd3=203 _ Puc. 413
2 ~
e b;/3 =4-34~~/§ _ 12;/3 (o) 0—'_ &,

BoKoBbIe IPaHK — paBHbIe paBHOOCAPEHHbIE
Tpaneunn (puc. 414). Tlposeaem OK L A B,
OK, 1 AB, otpezok K K. Tlo TeopeMe o Tpex
nepneHankynspax K K L AB.

OK, 0K, — pafnychl BIIMCaHHBIX OKPYXHO-
ctei B AABC u AA B,C, COOTBETCTBEHHO,

b

2
N3 AKKK: K K= |h +§ = /]6+42 - [B= @(CM).

21V3-J73
T (o

A B + SAABC

5 - 21~/§'~/ﬁ+75\/§+12;/§=

+29).

S, =35, =

ABBE,

S, =5.+S

"o

4 4
_ 2143-Y73+ 873 =i\/_§(7m
4 4
6) [NpuMeM AB = g, cienoBaTeNbHO
b

R= 70_2_,a=R~/§ =5ﬁ(cm);r=f(l’”c-415)-

Puc. 415
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[Tpumem A B, = b, ciepoparensHO

—rJ_—ZJ_(CM) S b =8cM.

ABC q

BoxoBble rpaHy — paBHble paBHOOeAPeHHbIE Tpaneuuu. [Iposenem
OK LDA, OK.Ll DA, orpesox KK Tlo TeopemMe o Tpex
neprnexaukynspax KK L AD.

O, = g =2 (em); 0K =2 = —Sf

sJ_J—sJ’zJ‘ 32

KK=0K-0K="-=— 5 5 (cM).
K, 2 0, U3 AK K K (puc. 416):
KK=yn+ KK’
K= 16+E= Q=—J8—_2-(CM).
h 4 V4 2
AD+AD atb _
SM,qD — N = 2 Y
K K_do _52+242 J_ 7‘5"/8_2@1“2)
¥ : ZJ_ G |
S, =4S, ,, =742 J82;
Puc. 416 . Moo

Sram = Seee T Saco ¥ S5 nc,
S..=72" VI +50+8=72 V82 + 58 = 1441 + 58 (cm?)

K x 0, B) [IpUMeM, YTO CTOPOHA BEPXHETO OCHOBA-
HHUSl paBHa b, HUXHEro OCHOBAaHMUs paBHa a,
a > b; paanyc BEpXHEro OCHOBAHHMSI PaBEH I,
HHXHero ocHoBaHust — R (puc. 417). Cnegoba-
h TeJbHO b = r, a = R.

TMpaBWILHBIA IUIECTUYTONBHUK COCTOMT M3 6
PaBHOCTOPOHHHX TPEYTOJLHHKOB; BLICOTA KAXKIO-

K dk; o TO M3 HMX paBHa paauycy BITHCAHHOM B LUECTH-
e st YroIbHHK OKpykHoctH. Panwyc BnmcaHHoil B
y BEpPXHHIA LLIECTHYTOJLHHUK OKPYXXHOCTH PaBeH X, a
Puc. 417 B HWXXHMIA ILECTUYTOJIBHUK ~~ y. KaK M3BECTHO U3
IUTaHUMETPHU:
W3 a3 2J‘ _ 53
x=—"y= =3 (cm M), y === (cw).

2 2 o
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[Mnowanb HUXHETO OCHOBAHUS nUupaMHibl paBHa

2 2 2

IMnowans BEPXHETO OCHOBAHMSA NMPAMHKAbI paBHA
1 2
6- -2—~b-x =3-2-3=6V3(cM)).

Bce 6 GoOKOBLIX TpaHeil — paBHble paBHOOGEIPEHHBIC TPANELMM.
Haitnem BbicoTy Tpaneumm. B N10CKOCTH BEPXHETO OCHOBaHUS NPORO-
IOAM otpe3ok 0K MmepneHanKyIapHO K cTOpOHe 6-YyToNbHHKA B HUX-
Hei TUIoCKocTH 11poBoauM OK nepneHIHKYIAPHO OXHOMMEHHOMH
CTOpOHeE 6- yronbuuxa npoBeneM orpelok K K (puc. 417).

OK=y,0K =

T T S e
‘/—(5 2)‘£(CM)

HsAKKK

KK= ’h7 3‘/_ \/16 2 \[64-;27=—\/—z_l~(cm)‘

a+b 5 BT _
2

o = 6 —2- KK, =3-(R+nr): -2——“3 2+5):

_211
—, (o)

[Mnowanb nonHo# nosepxHocTH: S =S5, +S,__ + S,

21J9T+6ﬁ+75ﬁ=21gﬁ=

87‘/_ (7JT +2943) (M), '

S=

G B,

Ne 632. Cdepa Kacaercs Beex IpaHeit
npusmbl. LleHTp ee AonxeH 6bITh paBHOYIANEH
OT OCHOBAHHIi, TO €CThb JEXATh Ha CEPEAMHE
BbICOTH TIpU3Mbl. OTPe30K, COEIMHAIOILHIA
UEHTPbI OCHOBAHHIA, ABIAETCH BBICOTOM NpU3-

C B

A
Puc. 418
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Mbl, ¥ BCE TOUKH, iexalure Ha oTpeske O, 0, paBHOydalleHbl OT GOKOBbIX
rpaHeit npuaMbl. (Touku O U O, — LEHTpbI BIUCAHHBIX B OCHOBaHUSA OK-
pyxHocTeit.) Takum oBpasom, cepesimHa 0,0, ToYKa S, SIRISETCsl LIEHTPOM
cthepst (puc. 418).

s Ne 633. Bo3bMeM U131 1IPOCTOTHE TPCYTOslb-
HYIO MpaBW/ibHYI0 MTUpaMuiy. §D — BuicoTa 1U-
pamuabi. [IposeaeM AE L BC, orpesok SE
(puc. 419). [1o TeopeMe o0 Tpex Neprie LAMKY S -
pax SE L CB.

Bimuiem B ASDE noayokpyxHocTb DFG,
ueHtp O KoTopoit iexXuT Ha Katete SD, a oyra
E Kacaercsi cropoH DE v SE. ASED BmecTe ¢ no-

JIYOKpYXHoCThI0 DFG 6yneM noBopauuBaTh Bo-

c kpyr $D. Toraa kateT DE onuileT OKPYXXHOCTS,

Puc. 419 priucaHnyo 8 AABC, no3toMy runorenysa SE

MPH BPaLLICHH M OCTAETCS BHYTPH [IMPaMHIIbL, 33

UCKI1I0YEHHUCM TpeX TostoxeHHH, Koraa SE ByneT coBnanath ¢ BLICOTOH
BOKOBbBIX MPaHEM.

Brigod: ciepa, obpazoBaHHas BpallleHHEM TMOJYOKpYXHOCTH DFG,
OyaeT UMETb CAMHCTBEHHYIO OOILYIO TOMKY ¢ KaXI0H M3 OOKOBLIX Ipa-
HeH. I1a cdepa Kacaercs M OCHOBaHUSI MHPaMUIBI B Touke D.

Torna ueHtp BrivcaHHoH B nupamuny SA BC cepbl NeXUT Ha BbICO-

Te SD.

Puc. 420

Ne 634. a) PaccmotpuM ceucHue KLPQ, rne ToukuK, L, P, Q — ce-
pexunbl AA,, BB, CC, n DD, coorseTcTBeHHO. B ccueHHH monyuum
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KBajlpaT U BIIMCAHHYIO B HETO OKPYXKHOCTb, €€ PaiUyC paBcH paiuycy
cceps! (puc. 420). ycts pebpo kyba paBHo a, ¢ = 2R . [iowans onHOH
rpauu paBHa @', UM 4
=0 4R2 24R

6) BbicoTa MpH3Mbl 0,0 paBHa THaMETPY cepbl;
TOYKM KacaHHA cdepbl ¢ DOKOBBIMH TPaHSIMHU NPH-
HAIIEXAT CeUeHHUIO MPU3MbI TJTOCKOCTHIO, MPOXOsi-
el 4epe3 cepeluHy BLICOTHI TPU3MBbI  (LIEHTD
cdepbl) MEpNEHAUKYISIPHO K OOKOBBIM pcbpaM
(puc. 421). HNyctb cTOpOHa NPaBMILHOIMO UWICCTH-

yroJikHMKa paBHa a, TOrjia a =ﬁ. BokoBas
rpaHb — NPSIMOYTOJILHHK, €r0 TIoilanb paBHa H - @
WM 2R - 2R _

BB

[Nnowanb 60K0BOM NMOBEPXHOCTH PaBHA:

S.=6 L p=p 2B o
V3 B
[Maowanb OCHOBaHus CKila/lbiBacTCAa H3
Ioanei 1eCTH PaBHOCTOPOHHHX
TPEYIroJiblIMKOB, 1J10WaAb KaxX/10ro U3 HMUX paBHa
1 L2R oo R Puc. 421

ZaR=—-2. by
R N BN
6R’ _ 63

IMnowanb ocHOBaHHWA paBHa: 7_— = TRZ =23 R\
S =8/3R+ W3R +21W3R=143R.

8) B npaswibHOM TeTpasupe Bce pebpa
paBHbl; NPMMEM OHU papHbl a. TlpoBeiem
AK 1. BC, otpesok DK (puc. 422). B npaBnJib-
HOM AABC AK npoxonut uepes ueHtp AABC,
Mo teopeMe o© Tpex TeprneHAUKY.1s1pax
DK | BC. ZAKD — nvHeitHbI# yroJi AByrpaH-
HOro yrjia mMpH OCHOBAaHMM TeTpasjapa (Bce
JIByTpaHHbLIE YIbl panHbl). AOKL = NOKH,
OK — 6uccextprca LZAKD. U3 ADBC:

DK=VDB - BK’ =|a @ _al3_

\ 4 2 Puc. 422
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HK — pannyc BniucaHHo# okpyxHocTH, HK = -
[MpumeM LDKH = a. 243

B ADKH: cos —g_=_;______*,

sin o = vyl —cos’o = l—$=—-—

tgg_—_ sina 3 2ﬁ'i=2ﬁ3=_@=L
2 l+cosa [ 1 3 "3 34 2 2
3
R o a R
U3 AOHK: — =tg —, oTciona HK = —— = —— = R/2.
HK 7% 23,2
2

a=2v3V2R=2V6R. S, .. = "f 46‘/— =63R?

Bce 'paHH TpaBHJABHOIQ TCTpalApa — paBHbIe PaBHOCTOPOHHHE
TPEYrojibHHUKH, MO3TOMY njioniaib MOJIHOM NOBEPXHOCTH
§=4S,,,.=24/3R".

Ne 635. PO — BbicOTa NUpaMHUIbl.
Ipoenem yepe3 Touky O MN || AD, oT-
pe3ku PMu PN (puc. 423). [To Teopeme
0 Tpex nepneHaukyaspax PN L DC,
PM 1 AB. licHTp ccepbl HaxoAUTCS B
TOYKE MEpeceueHUss GUCCEKTPUC ABY-
IPAHHBLIX YIJIOB NMPU OCHOBAaHHUM: W3-
BECTHO TakXe, 4YTO ULeHTp cdephl,
BIIKHCAaHHOW B NPaBWILHYIO MUPaMHLY,
JISXHT Ha BbICOTe NupamMuisl. Cllenosa-
Puc. 423 TeJIbHO, 3aJay¢ OTBe4acT PUCYHOK, Ha
kotopoM SN — Ouccekrpuca LPNO —

JIMHEHHOTO yrjia ABYrpaHHOTrO yrjia npu oCHOBaHUH IMTHPpaMHIbI.

AD=a,PN = x. tg9£=i;x= 4
2 2x

o

2tg —
£2

IMpumem LPKO = ¢, 0 < ¢ < 90°.
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BAPONcoscp—_——a—=g: a -tgg;
2 g% 2
g_
2
sin ¢ = 4/1 - cos’ —Jl-tg 7
BASON: 1g 2= 50 _ 2R,
ON_a
g2 % d
R sing 1-tg ~ 2R(I+tg2)
= = ,oTclIoflaa = ——==—— "~
a l+cos@ lrtgd /1—th3
2
mb+g3 Rl+m%
= 2 1 2 _1
x= ‘ = 3 Spp—— ax

o a a’ ADCP 5
1-tg?~ 28— 1-tg?
V3 2 2V g3
2
a o 2 o
2R 1 +tg— Ri1+tg-~ Rijl+tg-=
, ( gzj, ( gz] _ ( gz) _

s L
axr 9 J o a‘/ a Ot( a
1-tg'~ g, l-tg’= tg—|l-tg’>
g, ByyiTEy B3 2

o
4R’ 1+tg~) ; COS— +sin—
_ _ 2) _4R 2 2.
Sw““sw“—or(—a’“—a'—a—a’
tg—| 1 -tg= tg — COS— —sin —
EoL gz) 85 o778y

0 L, a .« o .o
€08 0. = cos’ — — sin’ — =| cos— —sin— || cos— + sin— |, orcioa

2 2 2 2 2 2
o .« cosa.
COS— +§in— = ———
2 o .o
cos— —sin—
2 2

Hrax,
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s = 4RZ_ cosa _ 4R*  cosa

o

o 1-sina

o Y . a o
tg— cos’—+sin’ —~2sin—-cos—  tg
2 2 2 2 2 2

Mpu R =5cMmna = 60° nonyuum:

1
_ 425 cos60° 100 o
* 1g30° 1-sin60°

_100(2+J§)-J§
- 4-3

=1004/3(2 + /3) (cM).

Ne 636. BokoBbie rpaliy — paBHO-
O¢ApEeHHBIC TPAMEIMH; BBICOTHI JTHX
Tpaneuuidt HaswipawoTes  anodeMamu
(puc. 424).

H3pecTHO, YTO B NpaBWIbHON Yce-
YEHHOH MUPaMMAE LEHTP BIIMCAHION B
Hee cepbl HAXOIMTCS B CEPEAHHE OTPE3-
ka 00, rae O 1 O — LIEHTPbl OCHOBAHHIA.
DTO YTBEPXICHUE BHITCKACT U3 TEOPEMbI
0y 0 LeHTpe cdhephbl, BIMCAHHON B NPaBWIb-
Hyl0 IiMpamMuay, (cM. 3ana4y Ne 633).

M3 niaHUMETPHH M3BECTHO, UTO B
OITHCAHHOM YECThIPEXYIOJIBHUKEC CYMMDE
- HPOTUBONOMIOXHbLIX CTOPOH PABHBI.

M N ML+ KN= LK+ MN;
[7] 2KN=LK+ MN
_LK-MN _BC +BC
2 2
(B ocHoBaHusix — kBanpatsl, LK = A,B,= BC u MN = AB= BC),w.1.1.

Puc. 424 KN

Ne 637.a) B ocHOBaHUAX NpU3MDI JIEXAT paBHbIE PABHOCTOPOHHUE
TpeyronbHUKH. [TpumeM A U B ueHTPLI ocHOBaNHii ( puc. 425).

Bce TOUKH, Acxkallne Ha MEPNEHAUKYIAPE K BEPXHEMY OCHOBAHHIO
MIPH3MBL, [1POBEACHHOM Ucpe3 TOUKY B, paBHOYNaneHHl OT BEPLUWH Tpe-
yro.ibHUKa POR. Bee Touky, iexauiue Ha NeprneHInKyaspe K HUXHEMY
OCHOBaHHIO MPU3MBI, TIPBEIEHHOMY Yepe3 TOUKY A, paBHOYyJaleHb! OT
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Bepuinm AP QR T.k. npusma npasuib-
Has, To TpevroiibHUKK PO R, n PQR npock-
THUPYIOTCS1 OJIMH Ha APYroM, NOJTOMY TOUKa
B 1pocktHpyeTcs B TOuKy A M obpaTHo.
3Ha4uT, AB neplieHANMKYASIpEH MAOCKOCTH
PQR. Toraa, otpe3ok AB ecTb reoMeTpHuc-
CKOE MecTO TOYEK, PABHOYAAICHHBIX OT
BePIWMH KAaXIOTro U3 Tpeyrosibuukos. Cepe-
MHa cro — Touka O — paBHOyZAajieHa OT
Bepiiut AP,Q,R, v ot BepuinH APQR Ha
OIMHAKOBOC paccTosiHue R, paBHOe pajiMy-
Cy OMHcaHHOM 0KOJIO 1IpU3MbI cepbl

6) INposeacM u3 BeplivHbl D NUpaMUabI Bbi-
cory DH; DH nepnenaukynsipeH IJIOCKOCTH
ABC, Mpoeeaem otpesku HA, HB, HC (puc. 426).

ADHA= ADHB=ADHC (ouu npsamo-
yroJbhble, DH — obwuit xarer, AD = BD=CD
110 YC,IOBUIO).

HA=HB=HC=r, r-paguyc oOfnucaHHOW
0K0.10 AABC 0OKPYXHOCTH,

W3 touxu O (ueHTp cdepbl) NpoBeIcM, OTpe- Puc. 426
30K OG, nepleHAUKYapHbIN nnockocth ABC
(Touka G Ha pHcyHKe Hc 1okasaHa). TlpoBeneM otpe3ku GA, GB, GC,
OA, 0B, OC. AOGA= AOGB=ANOGC (kater OG o0HMit,
OA = 08 =0C = R, R — paanyc cthepslt). 3HaunT, GA=GB=GC=r,
r — paauyc OKpYXHOCTW, onucaHHOM okojo AABC. Bokpyr AABC
MOXHO OMUCaTb €AHUHCTBEHHYIO OKPYXHOCTb, TO €CTh OKPYXHOCTb
UMeeT eIUHCTBEHHBIH IIEHTpP U paluyc.

BoiBoja: Touku H v G cosnagaior, Touku D, H, O nexat Ha ogHo#
NpAMOoit. 3HauuT, UCHTP cepbt O IEXHT Ha BbICOTE THpaMuabl DH van
Ha MPOROJIXCHHH 3a TOUKY H, 4TO U M300PaKeHO Ha PUCYHKE,

Ne 638. Terpasnp — 3T0 NPOCTPAHCTBEHHbINA YETHIPEXYTOIBHUK.

a) [loxaxem, 4To uepe3 J1o0ble 4 TOYKHM, HE JieXalllue BOHOM M1oc-
KOCTH, MOXHO NMPOBECTU cpepy M NPUTOM TOJIBKO OJTHY. (CM. HUXC).

WU3BecTiO, YTO TCOMETPHUYECKMM MECTOM TOUYEeK MPOCTPaHCTBa,
paBHOYNANEHHHLIX OT KOHLIOB OTPE3Ka, SIB/ISIETCH MJIOCKOCTb, NMepreH-
IUKY;isipHasi DTOMY OTPE3KY M NpoReJicHHAas ycpes ¢ro cepesimHy. [o-
3TOMY UEHTp cepbl, ONKMCAHHOI OKOJO TeTpal’spa, JAOJDKEH
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NMpUHALIEXaTh KaxX[IOoH M3 TJIOCKOCTEM,
MPOBEICHHBIX Uepe3 cepeduHbl pebpep TeT-
pas/pa nepreHAHKYJISIPHO K 3TUM pebpaM.

IMpumeM O — UEHTP OKPYXHOCTH, OINM-
caHHoO#M okono rpaHi ABC TeTpasapa, / — npsi-
Masl, npoxoaswas udepes Touky O, /
nepneHauKyasapHa ruockoctd ABC. Kaxnas
TOYKa NMpsiMoit / paBHoynaneHa oT Touek 4, B 1
C. (0OA = OB = 0C = r — paguyc olMCaHHOM’
OKpyxXHOCTH). Ecin Touka S € /, To npsiMo-
YTOJIbHbIE TPEYTONBbHHKH SOA, SOB, SOC paB-

FPuc. 427 HBI 110 AByM KaTeTaM. 3Hauut, SA = SB = SC.

IMprmeM, UTO IL10CKOCTL O TPOXOAMT Ye-

pe3 cepenmHy pebpa DA M IIOCKOCTE O nepneHaukyasipHa DA. Jloxa-
XeM, uto / oL nepecekatores. s 3Toro npeanoiaoxmm, yro o | /.

Eciva L ADu !l o, 0o AD L I. Kpome Toro, / 1 AB (nockobky /
napainenbHa ninockocti ABC), v, torna l L ABD — o npusHaky nep-
MNCHAHKYIAPHOCTH NPAMOI MIOCKOCTH.

Bbigod: uepes ToUKY A NPOBELEHBI 1BE pa3inyHbIc MIIOCKOCTU ABC U
ABD, nepneHavKyAspHble K 0IHOH MPSIMOA, 4TO HEBO3MOXHO. [ToaTO-
My NpeanonoxcHue, yto / || o HesepHO, 3HaUMT / K 0. MepeceKaloTCs.

CnenoBaTeAbHO MPHMCM, YTO TOYKA S €CTh TOUKA NMepeccueHus / u
o. BoatoM ciyuae SD = SA, T.K. § TNpHUHAANEXKUT KaXI0# MIOCKOCTH,
NMpPOXOIsILLE Yepes cepelMHy pebpa TeTpasapa M MeprneHauKyIsipa K
2TOMY pebpy.

ATak Kak Se I, 10 54 =SB = 5C, u, cieloBarenbHo, S pasHoylaie-
Ha OT BCeX BEPLIMH TeTpaspa.

PaccTosiHue oT Touku O /10 OJJHOH U3 BeplUMH TeTpasupa ob6o3Ha-
yuM R. Cepa c LEHTPOM S U paanycom R MPOXOMUT Uepe3 Bce NaHHble
TO4YKH. M3 npuBcACHHOTO 10KAa3aTeAbCTBA CIELYET, YTO Takas cdepa
MOXCT ObITb TOJILKO OJHA.

Toraa okoo JI0O0ro TeTpasapa MOXHO onucaTh cdepy.

6) PaccMoTpuM 11Be rpaHu ¢ oblium pebpom. ['eoMeTpHUEeCKHM
MECTOM TOUEK, pPABHOYIANeHHLIX OT 06cKX IpaHeit ABYrPaHHOIO yria,
ABNSACTCS TIOCKOCTD, AeSLIAs NBYTpaHHbIi yron nonoiaM, WM, no
aHAJIOTHH ¢ MJAHUMETPHENR, OUCCEKTOPHAs TJIOCKOCTb 3TOTO ABYTpaH-
Horo yra. [ToatoMy LeHTp cgepbl, BIUCaHHOM B TeTpaaap, paBHOYAa-
JICH OT BCEX TIpaHeil MNUpaMuIbl, OH MPHHALIEKUT Kaxmoil U3
OUCCEKTOPHBIX TMJIOCKOCTEM, TO €CTh SIBJSIETCS TOYKOR MepeceycHHs
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BUCCEKTOPHBIX TL1IOCKOCTEH BCeX ABYrpaHHBIX YIJIOB TeTpasapa. T.K.
BCC TOYKH GHCCEKTOPHOM TUIOCKOCTH PacTONOXEHbl MeXAY TPaHAMU
JIBYTPAHHOTO YIJ1a, TO LIeHTP cgepbl, BITUCAHHOI B TeTPas/Ip, BCErlia Ha-
XOAMTCS BHYTPH TE€Tpa’3apa.

HTaK, LeHTp y BIIMCaHHOM cepbl MOXeT ObITb TONLKO oaHH. Ce-
pa ¢ LeHTPOM B 3TOM TOUKE U paRUYCOM, PaBHBIM PacCTOSTHUIO OT 3TOH
TOYKH 10 TIOCKOCTH KaKoi-THOO0 rpaHH TeTpasapa, KacaeTcs BCEX rpa-
Heit TeTpasapa. 3HAYMUT, B JIOOOH TeTpasap MOXHO BMHUCATL Chepy U
TIPUTOM TOJILKO OIHY.

3ameuanue. B paccyxneHn 6bUI0 UCMONB30BaHO, HO HE 1CKa3aHO
CIEAYIOLLEE YTBEPXICHHUE:

Buccekmopusie naockocmu 08yepaHHbiX y2n06 mempasopa nepecexa-
lomcs 6 000l moyke.

JoKaxeM 3TO YrBepKIACHHE.

1.M € y. LACB — nuHEeHbIA YyroJl ABYrpaHHOIO YI1a MEXIy IJ10c-
KOCTSIMM 0. U B (puc. 428).

Puc. 428

IMpuMeM, YTO ¥ AenUT ITOT ABYIPAHHLIA Yroal TakK, uyTo
£ZBCM = ZACM. CneioBaTebHO Y GUCCEKTOPHAs NMIOCKOCTb JAHHOTO
JIBYTPaHHOTO YIJIa.

JlokaxeM, 4To GUCCEKTOPHBIE MJIOCKOCTH IBYTPAHHLIX YIiOB TpEX-
IPaHHOTO YIJIa MePECEKAIOTCS MO ONHOMY Jyyy.

B, u B, — GUcceKTOPHBIE IOCKOCTH, X NepecedeHne — JIy4, HCXO-
JAIIMIA U3 TOYKH S — BepLIMHBI TeTpa3apa. JIyu o6o3HauuM /. [Tpumem,
yTo TOouKa A € f/, A — NpOU3BOIbHasi TOYKa Jyya (puc. 429). [Tposenem
nepneHauKkynsiphbl AA,, AA4,, AA, Ha rpaHu1 TpexrpaHHoro yraa. A € B,
noatoMy A4, = AA; A € B,. noatoMy A4, = AA,.
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Puc. 429

ChenosatenbHo, A4, = AA, = AA,, To ecTb To4ka A pasHoydaieHa
OT rocKocTei rpaHeit NSPu MSP. CnenoBatebHo, TOUKa A HAX0AUT-
¢s1 Ha GUCCEKTOPHOM MIOCKOCTH IBYFpatiHOTO yriia ¢ peopom SP, A T.k.
TOYKa A BLIOpaHa Ha ayue [ Npou3BOJAbHO, TO H Bech JIiyd HAXOAUTCA B
OHCCEKTOPHOMN MA0CKOCTH.

BbiBoil: Bce TpU 6MCCCKTOPHBIC ILTOCKOCTH NEPECCKAIOTCs N0 OJIHO-
My Jlydy, 1100as TOYKa KOTOPbIX paBHOY.J1a/lcHa.

2. [MpumMeM, 4yTO / — NIy, 11O KQTOPOMY 1€~
peccKkaloTcs GUCCEKTOPHbIE MJOCKCTH TPEX-
rpaHHOro yrja npu seplinie A, M — Touka, B
KoTopo#t .ay4 [/ mnepeceuweT rpans BDC
(puc. 430). KoHuwpl otpeska AM nipiHaiie-
XaT pasHblM IpaHsAM ABYTpaHHOFO yIjia MpHu
pebpc BC, nosTtoMy OMCCCKTOpHAs noc-
KOCTb 2TOFO JIBYIPDaHHOTO YFJ1a I1EpPCCeYeT OT-
pesok AM B Touke O. O € [, nosToMy oHa
paBHOyJlaneHa oT nuockocted ABC, ABD u
ACD. KpoMe 3T0ro, pacCTossHUe oT TOUKH O
40 nnockocTteit ABC u BCD paBHbI, T.K. TOUKa
O NpUHALICKHUT OHCCEKTOPHON TJIOCKOCTH
JIBYrpaHHoOro yrna npu pebpe BC. 3HauuT, Touka O paBHOYyAajleHa OT
BCEX FpaHeii TeTpasiapa, TO eCTb NPHHAMICKUT BeeM BUCCEKTOPHBIM
MJIOCKOCTAM JBYFpaHHBIX YIJIOB TeTpadapa. MTak, O6UcceKTOpHbIe
MJIOCKOCTH ABYTPAaHHBIX YIJIOB TETpa3/pa NepeccKalTcs B OAHOH TO4-
Ke, 4To U TpcOoBaJIOCh A0KA3aTh.

Puc. 430
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Ne 639. a) Llentp cepnl copnagaer
C UEHTPOM KyBa — TOUKOoI nepecedcHus:
nmaroHasiei ky6a. INpumem, uto ctopo-
Ha ocHoBaHMA Ky0a (4 ero peGpo) paBHO
a. CacaoBaTesibHo, AMaronans kyba d =
af3.C JIpYroii ctopotivt, d = 2R,

W=a3, a=-R
V3
[Maowany r1oBepxHOCTEH OAHOM
[PAHU paBia @', 4 NOIHAA NOBEPXHOCTD
Kkyba pasua 6a’.

2Y 6-4
S=6a=6 —| R*=—__R>=8R".
“ G(ﬁ) 3

0) H u H,— ueHTpbl OCHOBaHU I NpU3Mbl; H H,— BLICOTA NIPU3MBL.

PaccMOTpHM ceuyeHMe TPU3MBI MIOCKOCTbIO, MPOXoIsiileii Yepes
IMAMCTD OCHOBAHMA TIPU3MbI  TMEPIEHAUKYIAPHO OCHOBAHUSAM
npu3Mbt. B ceueHuH nosnyuuTest npsiMoyronbHuk A4, B, B (puc. 431).

W3 npsamoyroasHoro AOAH

2
AH, = R —(5) = R—ﬁ
2 2

AH, siBsieTcst paaMycoM OITMCAHHOH OKPYXHOCTH OKOJIO OCHOBa-
HH#A NPU3MBI, & B I1PaBHIBHOM LIECTHYTONbHHUKE EM0 CTOPOHA PaBHa pa-
JAMYCY ONUCAHHOH OKOJIO HEr0 OKPYXHOCTH.

TIpuMeM, 4TO CTOPOHA OCHOBaHUA PaBHA g, C/1eJOBATENLHO

2
R.a= RS g R
2 2
S, =6aR=3J3R*. S_ =3J3R*+ 2S_=3J3R+3/3d =

3\/—(R2 4] 3J_R2 4‘51&

B) [IpuMeM, uTo pebpo TeTpa3apa pasHo a. LleHTp onucaHHOH che-

pbl JIEXHT Ha BeicoTe D (puc. 432), Touka H — uentp AABC, nootoMy
a

HA = —.
V3

W3 npamoyroiibioro AADH:
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DH=+a-HA* = a\/%.

cosa=2fi=\/§,mea=4ADH
AD 3

U3 AAOD mno teopeMe KOCHHYCOB
(puc. 433):

@ = 2R —2R'cos (180° — 20) = 2R* +
+ 2R cos2a = 2R (1 + 2cos’o. — 1) =

= 4R cos’e = %R’.

Tlrowaap onHOM rpaHd TeTpasapa
2

paBHa ; BCC FPAHH — PaBHOCTOPOH-

HHE TPEYTOJIbHHKH, 1'103TOMy

s—44‘r’f #3=p

Ne 640. SO— BbicoTa nupaMuabl; SO = h. Tlpu-
{& MeM, 4yTo O — LIEHTp OCHOBAHHA MUpaMuabl, M —
cepenuHa BC, AM — Bobicota B AABC (puc. 434).

Puc. 433 AO=%; OM = % rmea = AB.

S Llentpsr 06eux cdep JiexkaT Ha NpAMO
S0, S0 nepricHAKKYApHA MAOCKOCTH AB.

R — paauyc onucanHoH chepsl INponon-
kUM SO 10 NepeceyeHust C ONMUCAHHOM cde-

2 poit B Touke D (pHc. 435).

SD — anametp urapa, ZSAD = 90°. U3 no-

4 C  [o6usa TpeyroNbHUKOB OAS ODA

a M op=49 _% |« 10=

0S 3 Ji
B 2 2 2
2R=SD=SO+OD=h+a_=3h_ﬂ_

Puc. 434 3 3
2 2 2 2
R= 3 +a = 3 ta . lpoBenem otpe3ok SM.

2-3h oh
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a
OM = ——=, noatomy u3 ASOM:
273 Y

lSaz__ai 444 _Ju
12 V12 37 4

no,
3 _+"_12a 23 _ 2033 _ 2V33

=vSM’ -OM* =

a D
( Vit 11 TR Puc. 435
S

Haitnem panuyc r BnucaHHO#M cdepbl.
IMpumeM, yTo ( — LEHTp BAMCAHHOrO llapa,

cnenoBatenbHo B A SOM QM — Guccektpuca £SOM, @
2
Q0 = r(puc.436). SM = |n* + l% (puc. 436).

Flo cBOWCTBY GUCCEKTPUCHT BHYTpeHHero yrna O M
TpPEYrojJHHuKa: ’iﬁ
LOY_Q=_0§/’5_ ;’_=_"_‘/§_2 Puc. 436
Q r 6.1n7 + a
: [iT 11_
_ 3 3 ML a5l

le-nz CTedas 3 45—
+ ~~-—3—a +a

Vs VII(3s-1) (3J§—1)
[ T 7 SN VO Y POV TR W T

Ne 641, INponomxuM BoicoTy nupamuasl PH 1o nepeceuyeHus co
chepoii B Touke Q. PQ — nuaMeTp, UEHTP ONUMCAHHOM CCPhI JICKHT Ha
poicote PH wau Ha ee npomosixkeHUH 3a Touky A. CoeAMHHUM OTpE3KOM
TOuKy A ¢ Toukoit H, PaccMoTpum ceueHue niockocthio APQ (puc.
437).

ZQOAP = 90°, kax onuparLLHiica Ha THaMeTp,
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AHPA ~ AHAQ, ﬂ = ﬂ,
PH AH
A= HQ- PH PQ =10, PH=h.
[TpMMeM a — CTOpOHA OCHOBaHMsI,
1 a2
cnenosatensio AH = Eaﬁ = ——2—
ChaenosaresibHo
2
92—=h(10—h). (1
P [Mposenem L 1 AB, otpesok PL.

LH=§, nnockocT, PLH mieprneHauky-

4 nsipHa niockoctH ABP. [TpumeM, yto O —
UEeHTp BhnuMcaHHoit coepol, OK 1 PL.
OH = OK=r, OL — 6uccexrpuca LHLP
(pHc. 438).
2
¢ PL=K + LH® = 0"+ %,
Puc. 437 : 4
MpumeMm LHLP = q.
LP J L@ Vahi+ @
4
a
= - 2 _ a _ a
cosoc————L— az_ az—\/4hz+a2
N
4 4
W3 AOLH %-L:E:tgg‘rzgtggz 2
a g 2 22
2
|- _.a
o _l-coso Jahi +d N4 -d —a
tg == - 3
2 sina _ 2h 2k
VAR + &
g.«/4hl+aZ -a_

AT (2)
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aJaht +a' =a’ + 8h P,
(o' + @ =a* + &

Ta’ =2h(10-h)

a@n+ay=a+ 640+ 16a’h. r
A+ d' =a' + 64K + 16a°h 0
a4 —h)+ 16h =0, r
2h(10 — k)4 —h) + 166 =0 L H
Pazacium obe yactu Ha2h # 0

(10—h)4—h)+8=0 Puc. 438

W —1dh+ 48 =0

h,=7%49-48=7% 1 h =8unuh,=6;
a’=20-8-2:64=160— 128 =32,a, =32 =42,
a,=20-6-2-36 =120 — 72 =48, a,= 4/3.

Ne 642, PaccMOTpHM 0CeBOC CeueHHe. R —
paanyc cepot, ABCD — xpaapar.
BH = OH .= R, BH — pagmyc ocHoBauus

uuauHapa, HH = 2R — BbicOoTa uMivHIpa
(puc. 439).

HaliaeM nsowaab mmojHol MOBEPXHOCTH
UHJIMHApA.

s =8, +28

Ao Gk ocH
S, =2 BH - HH =2nR-2R = 4nR’,
S, =7 BH=nR;
S, =4nR +2nk = 65k,

Fnowans nosepxHocTH cepbl 4nR.

hY 6nR* 3

no.in

Ne 643. PaccmoTpmm oceBoe cedenue.

a) Bricota SH nenut oceBoe ceueHue Ha aBa Puc. 439
PaBHLIX Tpeyrofbiiuka: SH — GUccekTpUca yria
¢ (puc. 440).

BAHBS. ZHBC =90° — -(28 ; OB — 6uccektpuca LHBS;

2HBo = 2153
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N3 npamoyroasHoro AOHB:

R - \g 2HBO = a5 - -;9),

P

PR S— s SN tg(45°+ %).

tgl 4502 o 45°— T tg| 45°+ -
g( 4) ctg(90 (45 4)) cg( 4)

6) % = tg(45° - ), R=rig(as - ) L < 457,

B) tg(ds* — & =§=—; 45 — ‘Z") - 30',% = 15°, ¢ = 60".

S
0
R
A B
H—F
Puc. 440
S Ne 644. HapucyeM oceBoe ceueHue.
SH — BbicoTa KoHyca; OB — OGuccekTpuca
ZHBS, ZOBH = % B AOBH (puc. 441):
L L = tgg.
0 BH 2
r Haiinzem lUlOUIazllb OCHOBAaHHA KOHYcCa:
A B — PR nr
e S, = Ta T
g —

Puc. 441 2
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Mpumem SB= 1. U3 ASHB:
-

a a
7 =cosa,l/= S
cosa tg -- coso.
2
Haiiaem niowank 60x0Bo# nMoBEpXHOCTH KOHYca:
nr r nr’
S, =nal=——- =
12 @ tg % cosa 1 % cosor
2 2 2

2 2 2
b1 T T 1
o = ra + ar = o (1 + )=
o
ig’= g’ lcosa tg'= cos
2 % .7

, 1+ 2cos' S -1 2mricost:
mr 2 2

- a COSL B
g’ =
£3

5 .
tg? = cosol
2

Ne 645. PaccMOTpHM 0CeBOE ceYeHMC.

BbicoTa LuMIMHApa paBHa cro obpasyioliiei, a T.K. obpa3sytotuas pas-
Ha Ay MeTpy ocHoBaHusi, T0 ABCD — kBanpat (puc. 442).

Tpumem AD = a, paanyc cdeprl pasen R.

W3 AADB: BD' = (2R) = &’ + d 2R = aV2, R= g
2
Maowank chepwl 4nR’ = 411% = 2nd’.
PajiMyc OCHOBAHHS LUMAMHIPA %‘
A D
T )
0
R
N —_———— B C

Puc. 442
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a\' nd ., md _ 3nd
Sm=n-5 =—8..=35, 125 =na +2—=

_4'_v no.m 4 2 .
3na’
S =2 _3
S, 2na 4
S Ne 646. PaccMOTpUM 0CeBOE ceucHHE KO-

Hyca {puc.443). Toroa AB=12r, SA= 58,
ZASB = @. IToatoMy LAOB = 2¢, KaK LECHT-

pajbHBIH YroJjl, onuparolMitca Ha ayry AB.
N3 AAOB:

AB=0A4 + OF —20A - OB - cosyp. (2r)’ =
A = 2R — 2R cos.
p B Cneaonare/ibHO
v _ AJ2R* —~2R*cos@
ayr=1—_ "~ "%
Puc. 443 2
6) (2r) = 2R*(1 — cosg),
r2

TaKuM 00pa3oM R = ———==—.
JI-coso

4r? 4r’ 1
- ___‘Z—, . . = _——z‘__
B) | —cosp = 227 T.C.cos¢p = | 209 = 5



I'nasa VII. OdobeMbl Tea

§1. O6bem npsAMoyToJiBHOIO Napa.lielenunena

Ne 647.

o
R
Puc. 444
ayV=V+v, oy v=v -ty +r=2v+y,
3 3
Ne 648. (puc. 445). )
Mo Tcopeme 1. 64 V = abh. )
a)V=11-12-15=11- 180 = 1980; ! k
6) ¥=3J2 - J5- 10410 = Fommm o -
=30/10 - 10 = 300; P b
B)F=18-5J3-13=90-13/3 = Puc. 445
= 117043; B C,
r)V=31-J§~0,96—'°096 B=
=3,2\/5. 3 ! : Dl
]
Ne 649. (puic. 446). |
a) AC = 12 cM. [puMem pebpo Kyba 1,;{5“']"‘ F--->C
papHoe a, = u3 AACD aV2 =12, *Tm e
D 63 4 D
=7 B C
V=a'=(6J2) = 43242 (cM’); L
6) AC, = 32. N~
AC’—AC+CC2—0 + 4 +d =34, 27
AC, = a3, 32 =aV3, a——3‘5 4 a D
V3 Puc. 446
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V=a,=(3ﬁj _ 3'3'3'2J2_=6J5;

NE 3J3
B) DE=1cMm. ,
5 4 2
s AEAD: 1 =2+ =22 2= a=2 (M),
3 At =rdd=a Jg(M)
2y 8/5
V=as=(_) == =2 0,325
J5) 5525

Ne 650 V,, =8-12-18=96-18 = 1728 (cM’). Tipumem pebpo
Kyba paBHOe @, C/ie10BaTeNbHO V = a@. UMeeM ypaBHEHME:

a = 1728, orcriopaa = ¥ 1728y6= V1214 =\/:’ 12-12-12 = 12 (cM).

Ne 651.m=pV.V=25-12-6.5= 1950 {cm’).

m=1,8-1950 = 3510 (r) = 3,51 (kr).

A D, Ne 652. lNpumem AB=a, BC=b un
CC, = c. IlpnmMenss teopeMy [ludaropa,

i
B, : ¢ 3anHLIEM YPaBHEHHUS:
v A g+ b =12 = 144; (1)
' % B +ci=11"=121; )
A U 2 2 2 2
RV g+ 5+ =13 =169 RO
A 5 @+ b= AC, AC + C,C = AC)).
L @+ b =144
b 2 2 2
Puc. 447 a+b+c =169
B+ =121

'=169 — (&' +5) =169 — 144 =125,¢ =5 (cm);

=121 = = 121 — 25 =96, b = 06 = 4/6 (cM);
=144 — b = 144 — 96 = 48, a = 48 = 4/3 (cm).
V=S5, CC;V=abc=43-4J6-5=80J3J6 = 2402 (c™)).

ABCD
Ne 653, BC, — npoekuus D, B Ha ninockocTs Gokosoii rpaumn BB C C
(puc. 448), noatomy £D BC, = 30°, ZDBB, = 45°.
W3 npsimoyronsioro ADC B: DC, = 9 cM, KaK KaTeT, jexXalluni
npotus yria B 30°,
W3 npsMoyronsHoro AD B B:
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D C,
BB =18 cos 45° = 18§= 92 (cm). = !
; A N
d=d + 8§+ 3uaunT, ’ AN E7
187 = 9"+ (942)* + B,C; (yureno, uro L
8 AD,BB: BB=DB). o el f
BC =9 -4-9-2— ¢ =094 P
-2-1)=9, orcona BC, =9 (cm). L= 7
V=9-92-9="729/2 (cv).
3uc. 448

Ne 654. DB — npoekiiMsl IMaroHajiv Ha [UIOCKOCTH OCHOBaHMsS,
£D,BD = [3; BC, — npoeKumst AMaroHaln Ha nJockocTh GOKOBOI Tpatiu,
ZDBC, = a, DD, = A4, = h (puc. 449).

DD
U3 AD DB —L =tgf3,
3ADDE gP

L =g B’ DB = _{1__’
DB 1gp
_DD _ A

" sinp sinp’
IMpumeM AB=a, AD = b. .
U3 AADB:a' + b' = DB = —h—

g ‘
W3 ADBC: DC, = D,Bsin o a = —'— - sin @ = 15N
sinf3 sinf
, K . K hsin’a

Eoen—a = 2 Y
2P gp  sin’p
-y cos’B sin‘a _ A
sin*B  sin*f  sinf
V= abh;
V. h - — 3 a0 <2 —a 2
V= hs.m(x - cos'B Zsin'a - 4 _h sm(xw/c.oszB sin‘at
sinf  sinf sin’f

Ne 655. C,B — npoekuus nudaroHand D B Ha 1uockoeTh GOKOBOMH
rparu BB,C,C, 0603HayuM AB = a BC = b, D,B = du C,C = ¢ (puc.450).

.

U3ADBC:a= 321'-, d=72a, BC, = dcos 30° = 20~-§:i =a3.

10 danees. 10~11 xa.
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U3 ABCC: b + ¢’ = BC! = 3d°
c=3d"— b, c=+3a - b

V==S,5 CC; V= aby3d - b.

Ne 656. uaroHanu B npsiMOYrojibHU-

Ke paBHbt AC = BD =12cM. A,B, || AB,
ABL BB u BD L BB, ZABD=60" —

JIMHEHUHBIA

yroin AByrpaHHOro yrja

A, B BD (puc. 451).

H3 ABBD: B B=BD=12cm.

5 Ci PI3AABD:AB=I2-%=6CM,
4 AL
I D AD=12-—‘/2—_3-=6J§(cm).
Ly V=663 12= 43243 (cm).
<760 fe‘i\‘ Ne 657.a) AC,CA — paBHoSeapeHHbIi
A D NPAMOYTOJbHbIR (pPUC. 45\2/)J
Puc. 451 27
C4=CC =155 == (w),
4, i CB 1L AB, NABC, — npsmo-
1
1
C ! ToAbHbIH, AB = — (M).
T 7 s, y 2( )
; 7 W3 AABC:
60”&4_20_‘:___ BC=+AC*-AB* =
, /-4 D Por_ 1
e 278 v T
Y B B C
po L L2 150
Puc. 452 2 2 2 3
6) U3 AAAC: AA, = AC, =24 sin 45°= 24—‘/22= 12V2 (cm) {puc. 453).
Hs3 AAC'XD:AD=—;—ACl =12 (cm).
3 1243 (cm).

CD=24cos30°=24 5 =

U3 ACCD (LC,CD =90°) umem:
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(12V3) = (124/2)* + CD?,
CD'=3-12-2-12=12,

CD =12 (cm).

V=BB-AD- CD;

V=122 - 1212 = 17282 (c™)).

Ne 658. (puc. 454).
S = lEAB - AC

AdBC

AC=+BC* - AB* =[37*-35 =
=12 (cm).

| R 4,
SM,,C=—2--35- 12=35-6=210(cMm")

V=S5, A4 =210-11=2310(cu’). 1!

§2. OGbeM npAMOii MpU3MbI H p ¢
UHJIHHApA = 37
Ne 659. a) U3 AABC 1o TeopeMe Ko- B
cunycos (puc. 455): Puc. 454
BC'=ABR*+ AC'—2 - AB- AC cos 120°= c
1

=25+9+2‘5'3‘%=49;BC=7(CM). B,
T. k. AA, = BB, = CC,, To HanOGoNBILYIO

nowajab M¥Meer Ta GOKOBast rPaHb, ¥ KOTO-

po# BTOpasi cropoHa Haubonpllas, TO €CTh

BC=17cm.
Sae,qc =35,35= BB, -7, BB, =5 (cM). B
SM,,C”—‘E'AB'ACSianO" 3 o'l
S“”C:%' > 3g= %@(CMZ)' Puc. 4;‘5
V=15—4€ -5 =—7—54i§-(cmz).

6) T.x. npusma npsamas, B,B nepnenauxynsapen niaockocru ABC,
BB 1 BC, BB | AB. ZABC = 90° nuHciinHblii yron AByrpaHHOTD yIjia ¢
pedpom B, B. U3 AAB,C no TeopeMe KOCUHYCOB:

AC=3+2"=2-3-2¢c0s60°= 13 -6 =7, AC=AT.
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[Tpumem AB = a, BC = b, BB,2 =c. BAABC:

C a+h=17. (1)
B, BAABB.a' +c=9 )
1 BACBB: b +c =4, Q)
[ToayunM cucTemy:
g ad+b=7
c . a+b =
a+ei=9; 4 b
a - =
] 1 _
B C b +c' =4

208 =12, =6, a=+6(cM);
b=7-d=7-6=1, b=i/LCM);

A c=4—-b'=4-1=3, c= V3 (cu).
Puc. 456 V=S, BB;
| _1 3\5 -
V=cabe = VB 1/3= =5 = 1502

Ne 660. AABC — paBnoGeapeHHbtit (pHc.457).
W3 AABD: BD = m cos %, BB, = m cos %

m’ sin @. V=SMC-BBI=15mzsin(p-mcos£g-

Puc. 457

Ne 661. Tpumem a = BA = BC. U3 npamoyronsioro AABC:
AC, =1lcos B,CC,=IsinB. AC= AC, =cos B (puc. 458).
Mo Teopeme xocunycos B AABC:
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AC = fcos’B = d’ + @' — 2d’cos o =
=24’(1 — cos ar),
) *cos’p
(1-cosat)-2°

S e =% AB- BC-sina=

1, . 1 I’cos’B
—ad'sing = — ———"_

2 2 21- cosa)
[*cos’Bsina

V=S5, o CC,=———-——-Isinf} =
* 4(1 —cosot) g Puc. 458
I sinB cos’B - 2 si o o
_I’sinBcos’Bsino _ sinf cos’f- Sy €08y _I'sinBeos’B
4(1 - cosar) 4.2sin*% 4lga—
2 2
Ne 662. B ccuenud — mapanieno- B, C,

rpamM A,BCD. B 10ockocTH ceuehus
ABCD nposcaeM A E 1L DC; nposcaeM
oTpe30k £A (puc. 459).

[To Tcopeme, oOpaTHOK TeopeMe ©O
Tpcx nepneuankynspax, AE 1 DC.
=0Q=DC A E=aAE,

,4, BCD

AE=%
a

W13 npsimoyronshoro AA AE:

4,

AE=AEcos B =Qcos B, 4A4= Qsin B,
a a

S

V=8pn A4, =Q cos - —smB—

N 663. r=0K=——-—+—-,0K 1 AB
2[g 1_8.0_0

ux‘b=AE'DC:'Q—COSB'G=QCOSB.
a

Puc. 459

sm Bcosp = Q—sm 2.
2a
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T1paBUbHbBIA N-YrONIBHUK COCTOMT W3 N TPEYTrONBHUKOB OHHAKO-
BOii MJTOLLIA/IN.
l 2

S, ., =—0K-AB= 1
D408 ]800
2 4lg-—— ) a
: / 4, |
na
Sot~ = nSMOB = 1800 1 0
4tg “v /r “
=P
—c 44— g A K B
V=S A4 a ~180° Puc. 460
g ——
n
3 3 [q 3
a)n=3. V= 3a =_a__L:;_’ )n_..6 V= 6a =3_\/_§a3;
4g60° 4 41g30° 2
3 3
6)n=4.V= 4a =a; NDn=8 V= 8a’ - = 24 .
41g45° 4tgi‘5_ 1222°30

Ne 664. IMposenem CK 1 AB, otpe3ox
C K B nnockocty ceuenmnsi AC,B. o Teope-
Mc 0 Tpex neprieHaukynspax C K L AB;
£C KC = 60° (puc. 461).

U3 ACKC: %% =tg 60° = w./g, oTClo/a

CC=CKJ3
N3 ACKB: CK—asm60°— ﬁ
o3 2
CC——— V3= Puc. 461
z/_ 2
SMK=GJ3' V:s{\ﬂ{.cﬁc:&.?f:if.

4 2 8

Ne 665. Haubonbias us Avaronaneit — nuaronanb A B, (ouesu-
Ho). TlycTh A, 4, ee npoekuHs Ha HUXHee OcHOBaHMe (puc. 462).
B npaBuiibHOM WICCTUYIONbHUKE R = a, R — pa/inyc ONUcaHHOH
OKpYXHOCTU. D = 2R = 2a = AA,.
BA, = 2aV3.

A 1
U3 AAAB,: =18 30° =
BA, B 73
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B B ?
|6 |5 SA]AIA..AE = 6SM,OA ,; SAA]()AZ= 9—4[2’ =
B B
N LA 633 3a3
B, L.230 AAg.Ay __4'__— - T
' 1B
1 LA ok )
Aﬁil-i'-:: ~4'I\ﬁ V= SAA A B¢A4= 3026 '20\/3 =94’
e N 1474
LR B [ 4 Us AABA;: AA, = 2a=8sin30° = 4,
a sa a a=2(cM).

Utak, ¥=9-2=8-9=72(cM).

Ne 666. a) V= mrh,
V=n(2v2)-3=mn-8-3=24n (cM);

6)rF = -li;
nh
_ 120 _ 12010100, _ fl00_ 10
n-36 w36  3n i 3n
B) i = ;t%-;h=;8£[—z=%;h3=8,h=2(cw.
Puc. 463 Ne 667. [1poson B pacnpsMICHHOM MOIOXCHUU

umeeT GopMy IMIKHAPa (pHc. 464).
V= nrl, r — panuyc cedeHHss; / — 1nKHa NPOBOJA.

" m
C Ipyron CTopOHbL, p = 7, rac p — TUIOTHOCTb &TIOMUHHHUSA, M —

Macca alloMUHHsA; V — 00beM KyCKa nponoiaa.

npoaod

9 9

D=4mm; r=2mm

Puc. 464

Mosy4aeM ypasHeHue: mrl = ﬂ, oTciomal = —T—Z
P pmr

r=2mmM=0,2(cM), ¥ =0,04 (cM’),n = 3,14,p ~ 2,6 r/cM’,
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A

6800 _68:100-100

~ ~2,08-10" (cM) = 20800 (cM) = 208 (u).
26314-004 263144 (eM) (em) =208 (W)

Ne 668. O61L.cM LUCTepHB! V' = Tih, r= % =9 (M),
V=mn-81-7=>567n(m).

1

-3
p =§, m=pV, m=0,85- :gb - 567-3,14=0,85- 10"+ 567 - 3,14=
= 1513-10° (xr) =1513 (7).
B, Ne 669, INpuMceM paavyc OCHOBaHHs paBeH
s r, a BLICOTA UMJHHApPa paBHa h (puc. 465). Cne-
/ LROBaTeNbHO S = 2rh. )
0=nr (2)
h Torna V= nr'h = Qh.
5 //4 B Ha()r= % IMoacrapum B (2):
ns? ., n§?
F e =
0 4k’ 40

N L O i L
hbz\g’ V=0 2J—Q_ 23‘/@

Ne 670. (puc. 466)
p=1l4rjeM=11,4-1- I

-3

kr/M = 11,4+ 10° kr/M’.

0-6

13 o
r= 0 =6,5MM) =65 107 (M).
r=65+4=10,5(Mmm)= 10,5107 (m).
Vo= T = 0 = ml(r, = 'y = 3,14 - 25(10,5'%
x107°—6,5-10° =3,14-25- 10 %10,5 — 6,5) =
=3,14-25-107-(110.25 —42,25) = 3,14 - 25 - 10"
X 68 = 5338 - 107%(m")
m=pV,m=11,4-10"-5338-10"°=60853,2- 10" =
Puc. 466 = 60,85 (kr) = 61 (xr).
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Ne 671. ScHo, uTo BBICOTA MPU3MBbI paBHa B
BbicoTe UMIMHApa. [1o3ToMy oTHOlUEHUe 06be-
MOB PaBHO OTHOILEHHIO MIOLIAAEH OCHOBAHUM
NPU3Mbl U IMJIMHAPA.

a) n =3, AABC — npaBunbhbiit (puc. 467). ‘
[Mpumem  cropoHy  AABC  paBHoOil  a,

CENOBATENBHO:
a a a a
r=A0=—&; (—==2r= =—=).
NG e g Puc. 467

2 2
S =ﬂ_‘/_§; S,=m=nZ, Yo _ S @3 _3_2_i£
4 3 V. S, 4 na 4n
6) n = 4, ABCD — xBanpart. [IpMmem ctopody B C
KBajpara paBHOH a (pHc. 468).
2 ~ AC aﬁ 0
S acn a,AC=av2,r=2—2—=—2—.
2, r
S =nl=n a-2_na
4 4 2
V~p=5m=az;"_"z=2 4 b
Vuu.l Sxp 2 n Puc. 468

B) n = 6. [IpuMeM CTOPOHA LIECTUYTOABHUKA / \
paBHa a, CICNOBaTENbHO ¥ = a (puc. 469).

a3 _ 3d3
Swerm = 6S{\A()B = 6 ’ 4 = 2 N ‘ ’
S, =nA0' = nd’. 4
L:p_ = __S‘“""”' = __.302\/'5 . naz = 3_.\/3 \ /
v, s, 2 m B

Puc. 469
r) [IpuMeM, uto cTOopoHa NMpaBW.IBHOIO BIMU-

CaHHOTrO K- yronbHUKa paBHa a. Clel0BaTEIbHO paanyC ONMUCAHHOM OK-
2

TR0°" S..=nS,=n ——a—ISE -sin3—60'l.
2sin 2sin no 2
n n

PYXHOCTH paBeH
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(I1paBHNbHDBINA n-yroABHUK pasOuBaeTCs paluyCcaMHu, MpOBELEHHbI-
MM M3 LCHTPA, Ha H OJIMHAKOBBIX TPEYrONLHUKOB; BCE TPEYroJbHHUKH
PaBHOBE/IHUKH. )

a
Sy=m| s
2sinl—§)
n
1 a2 sin 360°
) 180° n
v, S, 4sin’ -~ 1. 360°
= = ; =p.-—T sin—.
V., S, o "
180°

4sin’ ——
n

Ne 672. ZC = 90°. ZACB — BIiHcaHHblii ¥ pa-
peH 90°, Torma oH omnMpaercss Ha QuameTp AB.

AB=2r=

coso’ 4 2 cosal

BaHMs1 LWAUHAPa (puc. 470).

BoicoTa Npu3Mbl paBHa BHICOTE LMWJIMHIPA,
MO3TOMY

, I — DaJuyC OCHO-

2 2
V= wh =g T
Puc. 470 4cos‘a 4cos’a

§3. O6beM HAKJIOHHOI NPU3MbI, NTUPAMUALE U KOHYCA

| Ne 673. (pwmc. 471).

I
[ X ITo ?opMyne n. 67
V={5(x)dx,tnea=1;6=2.
Y .,
Sxy=|—| =x
Puc. 471 X
2 _2st |2 2
y=[xdx== S ——(l—lJ— Lio=Llogs
4 =2 +1, x|, 2 1 2
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Ne 674, o ¢popmyde (2) n. 67 y
b y =%
V=js(x)dx, rae a = 0; b =1 (puc. 472).
S0 =n(x)' =
V= fnxdx ch‘xdx—n—— =T
21 2 x
[ 1
Ne 675, O6beM JaHHO! GHrypBl paBeH obbe- Puc. 472

MY GUIypbl, NOJy4eHHON BpalleHUCM 3a-
WITPUXOBaHHOM Urypst Ha pHc. 473 Bokpyr
ocu Ox.

1

y= j' S(x)dx, rae S(x) = n(x’)’

s

Vj'nxdx Ttx?

1
5.

[)

Ne 676. IpoBeieM M3 TOUKH A, NEpIICH-

Puc. 473
MMkyasp AM k mnockoctH AABC, =
ZAAM = 60° (puc. 474).
PO L
U3 AAAM: AM = h =8 sin 60 —T—M(cm).
Smsc:‘\/p(P—lO)(P'“]O)(P_n)’ 4, C,
C10+10+12 32
P'——z———7—16(CM),
B,
e =V16664=4-6-2= & s
= 48 (cm)).
V=S, ., h _ oA ___ N ___\c
V=48"4J3 =193 (cm). M A
’J_ B
Ne 677. S
ane Puc. 474

JIOBUIO 3a11a4 TTOCKOCTL A BB A. nepnennukyaspia nnockocti ABC.
IMposenem B K L AB. B K = h — BbicoTa npu3mel (puc. 475).
U3 AAB K AK=+b -

U3 ABKB: KB=~d -k .
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IMonyyum ypasHeHue: AK + KB=AB = q.
\,'bz -hz + «)az —/1Z =4a,

b—i+a—r+2J(b'-hn)a-n)=d,
2J(8 -h)(a -h*) =2’ = b

2
M- b > 0h2>%h b

\/5'
db’a - -+ Y =4k + b — 4h2b2,
4’a’ ~ b* = 4a’l;
W= b (4a )
47
h= i\/4(12 -5
2a
2
V=8 . h=2 EI
B 4
b\/4a2 —b2 ab A T 512
x——2—-—=?\/12a - 3b°.
a

Neo 678. INposenem 4,0 nepneH-
JUKYNSPHbIA 11ockocT ABC, Touka
0 — uenTtp npaBwibHOTO AABC. OT-
pe3ok OA — painyc onMcaHHOM 0KO-
10 AABC okpyXHOCTH (pHc. 476).

ITo TeopeMe cHHycOB:

= 2R = 240, orciona

m m m
AO=R= = —— =
2sin60° 2'£ J3
2

M3 npamoyronsHoro AA0A:
BLICOTA NIPU3MBI

_ m3 _mige _ m'tgo
4 J3 4
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Ne 679. Haxnounsie A,B, A4, AC
paBHbI NnoO ycnosuio, CnenoBaTeibHO UX
TIpOeKUUM Ha rurockocTh ABC Toxe paB-
Hbl, TO €CTb MPOEKUUA TOYKH A, Ha TLIOC-
kocth ABC — Touka O GyicT LEeHTPOM
onucaHHoi okojio AABC OKPY>XHOCTH,
TOrd, Touka O — cepellMHa r'HMOTeHY3bl
BC (puc. 477), AO L BC. A O — BricoTa
npuambl, AAOA — paBHOGenpcHHBIN
npsimoyronbHblit, 4,0 = AO. C

BC =17 +24* = J49+ 576 =
=.625=25 (cM).

0C=08=04=2 (). Ok | 2
2
BbicoTa npuamnl OA, = ? (c™m). B A
7
S = % AB-AC = %‘E = 84 (cM?). Puc. 477
25

V= Suac * OA, =84~ 2 =42-25= 1050 (ew).

Ne 680. IMposenem BM L BAw BN 1 BC. ABBM= AB BN (no
THNIOTEHY3C M OCTPOMY Yry). 3HauHuT, B.M = B N. [Nposencem B,0 nep-
neHaukynsapHo miockocT ABC, otpesku ON u OM (puc. 478). Cneno-
BaTC/ILHO, U3 PaBCHCTBA HakJIOHHBIX B M 1 BN cnefyeT paBeHcTBO X
npoekuuit, OM = ON, To ecTb Touka O, JeXUT Ha BHUcceKTpUce yria
ABC.

Puc. 478
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W3 ABBM: BM = ¢ cos ¢, BO = BMJ2 = ¢-/2 cosg.

W3 npaMoyronsHoro A B BO:

BO= \/BBf - B0 = \/cz —2¢%cosq = cyf1-2cos’q = ¢\[-cos2¢
(29 > 90°, cos 29 < 0, —cos 2¢ > 0)

B,0 — Bbicota mapayuiesenuiiea. S, ,., = ab:

V=38 p" BO=abcy—cos2g .

Ne 681. S,,.,=~—-AC- BD =%-6 -8 =24 (cM)).

N~

Haiiaem sricoty napaniefenunesa. bokopoe pebpo BB, cocTasnsict
CO CMeXHbIMH CTOPOHAMM OCHOBAHMSl paBHble YIJIbl; [PUMEM
£ZB,BA= £ZBBC = q.

Mposenem BM L BAv BN L BC. ABBM = AB BN (no rumote-
Hy3¢ M ocTpoMy yray), Toraa B M = B N. Iposenem B,0 nepneHanKy-
AspHO MNTOckocTH ABCD, otpeskut ON 1 OM. 13 paBeHCTBa HAK/IOHHbIX
BMu B N cienyeT paBeHCTBO UX npoekunit, ON = OM. Touka O pas-
HoyganeHa oT ctopoH pov6a BC u BA, To ecTh OHa JIEXUT Ha Buccek-
Tpuce yrna ABC, a B poMbe GUCCEKTPUCOI Yriaa CAYXUT AHAroHajib
pomGa, 3HauUT, Toyka O ICKHUT Ha Auaronanu pomba D B. B,0 —sbicoTa
napannenenunena (puc. 479).

Puc. 479

ITo cBoiicTBy anaroHaneit pomba ZA4 SB =90"u BS=3,A.5=4.

CregoBatenibHO CTOpOoHa pomda B A, = N3 +47 =5 (cM).
) =BA-BM=124, 5-BM=24, BM~= 2—54(CM).

BB, AA

N3 npamoyroneHoro ABMB:



§3. O6bemM HaKNOHHOU NPU3MbI, TUPAMULBLI U KOHYCA 303

TR Y] f , (24Y [625—576_7
BM = BBI _Ble =_[5 —(?) = T—E(CM)

U3 AABD: cos B = 43; rae p=<ZDBM
1 75

U3 AMOB:BO=BM - ——=—.-=—
cosp 54 4

W3 npsaMoyronsHoro ABOB:

310=,/BB,Z—BO’=\/5’"%= B0 VL= 2w

V=S8, BO=24- 37‘/3_9 — 1839 (orf).

Ne 682. [TpoBeaeM MIOCKOCTD ¥, NCp-
NEHAUKYIAPHO GOKOBBIM pebpaM Tpus-
M. Jlaniee, OCYIIECTBUM MapajuielbHbli
nepeHoc MUIrypbl, OrpaHUYEHHOMR Mjoc-
KOCTSMH P, Y U OOKOBbIMH pebpaMu
NPU3MBbl TakK, YTOOBI MJIOCKOCTb O CO-
BMECTHIACH C TJIOCKOCTLIO . Toraa mel
MONYY MM TIPAMYIO IPH3MY, BOKOBast CTO-
poHa KOTOpoi paBHa GOKOBOH CTOPOHC
MCXOLlHOﬁ NpU3Mbl, 3 OCHOBAaHHC ABJIA-
CTCS CCUCHUEM UCXOIHOMH NPHU3MBI ILJIOC-
KOCTBIO, NEPHEHIAUKYISIPHON OOKOBBIM
pebpam (puc. 480).

B cuay cBOCTBa AILIMTHBHOCTH 06Db-
ema V, =V, rae V, u V, cooTBeTCcTBCHHO
06bCMBbl UCXONHOM U MONYYEHHOHU NpU3-
mbl. V, = S/, rae § — mnowans ocHOBa-
HUA, 1. T. .

Ne 683. [MpumeM [ — niuHa GOKOBO-
ro pe6pa NpU3Mbl, a paccTOsIHUE MEXIy
HOKOBBIMU peOpaMHu paBtibl a, b, ¢. B Co-
racHO 3amMcuaHHMIo B 1. 68, 00beM NMpU3-
Mbi MOXHO BbIYMCJINTE 110 ¢opmyne

4 4

n ~ Y20AbRAR HAXIOHNAR
npuima

Puc. 481
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V=25 -1 rne S,— nnouwanb nepnetankyasapHoro (K 50koBbiM pe6-
pam) ceueHus NpU3MLl. TpeyrosibHnK, COCTaBlIeHHBIA U3 OTPE3KOB a, b,
Y ¢ BASeTCS NepPNeHAUKYIAPHbIM ceueHueM (puc. 481).

S=p(p-a)p-b)p-c), rlep—w—@=40(cm.

5,=/40(40- 37)(40 - 13)(40 — 30) =+/40-3-27-10=20" 9= 180 (cm?).

e =1 (@t b +tc)=1-80, 3Ha‘lMT/‘80=480,T.C. =6
V=38 -1=180" 6—1080(CM)

.N'° 684. (puc.482).a) S,

ocn

= 5h=192=6 ()

=3"=9 (M),

6)h=22M=220cw
h)

AAH(

BA BC -sin 30° =

.20-3,5-5=67,5 (cM), D

N | —

V=1—S h=l-67,5~220=
33
= 22,5220 = 4950 (cu).

Ne 685./h = 12cMm,a = 13 cm. B C
S =azﬁ=|32ﬁ=169ﬁ 2

- 4 4 4 4

y= —5 h—%-@g—ﬁ--rz 1693 (car.

Ne 686. a) DO — BbicoTa nupamuanl. U3
npaAMoyronsHoro AADO:. BO = H = [sin @.
Touka O — ueHTp AABC, OA — panmyc onu-
caHHoit okosno ANABC okpyxHocTH (puc. 483).
ITo TeopemMe CHHYCOB:

.BC =204, 0A = [ cos ¢.
sin60°

BC=2-—{3-1-c05(p=l«/§costp.

Puc. 483
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ey _(V3)reoseV3 33,

B 3 - a 3 I* cos’ .
1 1 33 cos’e V3,
V=- H=—-————-/ ———/ singcos’ @ =
3 3T 4 ne peos e
_ f
= —8— sin 2@ cos®
6) B npasuabHONH nupamuac 6oKkosbie ped- D
pa paBHbl; AADC — paBHOOCApeEHIbIA,
= 180° — 2 (puc. 484). !
I1o TeopeMe KOCHUHYCOB: /
AC=F+F=21 1-cos(180° = 2c1) =
=2f( +cos2c) = 2F(1 + 2cos’a — 1) =4fcos’a A4 AC
AC = J4I*cos’a = 2l|cos o] = 2/ cos a; Puc. 484
2 v )
S - AC4J3 _(x cozot) V3 _ 13 cos

Haiaem anuny otpeska OA, OA = R, rae R — panvyc OKpYHOCTH,
onucatitoi okosio AABC.
AC AC  2lcosa

240, OA———————— . U3 AADO:
sm60° \/3 NE
3 3 / 4/ cos’ a _
DO = fI=+AD’ - AO -\/3 4 cos’a.
1
V——S l=—— 13— 4cosal\/§cosa—
3 3 J”

~

I’ cos’a3—4cosia

ul-—

B) ABDC — paBHoGenpeHHbIit. 1o TecopeMe KOCHHYCOB:
BC=Ff+F—211 cosP=2F1 —cosP)= 2/225in’%

BC= 4lzsin29 = 2[sin9.
2 2

BC3 4l’sin’%—«/§
nasc T 4 - 4

=12\/§sin2%
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B AABC OA — panvyc onMcaHHOH OKpYXKHOCTH:

2/sin™
sin 60° Z-Q V3 V3

=~’ADz—A02= [} - = 2 -

3 3
= 3- 4smZB
J‘
V——S =L Ban B L3 4B =
3 2 3 2

ll

E

=
|

w

|

i

|28

=
N ™=

Ne 687. U3z ABCD mnaiinem ©okoBoe pebpo. [Ipumem
DB = DC= DA = [(puc. 485). Tlo TcopeMe KOCHHYCOB:

a'=F+F —2F cos ¢ =2f(1 —cos¢) = 2!’2sin’%;

a=Usine, /=2
2sin >
2
[Mposenem DO nepneHARKY19pHO MI0CKOCTH ABC.
D DO=H=+I"-04*, OA — paauyc
N OKPYXHOCTH, ONHcaHHoil okono AABC.
[To TeopeMe cHHYCOB!
a a a
$in60° 204,04 2sin60° 3’
LY
A c 3-4sin 5
aqa—,
a 2sin (-2’(—) V3
a3
Puc. 485 = ——, NooTOMY
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2J_ 1}3 4sin*? \/3 4sm’(p
V=

1
3 ¢
2sn—\/§ 24 sin --
3 2

Ne 688. [Tycth O — Touka ncpeceye-
nust anaronanei. [Mposeuem OFE L DC
{puc. 486). Mo TeopeMe 0 Tpex nepreH-
aukynspax SE L DC. Takvim oBpasom,
ZOES =3 — nuHeliHbIR yron apsyrpaH-
HOTrO yIJia 11IPH OCHOBAHHH.

)OE——H——I{clgB
tgf

AD 20E = 2H ctg p.
Sopep = AB =4 ctg’ f.

l l 2 2 4 3 2
V==5 =—-4f ct -H=-H cg B.
3 3 ctg’ B 3 ctig' B

aBcD

6) SO = H — Bricota nupamuabl [Tposencm OF L DC, otpesok SE
(puc. 437). Io Teopeme o Tpex neprieHaukynspax SE L DC.

B HenpauibHOK MUpamuae 60koBbie pebpa paBHbl, ADSC — paB-
HoBeperHbii, BoicoTa SE siBasieTcst GMCCEKTPMCONR M MeIM2HOMA.

Us ADSE . L —g® sp= "
2 SE 2 5 e ®
g_
2

S

()

2

.
D E C

Nyl

Puc. 487
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-y m~cosa _ m’+cosa
2sin 6sin i
2 2
Ne 689. SO nepnenamkyasipet nioc-
koctu ABCD, SO — BbicoTa nupamuanl. B
NpaBu.1bHOM NMUpaMuic Bce OOKOBLIE ped-
pa paBubl. 0D — npoekuust SD Ha rutoc-
KocTh ocHOBaHus, ZSDO = ¢ (puc. 488).
N3 ASOD:
S0 =m sin @, 0D = m cos o,
BO = 0D, BD = 2m cos ¢.
TTprMeM CTOPOHY OCHOBaHUS paBHOM
a. CregoBatenstio a2 = 2m cos @, a =
Puc. 488 = ﬁm cos(@.

V= %SMX;DSO ‘—'13 “2mlcos’ @ m sing =%m] cos’ @sing.

Ne 690. MMposenem OB 1 AA,. [o Teo-
peMe o Tpex nepnenAukyaapax SB L AA,.
OB = r, r — panuyc BIIHCaHHOI B OCHOBAHUE
OKpyxXHOCTH; r=6:2=3(cMm). T[lpumeMm,
YTO @ — CTOpOHA OCHOBaHMSA (puc. 489).

a3
Kak u3sectHo, r = ER oTCloNa
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Smsmb = ‘;‘ 243.3=13.3 (cM).

S = 6SAA40A‘, =6 3‘/3 = 18\/3 (CMZ)~
HaitaeM BblcoTy nMpaMuabl U3 ASOB.
=SB ~0OB* = /SB* - r’ =SB -9.
M3 pasiiobeapenHoro ASAA, Haitnem SB. (T.k. SB — pricoTa B
paBHOGCAPEHHOM TPEYroihbHUKE, TO OHA ABJSIETCS  MEAHaHoH,

AB=BA, = —;—a= V3 (cm).

SB=JSA7 - BAT = 13 - (¥3) =169-3 = V166 (cm).
H3ASBO S0 =/166-9 = /157 (cm).
V——S SO——18 V3157 = 6v471 (cm).

Han,lw I'UIOUlaﬂb 6OKOBOM noserHocm S5,.=6-8

Adg SAq
" ;AA SB——a SB—— 2366 = V3166 = A58
6498 ().

Ne 691. HposeaeM SO niepiieHIMKYISPHO 1iockocTH ABC; SO —
BbicoTa MupaMuiibl. ASOA = ASOB = /ASOC, oHU NpAMOYTofbHbic, SO
— ODIIHIA KaTeT, OHU MMCIOT paBHbLIA OCTPLIi yroa, Toraa, OB = OC =
0A = R, riie R — panuyc onrcaHHol OKpYXHOCTH (puc. 490).

- = 2R,

sin ZB

_ AC _ 10 _ 5

2sin/ZB  2sinZB  sinZB

Mo Teopeme xocuiiycos B AABC:
10°= 13+ 13 =213+ 13- cosZB,
100 =213 —-2-13" cos/B,

- 169 - cosZB = 338 — 100,

2169 169
sinZB =4/l —cos’ ZB
. _ 119 _ 169" -119° _ /14400 _ 120
sinB=_{l - =

169? 169? 169 169
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3uayuT R = OB=21—69-=16—9.
120 24
Ms ASOB waiinem beicory SO: SO = - l;O“ =RV3= %42«/3 (cm).
g
SMK=Jp(p—lO)(p——lf&)(p—l}),mep=w=%6= 18 (cm).
Sope=18-8-5-5=4/25.9.2.8=5-3-4=60 (cm),
v=ls so=1L.6-. 69V3 _169V3:5 _ 8453 s
3 3 24 3.2 6

Ne 692. TlposeaeM BbICOTY NMHUPaMHUabL
DE. Tockonbky Bce pebpa 0.1MHaKOBO Ha-
KJIOHEHBI K TMJIOCKOCTH OCHOBAHMS,; TO
ADEA=ADEB= ADEC (no kartety
octpomy yray). [oatomy FA= EB = EC =
= R, R— pannyc ornmncaHHOM OKPY>XXHOCTH.
Takum oGpasom, Touka £ — cepeavHa ru-
noteHy3nbl AB, mockocts ADB neprieHav-
KynapHa njnockoctH ABC (puc. 491).

I
SM,C=§ab;

AB=\d +¥'; BE=%\/a’+—b=.
DE _ o

BE

DE= BE1g ¢ =———”“1+;’2"g”.

/2 2
3

3 2
X tgp = %- tgova® + b.

B I C
%) Ne 693. SO — Boicota nupaMuiabl DE.
4 3 p ASOA=ASOB=ASOC=ASOD (1o

KateTy W ocTpoMy yray). Otcwaa
Puc. 492 OA = OB = OC = OD, BbicoTa MNPOEKTHPY-



§3. O6bem HaKITOHHOM NPU3MBbI, TMPaMnUALI ¥ KOHYCa 311

€TcA B TOYKY TMepeceycHHs JUaroHanci npsiMoyronbHuxka ABCD
(puc. 492).

BO=0A= 3~ M0 CBOWCTBY AHAroHase it [IPIMOYIO.IbHUKA.
1

SMOB=5'OB'OA'sin o.,

SM,C:%-BO-OC-.sin(180°~a)=]—'BO-OC-sina

Spros T Snsr = ;— OB - 0A - sin a. +—l— BO-0OC-sina =
=—]2— BO - sma(OA+OC)——— BO - sin o - AC=j2—v§-sma b=
=%2 sinct; S, =2 Souw= b s;na.

ZOAS = ¢, Ciea0BATCILHO tg ¢ = %% =S50: 5 = %SO

o=l SV _ v

b Hsina  bsina
A B i

Ne 694, TlocTrpouM nMHEHHbIE YIBI
JBYIPaHHbIX YIJIOB NpH OCHOBaHUH. [Tpo-
BeACM BhICOTY nMpamuiasl SO; ON L DC,
OK L BC,0L 1 ABuOM L AD.

Mo TeopeMe o Tpex ITepneHAUKYJIsIpax
SN L DC,SK .1 BC,SL 1 AB,SM 1 AD.
ASOM = ASON = ASOK= ASOL (no
KaTteTy W OCTpOMY yriy). 3HauMT,
OM=0ON=0K=0L=r, r — paguyc
BIIMCAHHOW B OCHOBaHWE OKDY)XXHOCTH
(puc. 493).

ASON — papHObBeApEeHHBIH,

SO=0N=1,5¢cMm.

Puc. 493
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Sy =AD MK=6(1,5-2) =6 -3 = 18 (cm?).
pels So—l 18-1.5=6-1,5=9(cw).

3 ABCD

Ne 695. a) TposeneMm Boicoty DE, oT-
peskn FA, EB, EC. ADEA= ADEB=
= ADEC (nio xaTcTy ¥ octpomy yriay). Ot-
ciona EA= EB= EC = R, R — paamyc Ok-
PYXHOCTH, ONIMCAHHOH oKoao AABC. 3na-
uuT, Touka Eapnscres cepenunoit BC, iio-
ckocTb CDB nepncHAMKYASpHA MI0CKOCTH

ABC: CE= EB = E (pvic. 494).

Puc. 494 U3 ADEB: E =1g0, DE==-1g0.
EB 2

B AABC: AC = ¢ sin ¢, AB = ¢ cos ¢;
S e = ]5 AC-AB = ]5-& sin@ cosq.

¢’tg0sin 2¢

1 1 1 ¢
V=-8 _DE= —.—.c*singpcosqp -—tgh =
37 aac 3 7 € Snecoseie 24

0) [Mpopenem OL 1. AB, OK L CA,OM L CB.
Mo TecopeMe o Tpex nepneHauvkyasapax DL 1 AB, DM 1 CB,
DK 1 CA. ADOL = ADOK= ADOM.
Torna OM =
= QK= QL = r, r — panuyc BnucaHHoit B
NABC okpyxHocetu (puc, 495),
A 10+10+12
r=—p=———"=16 (cM).
p 2
S={Ap-10)p—10)(p-12)=
J16-6-6-4= 48 (cM’).

r=‘:—6§= 3 (cM).

N3 ADOL: DO = OL =3 (cm).

DO = 5‘48' 3= 48 (c™’).

1



§3. O6LeM HaknOHHOMA NPU3MBl, NUPaMuast n KOHyca 313

B) AS 1L 8C, AS L SB. AS nep-
neHaukynspeu miockoctu  BSC,
AS — BbicoTa nupaMuabl (puc. 496).

1
SA(‘SE = 5‘ ab.

11 abc
Spc.wAS_S 5 abc _'6_

Ne 696. DA — BbiCOTa MUpaMU-
Zbl (IMHUWA MepeceyeHUs ABYX NJ10C-
KOCTE#l  MCPMEHAMKY/SIPHBIX K
TPEeThEH 11;TOCKOCTH €CTh MEPIE HIM -
KYJIIp K DTOU MJIOCKOCTH).

TNposenem AK 1 BC, otpesok DK. Tlo
TeopeMe o Tpex neprnenaukysipax DK 1 BC,
ZAKD = 60° — nuHe bl yron AByrpaHHOro
yrna DBCA (puc. 497).

SAAB(' = \/P(P"' AB)(p_ AC)(p - BC)

_ 20+ 229+ 21 _ 35 (cm).

Smar=*/35'15'6'14 = Puc. 497
=J7-5 3 5-2-3-7.2=7-5-3-2=210(cM’). C apyroii CTOPOHHI,
S, =L AK - BC =210, AI(=2—S—”r =2—'2£=20(CM).

2 BC 21

W3 ADAK: % =1g 60° = /3, DA = 2043 (cM).

V= l}SWDA = 13.210-20-J§ = 70 - 2053 = 1400V3 (cM').

Ne 697. V=1h(5+ 5, +SS)),

meh=00,5=S5 .08, =5,
I'lposeleM MT L AN (puc. 498)

TN =ON - O,M, ¢
BC B
ON=—=0M=="L ON=
243 2f 2J§
oOM= l-a - _9
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a
w=-2__2 -2
2V3 443 43
T
U3 AMTN: MT=00=MN* TN’ =,/48"—48“— =§\/¥.
N, =
~| @43
g a3 szw _d\3

AABC 4 ARG 4

16
1 a4 [ @3 23 @3 23
V___._.*_.. + + . -
34 J3 | 4 16 4 16
aJ47 Z«F a~/§+a2J§ _aN41.7 _ 147
16 2.4 ) 4.3.4.4 192

3443

Ne 698. [Mposenem CM L AB, w
CN 1 AB, orpe3sok MN. TlockonabKy
ABLCN m ABL1CC. TO 1IIOCKOCTB
CC,NM nepnenavikynsipua AB, MN 1 AB,
MN — anodema. [Nposenem MT L CN, MT
— BbicOTa NUpaMuzbl. ZMNT = @ nnHen-
HBIH yron gsyrpaHHoro yria MABC (puc.
499 a, 6).

— —n. —_— —~m
Puc. 499 CM=MB == CN=NB==

TN=CcN~cM="_0="""

2 2 2
MT m-n
BAMTN: —=tg @, MT=TNtg=——1g .
™ £ g 5 g

[of M
C,
@ Al/r\g,
[ T N M

Puc. 4996
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AB=ACN2, m =4CJ§, Aac="

I m m 2

Sew =33 T g ST
=1 ; [S. S %
V= EMT(SAABC - SM.B.Q +y S e SMI”ICI )’
1 m-n m  n? m'n®) _m-n
V= ——tgg| ——+—+ g
“+n' mn 1 2 oo
X g +—4— =—2—Z-tg¢’(m—n)(m +mnt+n )= 24 8.

Ne 699. TlpoBcaeM BbICOTY TUPaMHIbI
DO. ADOA = ADOB= ADOC (no tvno-
TeHy3e MW KateTy) (puc. 500). Torma
0OA = 08 = OC Touka O paRHOYRANCHA OT
BeplUH AABC, 10 CTb ABNSAETCS LIEHTPOM
onucaHHoit okono AABC okpykHoctH. B
NMpPAMOYIO.IbHOM  TPEYTOIbHUKE  LIEHTP
OINMCAaHHOM OKPYXHOCTH JIEXHUT Ha cepe-
JIMHE TUITOTEHY3bl.

AABC ~ AABC  (T.X.  1mockocTH
A B,C, v ABC napanenbHel N0 YCNOBHIO,
aHauut, A B,[AB, BC, | BC, AC, || AC),

BC, AC

nodToMy ——+t =1t =_1L1,
AB BC AC

ADOB ~ ADOB — onu umeloT obuMit ocTphlii yroi npu
DO OB, __ DB
BepliMHe D,—+- =L L =__1,
DO

DB
ADA B, ~ ADAB,%%:ﬁ&:% ~2 1

DO A B 1
3HayuT, —+ = —/—L = — [Inowanu nomgoOHbIX HPHU OTHOCHTCS
DO AB 2 buryp

KaK KBalIpaTbl CXO,ICTBEHHEBIX CTOPOH, [TOJTOMY

S
Zeane SAB L g o Lag 152216 ().

INT' _2'
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S,\A,ﬁ,c,= ZSAAE[‘= T = 54(am)

Haiiaem BeicoTy yeeueHHoH nupamuast O,0.

=JAC +CB® =24* +18 =576+ 124 = /900 = 30 (am).
NADB — pasuobeapenHntit, DA = DB = 25 (im).
W3 ADOB: DO =~ DB* —0B* =25 —15" = 400 = 20 (am);
00 = 15 DO = 10(am).

1
V= SOIO(S.:\ABC + SAA,HI(', + \/ SMBC 'SM,B,Q );
y= 13 10216 + 54 + 4216.54) = % Q70+ 27-2.4.27.2) =

=Q710+27-4)= 1—:?(270 +108) = 10+ 126 = 1260 (am’).

Ne 700. A4, D 4em, AD=6¢M,
SM‘! =15 CM

S wen=AD' = 6" =36 (cM).

S s n=A DI=4=16 (cu).
0,0 — BbicoTa nupaMuibi (puc.501).
AAC | AC noatomy ceuenne AA,C.C —
papHOGcApeHHas Tpaneuus.

Puc. 501 SA_-(:CIC =15 = A|C| + ACOO e
0,0 — BbicOTa IIMPaMHILI Y BLICOTA CEYEHHS.
AC, = 4/2; AC = 642.
42 + 642 15 3
15=""2"Y20,0=5200,00 = .
2 2 N2

V—‘Soo(sm +Smucn + S rmen Boeman )

PALBICy Dy AABCD nABC DR J?

l 76 7642
v=L.3.36 + 16 + V36.16) = ——(52 + 24) = 0. = T2 _
3\/—( 6) J—( )

= 382 (em).
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Ne70l.a)h=3cm, r=15cm. P
V= %nr’h = 13712 2,253 =2,2571 (cM’);

6) r=dcm, V=48mcm’. V=l§1tr2h,

Puc. 502

Ne 702, PO =5¢cM, PO, = 2cM
PO — BbicoTa KOHYCa.

APOA ~ APOA,OA =r,

£, _P02_35 5

A0, OA roO0A r h !
V.= 1tr ‘PO, = 24, l7tr 2=24,r, —3—6‘

3 3 T

6 2 5 6-5 15

r,=‘/—E~(CM).T=7,:r=ﬁ[—‘2:ﬁ(CM) ‘ r
Puc. 503

5

V=L1Ir2P0=l-1t 225, 5=75-5=375(cM).
-3 3 T

1
Ne 703,V = Enrzh, rle r — paauyc OCHOBAHUS, A — BbICOTA KOHYCA.

rr = Q, oTciona ¥ = Q S, = P=mrl, rne | — obpasyromasi.
n
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—0? Jno( P -Q?
3 3 NETe) 3 n
Ocegoe cesenue Ne 704. (pnc.504), ; .
kokyca V= .l_anH = L _IJ_ H= 7[[‘[
N 3 3" 4 1
Ne 705. TMpuMem, uto obpasytonias SB =
=/, panuyc ocHoBaHusa OB = r (puc. 505).
H U3 ASOB. SO=H=NI"-r'=J13 -r’=
= /169-r? (pHc. 505).
A B .
o SM,B-60——[I-AB=Hr2=H'r
Puc. 504 H =m
Ocenoe cesenue s
KOHyca Hr =60
S
H=60-1, %~ igg=r7,
3600'—r(169—r r— 1697 + 3600 =0
4 169+ 428561 —14400 _169+119
H (’})IZ 3
2 2
r r,z—ﬁg—l44r—«/ﬁz=12'
A (] B 2 6
Puc. 505 npur, =12 (cM) fl, = — =5 (cM)

rzz—éz—q—25 r= J_=S;npnrz=5(CM) H2=%Q=l2(c.vl)

V,= lSnrzl-[ =§-n-122-5= 2407 (cM’);
v, =l3-7t-52 -12 = 100m (cM’)

Ne 706, = 12 cm, V= 324w oM’ (puc. 506).

V= lm‘zh,r’z=}K=-§"—32i——81 r=9(cm). o= 360%r
3 th w12 360°9
I=JH +r =122 +9 =144 + 81 = 15. a = =216°.
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Pazeepmxca Boroeoit Ocedoe cenelue
nosepxnocru xonyca

2%r

Puc. 506

N°707S”—S +S8..,8., =15, =
451 =n¢’ + nrl, oTcio0a 45 =7+ rl,taer— panuyc ocHoBaHus; [ —
o6pa3v1ou1aﬂ Kouyca ( puc. 507)

60"-360 L, 60°-[=2360°"r,[=6r
{r +rl 45 45

P H6r =45 r=—
l=6r 7

=JIr-r= J@r) -r* =ry35

h=J45-35 _ISNT s ).

45 n.45‘5 2251
7 7

Ne 708. V= %nh(r2 +rl+rr), rie D 0 C

h — BHICOTA; ¥ U F — PaAUYChl OCHOBA-
HHit KoHyca (puc. 508). OC=r, OB=r.
Mposeaem CL L AB,CL==00, = h. A
LB=r—r=6—3=3(m).
U3 ACBL.
=JCB - BL =" -3 = L
=J25-9 =116 =4 (m), p 5 1 B

V:%n.4(3’+61+3~6)=84n(M’) Puc. 508
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0
— Ne 709. —lnh(r +ritrm).
I
: S, = S=n(r+r)l, tac h — Boicora; [ —
A ! obpasyiollas; # M r, — paMychl OCHOBA-
I HHUit kKoHyca. 0 C=r,0B=r, LB=r—r,.
: U3 ACBL: ' + (r —r,)' = (puc. 509).
L (S=n-i{r+r), [S=n-i(r+r),
A 0o L B (r—rl)zzlz—hz, r—r=IF—h,
Puc. 509
—=r+rl, S
nl :>2r=—[+ 1’ —h?,
NE =B =r—r, T
r= l—(£+\//2—h2),
2\l
S 15 1 [WANY
=S LS 1 P - S )
o 2wl 2 2\nl

Ftritrr (r+r)—2rr+rr-—(r+r)—rr—
(L,

1m/ 2 onl 2 2/

)3 (8-

2\n/ n/ n/)

1 (380
+4_([2 —h2)=z(-——-2~+/ —hzj,

n’l

2 2
V=lnh~l(£+ll —hzj “h(iz _hte3S )
30 4\nr 12 32
SM=S,,,,(-,)=DC;ABh=2rJ;2r‘h=(r+r)h
g oy S R s PR
- 2nl 2 2n/ 2 7t!




§ 4. O6vem wapa v naowans chepst 321

§ 4. O6neM mapa ¥ naowans chepbi

Ne 710. a).R = 4 cm. V=4§7tR3, S=4nR*.
4—7[-64 2561t( M’). S =4n- 16 = 647 (cM’);
3 4 .,
6) V=113,04cm’, V=§TtR .

RV 3B 3P o e i57 =3 (),

S=4nR? =~ 361 (cM’);

B) S=64ncM’. S=4nR?, 64n=4nR*, R° =16, R=4 (cM),
4n-4’ _ 256m

V= inR’ = (cm).
3 3 3
4 4 D D
N2711.V3=§nR;,DJ=2RJ,VJ=37'[-__8.L=_6-L;
4
V'7=-:-5‘7TR.,3,.D',,=2RJ;
3 3
V,= E—QL L D—f, ecan D, =4D,, 10 (4DJ
6 VvV, D, Vﬂ D

Ne 712, V, =%T[R], V.=nr’h, D,= D, 1o ectb 2R = 2r, orciona

R=r.Noycaosuo V, =V, %nR" =R, %R =h.

Ne 713. A= 12cwm, r—~25~—25cM V—lgnr 3Jt -6,25-12 =

3
= 25m (o). ¥y = 20k, R= 230, = 2 D=5 e, ¥y = 2 Con)
3 2 6
CpaBHHUM 0b6bEMBI KOHYCA M Llapa: 257 H _Zén T.e. 150w n125m.
125n

Tk 150> 125, To 25m > T, V., > V, 3Ha4MT pacrasBluece

MOPOXEHOE YMECTHTCH B CTAKAHYHKE.

Il dazcen. 10—11 k.
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[V oo

-

Puc. 510
2 2
Ne 714,V =2mr’h, V,, = nr'h, = Tt( f) h, = E‘l%ho. 4 onyueH-
HBIX LIAPHKA 32HAMAIOT 00BCM:
3 3
4Gy = En(ﬂ) =210 _ 2% (o).
3 302 3 3

2
Cucrema «wapvku+Boaa» OyaeT 3aHUMaTb HOBBIH 00veM: T—4h, .

4
C Ipyroit CTopoHbI, TOT Xe 06HeM ¢CTh CyMMa OOBbCMOB BOAbI M 1HADH-
KoB. TToayunin ypasH

2 ?an; 2 2
30 4 4 T4 3T 43
!
3 D 325 35 75
80da :— ) S
- :—_—-__ I'u
=== Yy
D=25cm

Puc. 511

Ne 715. AC = h, AB = r, r — pagnyc KiiyMObl; IPUMEM PAIUYC L1apa
paBubiM R. PaccMoTpuM LeHTpanbHoe ceueHue uiapa. CD = 2R,
ZCBD = 90°, 1.k, oH onupaerca Ha aMameTp CD (puc. 512).
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H3 ACDB:CB=2R cgs a; N xymba
A B
U3 AACR: cos = — = ) %
CB n+r
l'Ionyqlv,mn YpPaBHCHHKC:
2R =Jh +r?
h o+ r p

2Rh =K+ P R= > (h=10,6 M), .
0,36+25 2536 317 T8
R=22 2202 - o ()
2-06 1,2 15
V”a = nhl(R._lh) = n0,62(£—.0’_6) =
3 15 3
_9(317 1\_ _9:314_942m , ,
=R — -~ [T — = —— (M), D
25015 5§ 25-15 125
Puc. 512

Ne 716. CcueHMe 11apOB NPOXOOUT yepe3 Mx UeHTpsl O n 0,. Xopaa
AB 1 00, 00, = r, r — paguycel wapos. O01as 4yacTb 3a1UTPUXOBAHA H
COCTOUT U3 IBYX U OJWHAKOBAIX LIAPOBHIX CET-
MEHTOB. VX 0ObeMbI:

y= nhz(R —%h), rae h = KO, = %r, R=r.

_ rl( 11 ) nrl( r) S’
V=n—|r-——==r|="—|r--|="—.
4 312 4 6 24

5nr’

V. =2V=>""— OGbem wapa V, = .
12 3

g

Ve _5nr' 4nr’ _ 53 _5 Pue- 313
v. 12 3 412 16
Ne 717. (puc. 514). MB =60 cm. D JE\L B
CA=2R=2-75=150 (c™m)
IMpumem CM = h. llpumem ZACB = a, cne-
Josarteabto U3 NACB:
CB=CAcosa=2Rcoso.
C npyroit cTopoHb!, U3 ACMB: A

Puc. 514
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cM h
CB =+h* +60%, cos o= o = e
CB  Jn*+60°
Ro————=+h* +60°,2Rh =1 + 60’
\,/h2 +60°
A —2Rh+ 3600=0

h,=RtR*-3600=75F v5625-3600 =75+45
= 120 (cM), h,= 30 (cM).

V= rh’(R—%h)—n 120’( 5-E 120)—71 14400- 35 =

= 5040007 (cM).
VZ=TEh:(R——l§hZJ=7I~302(75——Ij-30)=TE~900-65=585007[(CM3).
I 2R
No 718. AB=2R, AM = MN= NB—SAB—MB—

O061beM LWAPOBOTO €105 BLIYUCIIMM KaK Pa3HOCTh 00BLEMOB LIAPOBBLIX
A CErMEHTOB, BbICOTbl KOTOPhIX NA U MA (puc. 515).

V,=7I'NAZ(R——1-NAJ=
M 3
2
N 3 3 3 81
l/z=n-MA’(R—l3MAJ=
B 2
2R 1 2R 7.4
=n-| | |R-~=—|=—-nR";
Puc. 515 (3) [ 3 3) 81
4 Vo=V = Vo= (80 2R =2pe
e 81 81, 81
C
Ne719.CD 1L AB,AM =6 c:M, MB= 12 cMm.
PaccMoTpuM ceueline 1iapa itocKocThio 60:1b-
moro Kpyra. AB — iuaMmerp 1uapa,
AB=06+12= 18 c™, R= 9 cM. [Toayuusiuc-
- €l 4aCTH — WIAPOBbIE CErMCH T (puc. 5I6)
4

V=n- AM’(R —AM] V=R
Puc. 516
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v, = n-6z(9——13—-6) =36m(9 — 2) = 2521 (cM).

_4m-§1-9
3

V,=%n ‘9*—252n = ~252n = 9721 — 2521 = 720m (cm).

Ne 720. INpumem R — paaunyc wapa, r — pa-
JIMyC OCHOBaHus cerMeHTa. Hadoem BeicoTy cer-
MeHTa H = PO,, OP = R.

N3 npsimoyronsHoro AOO,M (puc. 517):

00,=JOM* -0, M* =JR* -r* =
=75 -60° = 45 (cMm).

H=P0O,=0P—-00,=175-45=30 (cMm).

Y= %nRZH - %n-752-30= 205625 =

= 112500m (cu). o

Ne 721. £BOA = 30°. Toraa £ZBOC = 60°,
OB = 0C = R, A BOC — npaBUNbHBLIi, CTOPO-
Ha BC orcekacT oT paauyca OA otpe3ok DA,
PaBHBbIH BbICOTC f COOTBETCTBYIOLLICTO LIAPO-
BOMY CCKTOpY cerMeHTa (puc. S18).

H=AD=A0—OD=R—R.§=
=R(1_ﬁ].
2
V=ETERZH =lnR3(2 —\/3) Puc. 518
3 3

Ne722. S, =4nR’. Ha cywmy npuxoiutcs % YACTSH MOBEPXHOCTU

wapa, T. €.
S .. =T 6375 = 1,28 10" (kv") = 128 - 10" (km).
Ne 723. 5 =4nR% S = 4n- 10" = 400m (cM?).
1% coctasuT 41 (cMm’), 8% — 321 (cM').
S=400m + 32n = 4321 = 1357 (cm).
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s

2
Ne 724, S@=4nR’=4n[ED) =4nZD=nD’.

S con. = S T S,
U3 AAOP: cos 4A=0—A—£—I—,4A=60°
PA 1 2 ,
1 H H
OA=r=H ==, =t'=n—
1g60° 3 ™ 3
H H 2H 2H?
(=2 —<.§,  =nrl=m. = —,
V3 NERNE 3
2 2 2
e H + 2nH® _ 3nH —
. 3 3 3
Usychosns H=D,T.¢.5,=S,,,, > UTOH
Puc. 519 TpeboBaIOCh 10Ka3aTh.
Bonpocbi k rnase VII
1. (puc. 520)
a)V,> Vv
6)V =V,=n (CM ).
L 2. AAMN ~ NACB.
1
—BC
S/\AMN _..(MN) 2 =I__
Puc. 520 S n BC BC 4
4 N B v =8 AA
1 i ABCALB,C, AABC K]
Ml : VAM’M,M,N, = Onamn’ AAH
: G V/WW.HHVI = S/.\Mw -4 ' =l
: Vura,nlc, SAAB(' ' AAI 4
1
1 3. (puc. 521). ,
X 2 D Ty
! V=nr‘h=n|l—| h= —Dh
A ___,_7’5-—!-— B 4
~l- D, =2Dh =—;
M\ n h_T
¢ v=2(ppn=2.4p.2=Zpy
Puc. 521 4 4 4 4
Vo=V
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4, V= %S""h; h, = nh. B ocHOBaHHHU BYIET MHOTOYrOJBHUK, Y KO-

TOPOro: a) YUCJIO CTOPOH ocTanoch 6e3 u3MeHeHuil; 6) Yrabt ocTanuch
0e3 HM3MEHCHWH, T.e. TMOJYUYEHHBIH MHOTOYTONLHHK MojJ006eH
MCXONLHOMY, 2 I1JI0LLAAHY NON00HbIX MHOMOYIrONbHUKOB OTHOCATCS Kak
KBaapaTbl CXOACTBEHHBbIX CTOpoH. [IpuMeM, YyTo @ — cCTOpOHa

a
HCXOAHOIc MHOTOYIOIbHHKA, — — CTOpOHA NOJYYCHHOTO.
n

S. a1
=|—| = —, rac §, — njouwanb OCHOBAHHA NOJYHEHHOTO
S.. an n
MHOTOYroJIbHHMKA.
1 1
V,==Sh =—1—S—— h=l-Smh—=K.
3 3 n 3 n n

5. llpumeM, 4TO B O/1HOH MUPAMHUAE OCHOBaHUEM CIYXHUT riapauie-
JIOTPaMM €O CTOPOHAMH g W b, a B IpYTOit — NPSAMOYTOJbHHUK CO CTOPO-
HaMH a K b.

b b
S, = absin0t S.=ab

Puc. 522

absino<ab,T.c. V = %S'h nly,= %Szh CBS13aHbl HPABCHCTBOM

V, <V, T.c. Her.

6.V, =nr'h;, V,=nrlh.
V. _ahr] _
2
V, mhr,
7. Teslo BpallleHHst COCTOMT U3 Tpex
TCN: IMPAMOro KpYroBoro UW/IMHApa
BCC/B, w nByx paBHbIX KOHYCOB

(puc. 523). Puc. 523
8. KoHyc 1: panuyc ocHOBaHuS a; BbICOTA b;
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V, = nd’b (puc. 524).
Konyc 2: pagnyc.ocHOBaHus b, BHICOTA ;
V,=ba Ectma#=b, 10V, %V,

b
9. Wap1: D=2R;wmap2: R,. D=R, 2R, =R
R R 1
a) —=—t=—
R, 2R 2 p
o) ¥, :ian; v, =f1—7rR3 = 4—7: 8R. Puc. 524
3 373
4 o
vo_ ™
£ %HR;‘S 8

10. R=6cm, V—Sn 6 r=2cm, ¥V, = gn 2%,k V,=%n'2'vn.
[Tosyunam ypaBHCHMC ;
6-6-6

i7t-2‘-n=in-6",2"n=6‘,n=—————=3’=27.
3 3 2:2-2

11, Hpusmenm pedpo kyGa paBHbIM a. Brnincan- 1 a

HBIK AP KACacTCsl BCCX MpaHCcit Kyba B MX HCH- I
Tpax. Bepiuntbl kyba, BIIHCAHHOIO B 1LIAp, jleXaT a T
|O

Ha [IOBCPXHOCTH Wapa. Pauiyc onucanHoro wapa

PAaBCH MOJOBHMHC AMAroHa 1M Kyda (puc. 525). ]
| ——— /3 1 |
R=5 atra+a =—r=—a i

‘2 2 ]
=4 AT (Ej =4, Puc. 525
3 3 12 6
z na'3
y dapodn(a3) _maV3 V. 5 i
3 302 2 V., ma
6
12.S=47IR’
R? 2
a)R,—ES 4nR’: S, —4nR =4 - T=T£R.
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2
5£.= 4;; =48 = ;]1—5 — YMEHbLINTCA B 4 pala,
B) Ry =3R.S= 4nR%;, S, =4nR’ = 4an- (3R)’ = 4n - 9R".
S, _4m 915 =9.5 =95— yncﬂwlMTCﬂ B9 pa3.
S 4nR

13. Wap 1: V—ETLR‘ Ulap 2: V——TLR‘

14. Mycts S,: S, = m’: n”.
Wap I: 5§, =4nR’. lllap2: S,=4nR/’

V|=§“Rf Vz=§7TR§
3
s, _4nk _(RY' _m R _m V. 3™ (R J=(m)‘
S, 4nr; \R) n'R n'V, 4_p (R n
3 2
Oono,

JonoanuTeNbHbIE 3202491 B, c,
Ne 725. MpuwveM, 410 S, = S, 4, | D,

S e SZ,S‘_‘M———S};AD a,DC=b, T s,

DDI'—C. }I_B ________ c| f-’ C
S =ab (S =ab [b:i .’ S, b
Si=cbi 18, _bi 1g ‘o 4 ) b
S, =ac , a 3_,:(1’! Puc. 526
,_Ss, _[ss, . _ss, [515,. _5.S. _ 55,
a=——"=a= ~ b= = ; iz

S, S, J8.8, VS, \/55 S,
V=abe v= 230515 5% 55
s, S S
V=6-12-18 =36 (am).
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b Ne 726. Ipumem cTOpoHbI Napaienenumne-
[ a nasaa, b, ¢ (puc. 527). CocTaBUM CHCTEMY YPaB-
: /’ . HEHUIt:
1 o/ a +c’ =8l
r 370 O &b =17
X b +ct=64; { | b 49;
ke VA, a+b=
,/’ a+ b =49
Puc. 527 248 =66, a*=33, a=+33;

B =49-33=16,b=4;
c=64—16=48,c=4/3.
V=abe; V=+33-4-4J3=16-+/3-3-11 =481 (c™’).

Ne 727. CeveHHe 3alUTPUXOBAHO, €TO
cTtopoHa paBHa x. Pasmephl peGep ykasa-

l\
! \(} \ A a Hbl:?;)yéc’y::ejg-}.
(5\\ y V=xya;

V=0J0-J0-a =a0Q’ -a'Q

Puc. 528
Ne 728. B ocHoBaHWM Napanneicnu-
nejaa— napajuiesiorpaMm, a 60KoBoe pebpo NepneHANKYIAPHO K T1oc-
KOCTHM OCHOBaHusa (puc. 529).

a4/ gt D,
:
]

Puc. 529

BD — veHblast AMaroHanb, T.K. ZA =45, a ZB = 135", nostomy
BD < AC. A BB D — npsimoyronbhblii, BB, = BD. TTo TcopeMe KocHHY-
coB U3 AABD:
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BD1=49+18—2~7‘3ﬁ-—1—=49+18—42=7+18=25;

V2
BD =5 (cm). 1
S = Sun =732 5in45 =732 - —= =21 (cM).
V=S8 BB =21-5=105c™m’ V2
B, C,
Ne 729. A,BCD, — napanneno- 1
rpaMM, B KOTOPOM AMAarOHaiu nep- A, /} D,
NEHAMKYIAPHH. 3HauuT, A BCD, — v i~ 4 g -7
pomb. [o cBoiicTRyY iMaroHancii poM- N : 3SR
6a 40 =0Cw BO= 0D, TloTeopeMe B¥=Z--d L J)C
TMudaropa n3 AA,08: AB =5 (cm). 3 Hi----T
M3 npamoyronbHoro AA AB: == D
AA, =25-9=4 (cMm). Haituem
Puc. 530
nnolans OcHoBaHusA. U3 A4 AC:
AC=[AC - A, A4 = 8" -4* = 48 =43 (cm).
Mo Teopeme KocuHycoB B AABC:
@/3) =3"+5"=2-35c0s ZB; cos ZB =—%,

SinLB= “"COSZZB= ’]—-;—295—=V:;6.SM=3.5'VI76=

15

=176 (cM?).
V=3, AA = 4176 = 4J16.11 = 16J11 (c™).

Ne 730, lMpumem
BC=BC =AC=AC, = x

M3 npsamMoyronsHoro AABC:
f+xX=d,x= .
V2
1 1{a)_d&
s =5 =1L z=_(_) -7
ocH AABC 2x 2 ﬁ 4
3

.

@ _a
=2 =4
P!
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Ne 731. Ipumem AC = b, BC = a, cnenosatenHo AB = a* + b
IMpumem A A = ¢, [nowaan GOKOBBIX rpaHeif, KOTOpble ABASIOTCA
[PAMOYTOAbHUKaMK, paBHbl ac; be; ca* + 6. T.xk. @ +6' > b u
va + & > a, 1o HauboAbLIYIO TAOLAAL UMEET IPaHb CO CTOPOHAMH

Nat+b wne. S, =SNBC=%ab.

l['lpnmeM a<b,

ac=3

; 0
—Z-abc =3 (2)

N@ + 8 -c=35 ©)

M3 (1) n (2)nonyuaem: ac-~12—b= 3,

3-%b= 3, b= 2. U3 ypaBHeHHit (1) 1 (3):

ac=3 a‘ct =9
cNa +4 =35 |cd® +4c’ =45
c 9+47=45,4c¢=136,c=9 (c > 0),
! 3
no3ToMy ¢ = 3. a———l Hrak, a =1,

h  p=2c=3.4AB= \/12+2’ J3 (m).

Ne 732. MNpumem BC,=d, CC, = h.
Iposenem BF L. AC, orpe3ok C,F, oH sB-
asierest npoekliveit BC, Ha miockocTs 60-
koo rpanu AA,CC, £BC F = ¢.

N3 npsaMoyronsHoro A FC B:

C FB = dsin .
AB = FB _ 2dsing
F sin60° 3
. _ A8’ V3 (stin(pjzﬁ_
- SAAu‘—' S —_—=
Py 5 4 V3 4
*sin (p«/_ «/—
Puc. 533 2sin’@

3.4 3
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Haitnem sbicoty ipuamet C,C = h. FC = —;— AC = —

2

W3 npamoyroasHoro AC FC h = \[(d cosp)’ —

ST X nelin _ cin?
=\/d2cos’(p—d sin @ _ d\/.kos @ -sin (p'

3
V3
V=3 ——3—dzsn¢p dy

3

2 ein?
=582 fioosp-sin'e.

Ne 733. ABCA,BC, — rpeyronsHas
npusma, B B napannesncH MI0CKOCTH
AACC. Mposcacy B, F neprichankyasip-
Ho 1oekoctn AA,C C. Otpesok B Fectb
paccrosinue oT rpanu AAC,C 1o napai-
JiejibHoro ¢if pebpa B,8. Tenepb nocTpo-
MM JaHHY0 TIPUM3MY 10 llapa licciuie-
1aABDCA,B, D C, (puc. 534). by.iem cun-
TaTb OCHOBaHWEeM Hapajicicnunena
tpaHb AA,C,C, c;1e10BaTCILHO CTO BbICO-
Tolt GyieT oTpesok B, F.

mp = SAA cc B| [;'

MiockocTb C,CBB, neavt napanie-
NCMUNEN Ha ABE PABHOBCIUKUC NPH3MBbI,
TOr/1a 00BbEeM KaX!10i U3 HUX cocTasisieT

—l—V ummy = ! S "B, F,u. T

D) nap® L 5 A4 C

Ne734. alblc, A4,= BB =CC.
HasecTHo (cM. 3amavy 733), uTo ob6beM
TPCYTOALHOM TIPU3Mbl PABCH O I0BMHE
POM3BCACHUS M0WAaAH OOKOBOW rpaiu
Ha pacCTOSIHUE OT DTOI1 rpaHuy Lo napaj-
JicibHOTO ¢i pebpa.

TN

NG

3cos’@—sin’ ¢ _
'

dsin(pjz=

v

_ dsing
=

3

Puc. 535
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INpumem 3a ocHoBaHHe rpaHb A4, BB, u3 Toyku C, mpoBeaeM otpe-
30K C,F neprieHIMKyIApHo niuockocTH A4, B, B. Otpesok C,F —BbicoTa
NPU3MBL.

V SAA B8 C F

Bennunna OTpesxa C,F — BeanyMHa NOCTOAHHAS MpPH 3aJaHHOM
[OJIOXEHHH a, b, c. PaCCTOHHHe MeXIy NapaJuieIbHbIMH NPSAMBIMHU @ H
b, a 3HauUT, 1 MeXNY OTpe3kaMHU AA, U BB, He MeHseTcs, Toraa BLicoTa
napannenorpamma AA4, B, B ecTs BeIMYMHa nocTositiHast. [FosToMy nio-
wansS,, ., = const, 3Ha4uT ¥ = const.

Ne 735. lpumem k& — k03pdHUHEHT NPONOPLHOHATILHOCTH, S, S,,
S, — nyouiaay GOKOBBIX IPaHei HaKJIOHHO! Mpu3Mbl. CleaoBaTenbHO

S, =k-20,8,=k"37,85=k-51.5, =S +5,+5 =108 (um’).

10,8 =k-20+k-37+k-51=108k, k= ]08 —]—
108 10

| |
3HaunT S, =E'20 =2 (am); S, =]—0~ 37 =37 (aM);

1 2
S, =—-51=5,1(mM).
10 (zm’)

B 3ameyanuu k n, 68 ckazaHo, 4To 06beM HAKJIOHHONW NPU3MbI pa-
BEH NMPOU3BENeHUIO BOKOBOTO pebpa Ha ruouaib nepneHIHKYIs pHOTO
€MY CEUYCHMS.

TIpumeM, 4To GOKOBbiE IPAHH NEPECEYEHBI TUIOCKOCTHIO, NEPTIEH=-
AHKYIAPHOR K HUM. JIMHMHM TiepeceyeHHs] ceKyilleH TJIOCKOCTH ¢
BoKoBBIMH TpaHsiMH OyayT BblicOTaMH OOKOBLIX TpaHed, TO ¢CTb
BbICOTaMM napanienorpamMmoB. [lpumeM, yto y GOKOBBIX IpaHel c
njowansMu S, S,, S, BHICOTHI paBHbI #,, i1,, f1,. CIcIOBATEABHO!

3,7
2=h-05h = 63 = ()3 37 =y 0.5, Iy = 2= (w);

1 ]

50=h,- 05h——
Os(ﬂw)

[MoayrepumMeTp NCPrICHAMKYNSIPHOTO CCYUEHHUS PaBEH:

2 5 5 2 5 2 5 5

Miowanp nepnelmm(y.nﬂpHoro CEYECHHA !

R - T
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54ﬁ£} = ,/54.]71.2.3=£.6.3=!'_l§(jw’),

5 5 55 25 25
17-18 1 153
V=S-0,5=—nu.—=—"=6,12 (M
25 2 25 (o).
Ne 736. SO — BricOoTa MUpaMHAbI, Ky

O — uenTp npasunbHoro AABC. Hpo-
BeneM AK | BC, orpesok SK (pwmc.
536). o TeopeMe o TpeX NEPrEHIMKY -
Jsipax SK L BC, noatoMy LASK = ¢
— JIMHEHHBIA Yroa AByrpaHHoOro yria

TIPH OCHOBaHMH. ¢

[lposeneM AE nepneHaumkynsipHo 4 49
rockoctd BSC. IMockonbky msoc- K
KocTh ASK nmepneHaukynsipHa Tuioc-
kocth BSC, to AE npuHamicxkur B
naockoctH ASK. Puc. 536

U3  npamoyronsioro  AAEK:
Ak=_""_.

sing
[Tpumem cTopoHy oclioBaHMst paBHOI g, clieoBatelbHo U3 AABK:
. ._ a3 a\/i m 2m
AK = asin 60° = —— Tor = ,a= .
2 2 sin@ V3sing
2 2 2
5. -5 =dY3_ 4m A3_m\3

4 3sing 4 3sinq
B AABC OK — paiuyc BOUCAHHOM OKPYXHOCTH,

OK=—9_ 2m 1 m
2~/— x/ism(p 2f 3sing’

B ASOK: 39 — (g o, S0 = OK1g o = . SNQ __m__
OK 3sing cos@  3cos

=13SW-SO;V—1 m«/— m_ m'\3

3 3sin’g 3cos<p 27 sin’ @cosp’

Ne 737. SO — BoicoTa itupamusbl, O — TOUYKA NEPCCCUSHHS AHATO-
Hanei kpanpara ABCD. [1prMeM cTOpOHY ocHoBaHHs paBhoit a. K —
cepeanHa pedpa SC, KL nepneHAMKyAsspeH iockoctU ABCD, KL = m,
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T.K. mockocth SOC neprneHIHKY-
JagpHa niaockoctd ABCD u K npu-
HaaexkuT nnockoct SOC. KL —
cpenHas aunust B ASOC, nosToMy
SO = 2m (puc. 537).

wc="""o0c=2L=2"

o tgp
Ac=20c=2"
tge
M3 npamoyronshoro AABC:
a.\/E = 4_m‘ a= 4m .
g V2tgo
2 3
y=Ls .so=1.3m yp- 16m
3 3 g9 g’

Ne 738. DO — BbICOTA NMHUPaMHIBI,
wockocTe  DOC  nepneHanKy.IsipHa
riockocTH ABC. lNposeacM OM | DC,
yepe3s Touky O npopeaem KL || AB, or-
pesku ML u MK, KL nepnenaukyns-
pcH  naockocty  DOC,  3Hauwur,
KL 1L DC.

OM 1 DC no noctpoeHHI0. 3HAYMT,
niockocts KLM nepneHankyaspua DC
Hnoaromy LM 1L DCwn KM L DC. 3ua-

Puc. 538 yur, LKML =29, NKOM = ALOM,
3HauuT LKMO = ZLMO = @.

Mpuvem LODM = ¢, c1e10BaTC/BHO U3 NPSMOYrojasHoro AODM:
OM = hsina.

[lpumem KO =O0L =y, cienoBatcJbHO W3 MPSEMOYTOJLHOTO
ALOM: —— =g )

Asino
Pacemotpum AABC. B HeM OC — panuyc OlMcaHHO | OKPYKHOCTH,

OC = R, a OF — paauyc BnrkcaHHOM okpyxHoeTu. OF = r. [IpumeM, uto

a
CTOpOHA OCHOBAHHA paBHa g, C.1¢/1I0BATENDLHO AF=FB= —2- .

H3 noaodus Tpeyroabiukos FCB v OCL umeem:
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%=2—(Ra+—,T.e.y= LI aa g, T.K.R=—a—,a
r) 2R+ 1) ﬁ~2-a~—?3 v3
R+r=FC=asin60°=i?.

Bosspaluasich K (1), nmeeM: hsilna -% =(gQ 2)

R a

U3 ADOC: — = tg o, WiIN —= = g O, TIO3TOMY d =hJ3 tg .
P N Y

Moacrasum B (2):

A3 -1go _ o, g Sina _ . _

———=1g@;hv3I——=1tg ¢ 3h-sinqa, 1. €. 3cosa~tg(p—w/§,

3h-sinq cosCL

B h-3tge

cosa, = £ Bokosoe pebpo DC pasHo =3 tgg.

3tgop cosQL J3

. a .
Hajinem cTopoHy ocHoBaHusi . — = R, ¢ npyroil CTOpoOHbI, M3

J3
ADOC: R=DC*—h*, R=\[3r*1g’0-h' =h{dg’p-1,T. e

%=h Stgip—1, a=hy3 - 3tgip -1
ifi,
4 , ack 4

: p-1)-h
= et ——. 3[) _ h =
2 (3eg’e

S.=

3 -1).
?-h’(hg’cp—l).

Ne 739, SO — BbicoTa nupamuanl. B oc-
HOBAHMH JICKHMT NPaBUALHDBLT #-YIONLHUK,
O — ero leHTp.

OA, =0A,= ...= OA, = R, tae R — pa-
JMYC OMTUCAHHOM OKPYXXKHOCTH.
R=————
2sin 180°
n

[Tpumem 6oxoBoe pedpo nMpaMMab]
paBHbIM x. CreaopatesibHo U3 AA4,SA, no
TEOpEMC CHHYCOB!

Puc. 539
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F X - X
sin 90°~E sino sino 2sin(—x—cosg Zsing
2 2 2 2

W3 npsiMoyronbHoro AA 0S8
2

2
h=SO=.Jx2_RZ= I a — a =

Q
4sin’==  4sin’- :180°
2 n

HaitneM miowaab ocHoBaHus. M3 MiIaHUMETPUM W3BECTHO, 4TO
njaoianb leaBHJ]bHOI'O n-YroJbHHUKA BblpaXKacTcs:

na* 1. na’ a 1 1
Slx'l' = o S -h= . - o
dfg —— g 130 3 3 4tz 180° 2 sin’ sin? 180°
n 2 n
Ne 740.

ADOA = ADOB = ADOC (no kate-
Ty ¥ octpoMmy yray). Torna,
DA=DB=DCuOA=0B=0C=
= R, R — paluyC OKPYXHOCTH, OIlH-
caHHo# 0k0i10 AABC (puc. 540).

h
U3 AAOD: — =g ¢,
oq " 8

OA=R= b
tgp,
Paccvotpum AABC. To Tecopeve
CHUHYCOB!
a _ b _ c -
sing,  sing,  sin(9,+9,)
Puc. 540 =2R= 2h .
12,
- 2h
a= sing,, b= sin @,.
3 120,
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2
S = S ]—ab sin(g, + ¢,) = —( 2k J sin @, sin @, sin(@, + @,).

2 21 tgo,
1 11 44 2 K’
- h= sin @, sin @, sin{gp, +
32 e 32 e, 0, @,sin(g, + 9,) = 3 tg’(pJ

x sin @, sin @, sin(@, + @,).

x

Ne 741, V=l3Sw~H.

Vlél‘lpﬂMO)ll‘O}leO]‘O APOD:
P

—=1gy,—=tgy,0D=

oD gY oD gY

W3 npsamoyronsHoro APOC['{
PO H

— =t "oC oc=—,
o & B, —=tgB, B

OD=08B wu 0A=OC — 1o
CBOMCTBY IMaroHalleit napajiieno-
rpamma (pMc. 541).

DB=20D= Z—Ij--;
tgy

ac=20c=21

g
1
S"’”’=E C-BD. sma=—2—x
Ef’_ 2— sin a =2Hctg yx

tey 1eh
x ctg Bsin a.

V=I§-2H2ctgy ctg Bsina- H=

=%H’ctgyclgﬁsin o. ?

No 742, Jluvug nepeceucHUd
IBYX IIJJOCKOCTEH, [IEPNEHANKY-
JISIPHBIX K TpeTbeil MiockocTh — 4 M B
MEpIEHIAMKYISP K DTOH TJIOCKO- Puc. 542
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cTH; 3HauuT PD nepnenaukyasiped mwockocti ABCD. PD — bicoTta
nupaMunbl, PD = H. ZADC = ¢ — AuHelHbI} yro AByIrpaHHoOTO yria
npu pcépe PD. B octosanun ABCD ZA = ZC = 180° — ¢.

S =AD - ABsinZA = a’sin(180° — ¢) = &’ sin @.

[Mponeaem DM L AB, DN L CB. I1o TeopcMe o Tpex HeprneHIANKY-
agpax otpe3ku PM 1L AB, PN L BC (puc. 542).

LPMD = ZPND = 0 — sidHe#itible yribl AByrpaHHbIX YIJI0B, 00pa-
30BAHHBIX GOKOBLIMH rpatisiMu PAB v PBC ¢ MIOCKOCTLIO OCHOBAHMSA.

DNADM = ACDN, DM = DN = asin (180" — ¢) = a sin ¢.

MJAPDN:—é—%=lgO, DN-tg8=H H=asing-tg0.

~II;V=%‘azsinq)-asin(p'lg0= %a"sinz(plgﬂ.

=35,
3
Ne 743. a) Tlpumen AC=AB=b, a DA=DB=DC= BC=a.
[MposeneM BuicoTy pamuisl DO, otpeskn OA, OB, OC (pyc. 543).
ANDOA= ADOB = ADOC
3uauut, OA = 0B = 0C = R, rae R — paauyc OKpyXHOCTH, OfNU-

D A

1

I

|

! b R N\

0
I c R
il
A g ul

0 B=—Y —K C

2

Puc. 543

cannoil Bokpyr NABC. B pastoGe.ipetitiom AABC npopesieM us yraa A
BhicoTy AK.

1 1 , &
SM.'i(zia.AKZEGI\bL_Z—
(8 AABK: AK = VAB — BK' = b!-(%j = ‘b“—%).

v
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abc
OA= R, no dopmyne R = E—_’ rae a, b, ¢ — CTOpPOHBI Tpey-
TONbLHKKA, S — ero miowank, BLIMUCIUM R,

R= abb - Y Wsaapo:

4~l-a\/b’—a—2 \/4[)2_02
2 4

H=D0=Ja' - A0* =7 -R1=\/a2 -

b' :\/4a’b2—a“—b‘
4 -a A -a

S ol L N -a .\/4azb’—a*—b‘ _

32 2 4’ -’
a44a’b‘ -d' -4

2 '

6) B paBHoGeapetiomM AABC (CA = CB=a) npobeseM BbICOTY
CK 1 AB; npoBenem otpe3ok DK (puc. 544).

B AADB. DK — Bbicota (AADB — paBHOGeapeHHbI, AK = KB,
3HauyuT, MeanaHa DK siBasieTcst BbICOTOR).

AB L DK,AB 1 KC, AB nepneHankynsipen rmnockoert DKC.

Ecnv mIockocTh MpOXOAUT Mepe3s MepreHAUKYIIp K Apyro# riioc-
KOCTH, TO OHa MePreHUKYASpHa K 3TOM riockocTH. MITak, nnockoeTH
ABC n DKC nepneHankyaspHbl. B nnockoct DKC nipoBeiecM BbicOTY
nupamuasl DO; DO L CK. MNMpumem DO = H.

Vag: - b
s

2
B AABC: CK=\/(1Z —-%=

Puc. 544
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2 _ g2 2 _ gl
Sw=l-AB-CK=l-b-‘/4" B _ b4d-b

2 2 2 4
Nad' - b

Haiinem soicoTy nupaMuabl: DK = KC = 2

INMposenem KE L DC. DE=EC= g

2 _ 12 2 DY
W3 AKDE: KE= KD’ - DE* =\/4” b -b—=\/if——2b—.

4 4 4
SMDC=%-KE-DC=%-H-KC;
402—2b1.b=H.v‘4az—bl. H___b\/4az—2bZ
4 2 aad - b
| 1 bad -0 bJAG =20 B —
y==-§  H=—- . =" J4a =28
3 Sewc T a1
No 744. Tyctb O K= KO=h, AB,= b, AB= a.
a_ 5 2
[Moycnosuwo—== b= —a.
b 2 5

PaccmotpuM  TpaneuMio  AA4,0,0.
PK | AO, Touka K — cepearHa BBICOTHI
00,, 3naunt, A,P = PA.

PaccMotpuM rpaHb AA B B. 3T0
Tpaneuusi, 4Yepes TOUKy P npoBeieH
orpesok PQ || AB, nostomy PQ -—
CPEIHSASH IMHUSA TPANELHH.

2 2 10° Puc. 545
PQUABI AB,AC I PRI AC, BC, | OR || BC, Torna (puc. 545)
AABC ~ APQR~ AABC..
TMnomwany nogoGHLIX GDUryp OTHOCSTCS KaK KBAIPAThI KX CXOICTBCH-
HBIX CTODOH. 2
iAAL:(f) =(£\ =§; SA”c=iS
S b 2, 4 25

£ABC*
AA B G
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2

S PO ’

Ta| g9 Terr 100" s’
10

O60o3Ha4YMM A5 KPaTKOCTH 00bEM BepXHEH yceueHHON NUpaMuibl
V,a 061>eM HHWXXHEH yceueHHOM nupamunbl V,. ClenoBaTenbHO:

h(SAPOR 24,8, +\/SMQR'SM,3,C, ) _
Vz -h(SAPOR ST \/SAPQR : SMBC)

(£+i+ P s 49 4 72
RS V100’ 25] _ 100" 257105 _49+16+ 28 _

APQR

0
49 49 9 1+ 170+ 49
+1+ S e —_
100 100 100 10
_93_31
219 73

Ne 745. a) ﬂpHMeM r— panuMyc OCHOBaHHWS UHTNHIPa, i — BbICOTA.

{S 2nh 21tr _ S
nrl= r_‘/—' 27[\/—' 2{n0
vemh=n.L._2_=5 2

n 2J_ 2Vn’

6) NnpuUMeM r — pagMyc OCHOBAaHHKA, MOCKOJIbKY OCEBOE CEYEHUE —

3
KBaJpar, TO BbicoTa A= 2r, OTKyna r = % V=nrh=n- li— h= n: .

B) NpUMEM r — PaaUyC OCHOBaHMS, CJICAOBATENILHO BLICOTA paBHA
IHaMeTpy OCHOBaHUS, TO €CTb A = 2r.,

S=2 +2rh =207 + 2n2r =27 + A = 60 r= /%

m
Ve mih =52 /£=£. /i£=£ /E
om 6n 6 V6m 6 1V3n




344 rnasa VIl. Obsemsi Ten

Ne 746. [pumem r,, r, — pannycel OCHOBaHHIA ABYX UMJMHAPOB, a A,
u h, — ux BbICOTHL. S, = 27rh; S, = 2nrh,. Ho ycnosuio
S =S;2nrh =2nrh, rh =rh,. V. =nr’h; V,=nr'h,

e bl
v, mrh, (rh)-n o
Ne 747.04 = h,OC = OB =r(puc. 546).
V=lnr2h=ln-l,52-3= 225-n=
3 3

) = 2,25-3.14= 7,065 (m").
la=1lav',alm = 1000 1M, nostomy
Puc. 546 V'=17,065- 1000 = 7065 ().

Pa3nbie 3a3a4n Ha MHOTOTPAHHHUKM, UHJIHHAP, KOHYC H [Hap

Ne 748. PO — suicoTta KoHyca, PO = H, AB < AD (puc. 547). Hpo-
seaem OK L AR, otpesok PK (IMo Tecopeme o Tpex nepneHAMKyaspax

PK __ AB).
PO H
—=tgQ, —=1 H = 0K - 1g ¢,,. PacCMOTpUM OCHOBaHHE
0K gy, OK g2 ¢, g ¢, p

nupamuibl. AB=a, BO = 0D = A0 = 0C — 1o cBoHeTRY MMarotaiet
PsIMOYTOLHUKA, RO = r.

B AABO: 4ABO=LBAO=1—8—02i=90°_%
P
l
I
! B C
: r
l K_®
== 0
r
4 D

Puc. 547
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3anuuwem TeopeMy, CUHYCOB:
a r

sing, sin(90°—(P~‘~-)’
2

N
a'sin(900‘gl‘ ’ a'COS(p—I
r= 2 / = 2 = .
Sing, 25in-~2~cos— 2sin %

a

a-1go,

.lg(m:

. 5O
4sin’ =t 21g
2 "

Ne 749, PO — nsuicoTa nupaMuawl, npuMmeM PO = H. PK — oiHa us
obpa3ylolux Konyca, PK npuHasiexut niiockocti APB, OK 1 AB.

PaccmoTpum ocHoBaHKe 1MpaMUabE (pUc. 548).
ABCD —pomb. AB=4.S,,.,=4S

ABCD 00D

P

Puc. 548
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Sor= 2(120-a-sin(p) = a'sin . §,,,= -12— AD-OM = lz-ar.

Monyymnnu ypaBHenue: a’sin ¢ = 4 - liar, oTclona r = 1Easinqa.
N3 npamoyroasHoro A POK:
g;z- =1g0 (LPKO — yron, xotophifi obpa3syiomias KoHyca PK
cocTagnsier ¢ e npoekiueit OK).
5”; =1g0, H=r-tgo= Ea-sin(p-tgﬁ.
| _ a'sing 1 g

1 na
V =—qnr‘h=-n —.a-sin@-tgh=—sin’@ tg 0.
S 3V T2 PrEETmo s e

Ne 750. PaccmoTpuM oceBoe ceyenue. ABCD ~~ kBaapat, ceyerue
umnutapa. [puMem cropoHa ky6a paBHa a (puc. 549), crieaoBaTesHO

B ¢ Paauycwapa r= g.
\ . (a)’_ 4nd _ nad’
V.==nr’=—n|=| = =—,
0 3 3\2) 342 6
,J Pannyc ocHoBaHUs LMJIMEHIPaA paBeH g, Bbl-
COTa LWIKHIPA PaBHA d, TOITOMY
4 D ; na’
, Kl .
Puc. 549 VM=7[(£) a=£a_..1/"_"".=_4_‘=§=2
“ 2 4 v nma 4 2
6

Ne 751, PaccMoTpuM oceBoc ceqeHHe KO-
Hyca: V, = %nth. [Tpumem PC= H.

3.1
igo=—=—-=— e o.= LZOAC
g 6 2

OA — o6uccektpuca APAB, nostomy
ZPAB = 2a. v3 npamoyronsHoro A PAC:

e tg 2a, mmi =tg 2q,
AC R
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1
2.
2tga 27 _1_4
H=Rtg2o=6tg2a.tge0 = ——= £ =_=_
g g g l—tgz(l | 1 } 3
4 4
6-4 1 , ,
H=—3—=8(HM)- V,.,,,—Elt-6 -8 =96m (am°).

Ne 752, PaccMoTpuM ceuenue KoHyca. AAPB — oceBoe ceyetine Ko-
Hyca, AH =r, AP = |, PH — BbicOTa KOHYCa .

[MpumeM panvyc cdepsl paBeH 4.
OK=0OH=0L=a. Toukn K u L — TOoYkH
KacaHus cepbl MNOBEPXHOCTH KOHYca, [1noc-
KOCTb, B KOTOPOM JIEXHT OKPYXHOCTb, B ceye-
HHAU u306paxeHa otpe3koM KL (puc. 551); KL

PaBeH JIMaMETpy 3TOM OKPYXHOCTH. [puMem L
ZOAB = o. U3 ANAOH:
OH a
—=tgo;, —=tga; a=rtgo.
HA r B
U3 AAPH: cos 2o = ﬂ = 5,
AP ]
2cos’ o — 1 ‘—'%,cosza=ﬂ, cos o =
. 2 l+r {-r . l-r
sinffg=1— —= ——, sina= ,[—;
2 2/ 21
Yoot I+r l+r

LAPH = ZMKO = 90°-2a.. B AMOK:
KM = 0OA - cos£MKO = a - cos(90° — 2a) = a sin 20, =
=g-2sino=a-2sin 0 COS QL.

2
KM= r- ’I—r_z_ fi-r. fl+r=2r. ((-r) (I+Ir)=2rl;r=
[+r a Voo (+ D) 2
l=r

=r—.

l
KM paBeH paauycy OKpyKHOCTH, N0 KOTOPOii cdpepa KacaeTes Ho-

| -
KOBOI MOBEPXHOCTH KOHyca. Ee annHa pasia 2n- KM =27 —r—(——L)
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Ne 753. PaccMoTpHM oceBoe ceyeHHe KOHYCa.

H ,H,— 1eHTpbl oOcHOBaHHH yceueHHoro koHyca. ABCD — ceueHue
yccueHHoro KoHyca, A BCD — paBHoOeapeHHas Tpaneuus (puc. 552).

BH, = r,AH, = r.T1puMeM, 4TO pajiiyc BIMCAHHOTO LUapa PaBeH a.

BricoTa KoHyca pabHa nnameTpy miapa, H f,= 2a.

V =L3n-H]Hz(r2+rl’+rrl)==l§1r~20(r2+rf+rr,).

Kom

2
e (i) o
Vw f‘:na2 2a

3
Kak M3BeCTHO U3 MNIAHUMETPUH, B ONTUCAHHOM YETHIPEXYTO.ILHUKE
CYMMbI IPOTHBOMOJIOXHbIX CTOPOH paBHbl. BC+AD = AB+CD = 2AB.
IMpumem AB =/, cncnoBatenbHo 2r, +~ 2r= 21, I=r,+r.

’ NMposeacm BK L AD. AK=r —
B—=EH_ ¢ —r, BK=HH,=2a W3 npamo-
- a yroasHoro AABK:

4 0=~ - AK* =

0 =\/(rl+r)2—-(rl—r)2=
Ta = \/’rlz P 2rr-rl-r+2rr=

=2Jrria=nr.

D [ToacTaBnsis BeipaxeHue s a B
¢dopmyay (1), monyqaem:
y r+ri+rr)

KoM —

Vv 2rr.

[

Ne 754. Yepe3 ocHOBaHHWE BbICOTbI
DHnposeneM AK L BC, otpesok DK. 1o
TEOpecME O Tpex [ephneHAHKYIapax
DK 1 BC (puc. 553).

LIeHTp BTHCaHHOTO LIapa HAXOIUTCS
Ha BbICOTE MUpamuibl B Touke O; OH n
OF — ero paauycol, paBHbie r. [lo

4 k14
ycJioBHIO 3aJauu —mr’ =V, = r=3|—.
3 47
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Txk. AKL BC uw DKL BC, to £ZAKD — nuHelnbiil yroiu
JIBYTPaHHOTO Yrja fpH OCHOBAHWHM fnupaMuanl, LZAKD = o. OK —

ouccextpuca yrna AKD (AOHK = AOFK), ZHKO = ZOKF = %.

[MpuMeM, YTO CTOpOHA OCHOBAaHUA TMUpPaMMabl paBHa a. B mnpa-

BUbHOM AABC K ecTb paiMyc BHUCAHHOH OKPYXKHOCTU U HK = —7—9\/—3—.
s npsmoyron bHoro NOI{K.
r r a r 24/3r
——~—tg—- HK=— —f&=—+ a= .
HK 2 % 23 ¢ 2
2 2 2
BanHK P = o D= K g o= g0
HK _
g -
2
2
v =1—Sﬁ ‘DHzl_'(J\/:; DH = «./3 24/3r roigo
R R 3 4 12 w? e
L E2 2
: v /3 .
12 1 s O 4 47 2
2 ) g )

Ne 755. SH neprnenaukyaspen  nnockoctd  ABCD.  TlposeaeM
HK I.AD. HL 1. DC, otpe3ku SL w SK. Tlo TeopeMe o Tpex NepricHIHKY-
aapax SL L DCuSK 1L AD. Toraa ZSKH v £SL H — nuucitbic yibl ABY-
IPaHHbIX YLJIOB MPU OCHOBaHHIt TMpaMiael. [1o yeaosuio 3aaaun ZSKH =
ZSLH= B (puc. 554). ASHK = ASHL (110 KaTcTy 4 0CTPOMY yIiy).

Touka H paBHoyaaiscHa oT ¢cTopoH poMba ABCD, To ¢cTh sIBASICTCH
LLIEHTPOM BIIUCAHIHOHK B pmt() OKPYXitOCTH.

S

ABCD

=2;aasma!—asma S 1aHI(S

DAL 1”(‘[) “'AAHI)

4 esino=2a- HK, 1K= 25"

IMposeaes orpesok LO, Touka O — LCHTP BIIMCAHHOLO 10Apa,
Oe S11. OL — 6uccektpiica ZSLH, ZOL.H= g



350 Tnasa VIl. O6bemsl Ten

U3 AOHL: % =tgLHLO, OH — pannyc wapa. OH= HL tg %
asina g’ B
v, =iT[(0H)3 L I sin’a Ig’g-aJ
3 3 8 6 2
S

I
S

o

A K D
Puc. 554
B (o Ne 756. PaccMoTpuM ceyeHHe LIMNAUHA-
H, pa. CeueHHe LUMIKHIPA — NMPAMOYIOJNbHUK

ABCD; oH BriMcaH B OKpYXXHOCTb paguyca R
(puc. 555). O — ueHTp cdepsl (M OKPYXKHO-
0 ctu). BD — nuaroHasib OCEBOro CeYeHM,
4BDA=qa. BD=2R.

W3 npamoyroasHoro ABAD: AD= 2R
H cos o.. Paauyc ocHOBaHUS LUIMHIPA PaBeH

A D 5 AD, 10 ecTb R cos Q..

Puc. 555 BbicoTa unnuuapa AB= 2R sin .

=T (Rcos w)’ - AB=nR'cos’a - 2Rsin o =
=nR'cos ot (2sin o - cos )=nR'cos a. - sin 20

Neo 757. PaccMoTpuM ceucHHe UMIUHADPA C apoM. CeueHue 11-
JUHApa — NpsMOYroabHUK ABCD (puc. 556); OH BNIMCaH B OKPYX-
HOCTb panuyca R, Totka O — UCHTP OKPYXXHOCTH H cepbl.
Obpasytoias umauHapa AB =1/

BO=0D=0A=0C=R.
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U3 AAOB no TeopcMe CUHYCOB:

[ _ R _ R _ R
- S o
sina sin(lgo —a) sin(90°—g) COS-—-
2 2 2
a a
/cos—z— lcosi / B Cc
R = — = = :
SING 5gin % eosE 2sin% R
3 3 { o (4]
3 3 8sin’ 6sin’ 5 R
[pumeuanue: OTBET He COBNANACT C OTBC- A D
3
TOM B yucOHUKe. Tam il Puc. 556

6cos’ %
2

Ne 758. PaccMOTpUM ceueHU e 1lapa v Ko-
Hyca. CeyeHHe KOHyca — paBHOGEIPEHHBIN
AAPB, PM — Bbicota KoHyca, O — UCHTp
olrcaHHON OKPYXHOCTH (M wapa), O € PM.

PM = H, AM = r. llpumem R — panuyc
wapa; OP=04A=0B= R. U3 AAPM:

AP=JH'+r*, PB= AP.

Haitnem R no dopmyne: R = —Z—%, raea,b,

¢ — ctopotibl AAPB, a S — ero nnouiaas.
R=JHZ+r2'~/HZ+rZ'2r= H+r

4rA 2H
[Tnowane noBepxHoCTH 1Wapa:

H’+r2)z=41t(}l’+r’)z=1t(H’+r2)2
211 4H’ 1’

4_7IR3=<‘1_71_-~.(H2+r2)3=1t(HZ+rz)J
3 3 8H' 61°

S=4nR’ =4n[

O6beM wapa: V=
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,’M
2"nos
7 n N
Id Y
A

4= )
4 45.“.--:.}(1___‘1_
L an -7
—~

Puc. 559

Ne 759, TMnockoctb AABC, nexaluero
B OCHOBaHHUH MUPaMHJIbl, MEPECEYET, Wap
Nno OKPYXHOCTH, U AABC Gyier Brivcan B
3TY OKpYXHOCTb. [1puMem, uto AB — runo-
TeHy3a, chenosareiibHo ZACB = 90°, TO-
T/la, OH OMUPACTCA Ha JHUaMeTp, KOTOPbIM
SIBAACTCA TMIIOTeHY3a A B (puc. 558, 559).
[MposeneM BbicoTy nupamunnt MO,
OnpenenuM MoJloXeHHWE BLICOTHI, MHaue
rosops, ToukH O. [poseaeM orpesku OA,
OB, OC; 3T¥ TpH OTpPe3Ka ABNAKITCA MPo-
EKIMSIMH COOTBETCTBYHOLIMX HAKIOHHBIX 60-
KOBBIX pebep MUPaMHULI.

B TpeyroabHuxkax MOA, MOB, MOC
MO — obumi karer, ZMAO =2 MBO =
=/MCO=a — N0 YycaoBuw, TOria
AMOA= AMOB= AMOC, otciona OA=
= 0B = 0C, 10 ecTb TOUKa O — paBHOyaaNe-
Ha OT BEpLIMH OCHOBAHHUS H MOITOMY SABJISA-
CTCSI LIEHTPOM OTIMCaHHOM OKOM0 OCHOBaH A
OKPYXHOCTH, T. €. O — cepcanHa AB.

Wrak, MO — Bbicota nupamuan, MO

NPUHALIEKHT T1ockocTtu AMB, Toraa, naockocts AMB nepneHANMKY-
JisipHa 1rockocti ABC. 1o TcopcMe CHHYCOB:

sin(180°-2a)

[0 nosepxHocTH wapa; S = 4R =
4n

O6beM wapa; V=

2
= 2R, tne R — paauyc uiapa. =2R,R=

1

sin 20 sin 20
4n )
CcM).
sin’ 2a (
_R3 =4_n. - ! CMS).
3 3 sin’ 20

Ne 760. TMposeaeM BLICOTY nUpaMUaLl MF; npoBeaeM OTpe3kU FA,

FB, FC, FD.

AMFA=AMFB = AMFC= AMFD, T.X. OHH 1IPAMOYrO/ibHbIC,
MF — obwnii katet, LMBF = LMAF = ZMCF= ZMDF=[5— no yc-
josuio (puc. 560). Takum obpasom, FA = FB = FC = FD,touka Fpas-

HOynajieHa OT BCpPIIMH OCHOBaHHUA, TO

€CThb ABJIACTCA UCHTPOM

OMUCAHHOM OKOJIO OCHOBAHUS OKPYyXHOCTH.
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PaccMoTpuM ceyeHue nupaMuzabl U
11apa rockoctbio AMC (puc. 561). Tou-
ka0 — uenTp wapa, 0 € MF.

Mo Teopeme curiycos B AAMC:

-qre-====

_.__A_C_‘_ = 2R, r1e R — panuyc
sin(180°-2B) -
1apa.
_ 10 _ 5
2sin2B  sin2Bp’
Hﬂoula}lb NMOBEPXHOCTH LUApa: N
S=aqp =302 _ 100 o Puc. 560

sin’2B  sin’2f

¢ M
ObbeM Wwapa: 180°-2p
V= 4_ER3=4_R. .125 = S.OOH (cM)
3 3 sin’2p  3sin’2B
Ne 761.04=1,5m, MO =0,5Mm,AD = | 0
(puc. 562).
View =50M% V,, =nFl=m-151(M). B_IF B
AMB, CND — wmapoBbi€ CErMEHTbI 4 N\J0 C

V. =TH(R — %), rae h= MO = 10,5 m,

Puc. 561
R=04=1,5u.
V. =n -0,52(1,5-%) ~0,25m 232051
3 3 3
l/uucm = l/wu + 21/4?0:; l/uucm = 50 = 2’25nl + —2_3?_ (MJ)‘
50-2% 52314 B c
1: 3 ~ 3 - 1 ]
2,25m 2,25-3,14 : :
=50_2’09=47’9126 8(M) M ---ib ——————————— IL-_ 7v
7065 7,065 : |
Sameqanue. B yueGHMKe OT- ; l')
BeT — 6,56 M.
Puc. 562

12 dagees, 10—11 xn.
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A Ne 762. Tlpumem, uto peb-
po Ky6a paBHo 4. [1nowans no-
BEPXHOCTH KyDa paBHa 6a’ (puc.
563, 564). MpumeM paumyc
~— 7 wapa OA =5, Tnowaap Mno-
BepxHocTH wapa 4nb’. [lpu-
MeM, YTO paluyC OCHOBAHHS
Puc. 563 UWIMHIPA paBeH ¢, CJienosa-
TeJibHO AB = H = 2¢.
S _=nc;S, =2nc: H=2nc: 2= 4nc;
S = 41|:c n 2nc’ = 6nc’.

noaH

anMCM, 4YTO paauyCc OCHOBaHHs KOHYCa paBcH d, cnenoBaTe;1bHO

PO=H=2d.
S, =nd;S,, =nd AP,
» AP =Nd* + H* =Jd* +4d* = d+/5.
Se.=mn-d-d-5=nd*5.
Sy =1 + 1’5 = 1 (V5 +1).

nanH

A B Io ycnosuio
6a’ = 4nbh’ = 6nc’ = ndz(x/g + l). Buipasuma, ¢, d

ucpes b.

60’ = anp, =2, 12T )
’ 6 3”7 3
2
6nc’ = 4nb’; = 2 o= |2 (2)
T 3 3
nd’( G+l) = 4np’;
Puc. 564 2 _ 4nb? — 4b2(\/§—l) —
n(J5+1) (\/—5+1)(\/§—1)
2 —
_4vs ) (5\/—51 l)= b?(JS-l);d=\/J§—1-b 3

3
06beM Kyba paBeH ¢ @' =! b _2n J b
LV 3 3

4 .,
O6beM apa pabeH 3 mh'.
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O61beM unwinHapa paseH nc’-H;

SRR e e

O6beM KOHYCA paBeH End’

%M’H=%-b’(«/§~l)-2 J5- =27"(J§—|)\N§—1 b

CpasuuM 06beMbl Tell. [10CK0JIbKY BCe OHM BblpaXXeHbI Yepe3 paau-
yc wapa b, To 0cTacTcs CpaBHUBATh KOIMDMULHEHTH NIpU &',
25 [2n 4m 4m |2 2=m 2
I AR A A 2 2R
3V3 3 34V3 3
" 2n
O6uMiA MHOXWTENb 5 MOXHO HE Y4YMThIBATb NPH CPAaBHECHHWH.

Cnenogaten bHO, OCTAKOTCH YHCJIA:

2n 2 3
/T 2 2& (v5-1)
() (2) 3 4)

CpaBHuM (1) v (2).

1/2“142 2—nH4 1tldﬂ THb.

3 3 2

Tak KaK1t<6,T01f 3 <2. Mockonbky r<1 TO 2\/;<2

CpaBHUM Tcnepb (D u(3).

,fzn 2\,2 2n §, §§ H4TaKKaK1t<41f <2\/-
373 3 3 2’

Hrak, ycraHoBneHo, 4to | ’—— < 2\/: <2.CpaBHuMTenepb (4)u (1)

(51) 2 (451 w2 25 1)
(J§—|)3=(J§—|)(«/§-|)—(J_-l)(5~2f+1)=
= (V5-1)(6-2V5)= 65— 6 — 10+2/5=8J/5 - 16 =8(5 - 2).

%- 8(W5-2)=12(5-2).
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DRE5-2)um.
V5=223:4/5-2=0,23.12-0,23=2,76

3
2.76 u . Tak Kak 2, 76 < 7, TO (\/3'—1)z < ,/%t

WTak, yncna pacrosloXeHbl B [10psKe: («/3 _1),3 < ,%T-L_ < 2\/% <2,

310 cooTBCTCTBYET 06BeMaM Te1: V, <V, <V <V,

Kon uw)

Ne 763.
a)d=2mM=02cM;R=5cM. r=R—-d=5-0,2=4,8(cm).

4 3 3 4 3
Vw = Sn(R - f). M ape Py Vm TP’ Sn(Rz —I').

m,~ 8,9 3,14(5 ~ 4,8‘)45 =

=8,9-1,333,14(125 — 110,592) =
=89-1,33-3,14- 14,41 = 11,837 - 3,14 X
X 14,41 237,17 14,41 = 535,59 = 535,6 (r).
m 3-5356 16068
Pu= g

4 o 4314125 500314

3
_ 160638 _
1570
CpaBHUM p, M MJIOTHOCTb BOABI, KOTO-
py!o npuMeM paBHoi | r/cM’.p, > p, 3HAUMT, Wap He CMOXET I1aBaTh B
BOAC;

0)d=15mMM=0,15cM. r=5-0,15=4,85 (cm).
Vm=4§n(R’—r’). My = Puss Vo =P %n(R’—r‘).

1,023 (r/cm).

Puc, 565

wapa
m, =893 14(5 - 4,85’)% =8,9-1,33-3,14(125 — 114,09) =

=8,9-1,33-3,14- 10,91 = 11,837 - 34,26 ~ 405,50 (r).
. m_ _ 3-405,50 =1216,5:0,77 (r/er’)
EnR’ 4.314-125 1570

Ec/M NpuHats p,,,, = 11/eM’, To p,, <p, , TaKoit wap GyaeT naasarh
Ha IIOBEPXHOCTH BOLbi.

Pu=
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3a1a4K NOBLILIEHHOMH TPYIHOCTH

Ne 764. TlycTb a, b — naHHbie Nps- 4 4
Mbie, AB — naHHBIN oTpe3ok, M — ero /f\

cepeaMHa (puc. 566), ada, fo b, allb, &
Bl a (yuebnux, ctp. 16). AB=d, h — pac-
CTOSSHHC MEXIY & U 3, L — MI0CKOCTD, 9

N

4,

V

M I
B, /b,

paBHOydaeHHas OT AL U B, ag, by, Ay, B,— 2 A\ B
npoekuuu a, b, A, Buayu, 0 =g, ﬂdbo. / P A

h
TornaMe y, A4, = > AM = 7 Puc. 566

BOM=A0M=%«/d2 ey

B A4BO OM =AM= BM Kax pamuychl OKpYXHoCTCil C
ouametpoM AB,. CneaosaTensHo, M NEKHT Ha OKPYXHOCTH B

1
TIOCKOCTH | € LIEKTPOM O ¥ painycoM Ex/d’ —h.

>

[TpoBoas paccyXIcHusi B 00paTHOM MOpsAKe, y6eauMcs, uto Jio-
Gast TOUKa 3TON OKPYXHOCTH — CEPCANHA OTpe3Ka JJIHHBL d C KOHLAMH
Haawub.

Ne 765. danHoe ceueHne MNKL
JaHHoro TeTpasapa ABCD — napanne-
Jorpamm (yyeGHHUK, cTp. 29). Tak xak
NABD, ABCD, AMBN, ANDK — pas-
HOCTOPOHHHE, TO MN= NB u NK =
= ND; cnepoBatciabHO, €ciu AB = a,
MN=x, NK=y,toy=ND =BD -
— NB = a — x. [loaToMy nepuMeTp ce-
YeHHsIpaBeH 2x + 2y = 2x + 2(a — x) =
= 24 U SIBASETCS NTOCTOSTHHBIM.

Puc. 567

Ne 766. B 0003Hau€HHAX PUCYHKA
K 3aniade 765 no cBOHCTBY cpenHeit nuHUH MN || AD || LK, aHanorm4Ho
ML | NKu MNKL — napauieorpaMm.

Toraa ARZ + IW:I = (A?L +fK')z+ (m,— FA’)Z; T. K. [7('=AWV,
To MK + NL' = 2(ML* + MN") — cyMMa KBaJpaTOB JHATOHANEH na-
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paesiorpaMMa paBilia CyMMe KBaZpaToB Beex ero ctopoH. Ecnn AD = g,
uBC=b, MN= g ML =§ u, = MK + NL =12(al +b).

Ne 767. Myctb AABC co ctopoHamu BC=a, AC=h, AB=c, yrnamu
LA=q, LB =0, ZC =Y W paanycom ONHCAHHOTO Kpyra R 11eperHyT rno
cpeannmM uHuaAM A, B, A,C,, B C,. Bepwniibi A, B, C onuulyT oKpyxHo-
CTH COOTBETCTREHHO C LIeHTPaMH A,, B,, C, v paanycamu AA,, BB,, CC, B
IJIOCKOCTAX, TIEPNCHAUKYAAPHBIX cpeaHUM JUHUM. [TpsiMas, no Ko-
TOPOIi NepeceKaroTCsl 3TH MIIOCKOCTH, NTepeceyeT MJI0CKOCTb TPeyroib-
HHUKa B HEKOTOPOH Touke O, clTyXalllc il TOYKOW MepeceyeH st ero BbiCOT
AA,, BB,, CC,. dng Toro, 4To0bl NOAYYWIICA TETpa3ap, 11€0OX0LUMO U
JOCTAaTOYHO, YTOObI TOUKH NMepeceucHUs A,, B,, C, 3Tux okpyxHocTel €
3TOI NpsAMOi (110 01HY CTOPOHY OT MIOCKOCTH TPEYrOIbHWKA) COBIIA-
JIM, TO eCTh 4TOOKI OA,= OB, = OC/:i

Aty =L aa, =Zsinp; A0=Z20 8, _ ccosa

2 siny  siny
OA’—A AI—AO2 AA} — (A0 — AAY = —AO" + 240 - AA, =

¢’ cosa
= ———(—cos o. + sin B - siny).

sin’y
. . c
cos o. = cos(180° — (B +y) =sin Bsiny — cos  cos y, — =2R;
siny
4,
”’
/,,
7/
/
/
4
’I
’ .. A,
i BheefT T
! fo
1 A,
A c, 4 C G B

Puc. 568

CNCIIOBATEABHO, OA] = 4Kcos ¢ cos f cosy. BblpaxsHue cMMMET-

PUHHO OTHOCHTENLHO ¢, B, ¥ U, 3tauuT, OA,= OB, = OC,. OHo 11o10Xu-
TCABHO JTUILL TSt OCTPOYTOABHOIO TPEYTONLHUKA.
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Ne 768. TTycTb MJAOCKOCTL (X, \ m
npoxoJasuias yepe3 A NepneHIMKy- o M
napHo BC, nepecekaet BC B Touke c
D (puc. 569); npou3BoaLHas 1ioc- )
KoCTh W, mpoxoasuias uepe3 BC,
nepecekacT (o No NpsiMoi m, ® —

OKDYXHOCTb 6€3 TOUKU A ¢ IHaMET- A D

poM AD, acxalas B MIOCKOCTH d, u

Memno. ]
Takkak AMc o, 104AM L BC, a

Tak Kak M € w, To AM | p, TaK Kak Puc. 569

ZAMD =90°, kaKk onupawuimiica

Ha 1MaMeTp. Ecan M He eXHT Ha @, TO OHA HE NPUHAILIC KHT UCKOMO-
MY MHOXCCTBY (MHaye Hapy1laloTCA TCOPEMbI O EIMHCTBEHHOCTH MCp-
NCHAUKYISAPA, ONYLICHHOTO H3 ,lIaHHOl‘;( TOYKHN Ha JAHHYIO NTIPAMYIO HITH
NA0CKOCTh. TakuM 06pa3oM, w) — UCKOMOE MHOXECTBO TOUCK.

Ne 769. Ecan DD, — 1aHHas BbI-
cota JaHHoro Tterpasapa ABCD wu
AA, || BC, to no ycnosuio AD, L BC u,
cnegosatenbHo, AD, L AA, (puc. 570).
Mo TeopeMc 0 TPEX NMCPHCHAMKYIsI-
pax AD | AA, n, 3Haumt, AD 1 BC.
Ananornyno (D, — ncpeceyeHunc neex

D

Tpex BuicoT) AB L DCu AC L BD. C
Myers Teneps CC, — 1106as apy-

rag BbicoTa TeTpasapa U DD, || AB. B

Takxkak A8 L DC,to DD, L DCumo Puc. 570

0o6paTHOI1 TCOpEMCE O TPEX NICPNCH-
aukymsipax (Ne153) DD, L C,D, Tak
4t0 AB L C D, T0 ecTb C  ICKUT HA
BBICOTE TpcyroabHuKa ABD; ana-
Jorn4Ho C) ACKUT 1 Ha OCTAbHDIX
€ro BbICOTAX,

Ne 770. Tak kak OO, L ABC u
A0 L OBC, 170 AOO, 1 ABC n
AOO, | OBC; rorna cornacHo 3ajaue
Ne 183 BC L AOO, n, = BC L AQ,.
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Ananornao AC L BO,, HO Toraa o TEopeMe O NEPECCHCHMH BLICOT U
CO, L AB. Mlycts M= CO,N AB, ZOMC = o u OM = h. TlocKonbKy
OM L ABn 0O, L CM, 10

S()H=%A3'hs ch=

Al

AB-CM =1AB- h s
2 cosQ.

AB-O M= %AB‘hcosa, oTkyAa S 15 = Sppc” S

SR

S =

|
40,8 _2- A0,B

Ne 771. Cornacho Ne770

Szwﬂ = S,mc ) Sm,ﬁ;

Sioc™ Su" S g M

S o= S S poy - CIOXMB NONy4eHHBIE PABEICTBA, MONYUHM:

SQAOB-I- kS‘EAa.- - SZM= ABC( S40|E+ S,{();C+ Sﬁ()lf) = Szdﬂf

Ne 772. laHHble TOUKH SIBJSIIOTCS BEPIUMHaMK TeTpasapa. OHu He
MOTLYT JICXKaTb BCE 10 OAHY CTOPOHY OT MCKOMOMH ILJIOCKOCTH, TOT/1a KakK
OHM JieXaJIH Obl B OHOM M.TOCKOCTH, Napajulie/ibHON 3TOH MIOCKOCTH.
AHANOrMYHO HH OJIHA U3 HUX He JIEXHUT B HCKOMOM IIOCKOCTH. [1osTo-
MY BO3MOXHHI JIMILIL J1BA CJydas:

1) 2) '
N

Puc. 572

1} Tlo oAHY CTOPOHY OT MCKOMOM TUIOCKOCTH JIEXAT TPH AaHHbIE
TOYKM, MO APYry1o — osHa. [1nockocTh NOXOAUT Yepe3 cepelrHbl pebep
TeTpasjipa, HCXOSLIUX U3 OAHOM BEPIUMHBI. PacCTOAHUSA paBHBI 10J10-
BMHE BbICOTbI TETPa3/ipa, UCXOAAILEH U3 ITOM TOYKH.

2) 1o osiHY CTOPOHY OT IJIOCKOCTH JIBE TOYKH, MO JPYTYIO — TAKXKE
nBe. [L10CKOCTh NPOXOIUT Yepe3 cepe/iMHbI pedep, HCXOASIIMX U3 IBYX
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BepilivH. PaccTosiHUS paBHBI OTOBUHE PACCTOSIHMSI MEXKIY CKPELIH-
BalouIMMHUCH pebpaMH, TO CCTh PACCTOSHHIO MEXKIY Mapajlle/IsHbIMU
ITOCKOCTSIMH, ITPOXOAS LLIMMU Yepe3 3TH pebpa.

TlepBoMy YCIOBH IO YROB/ICTBOPAIOT YEThIPE MIOCKOCTH, BTOPOMY —
TPH; BCETO UMEEM CCMb IMJIOCKOCTEH.

Ne 773. Myctb 0 ¥ 3 — rpaHu
JIBYTPAHHOTO yTJia, ¢ — ¢ro pebpo,
AB — nannast npsaMasi. AA, L o,
BB, 1 B, AA, L ¢, BB, L c; Torna
AA, L ¢, BB L ¢, LAAA,
= /BB B, kaK JMHCHHBIE YIbI
ABVIpaHHOro yrna, ZABA, = y u
ZBAB, = ¢ — yrani npaMoit AB ¢
rpansiMu. Otciona AA, = BB, & AAAA, = ABBB < AA, = BB, &
o AAB=ABBAS = y.

Puc. 573

Ne 774. Ecnu ABCDA BC, D, — ky6 ¢ pebpoMm a, To ¢ro ceueHue
ACD, — npaBUNBHBIH TPEYTONBHUK, a JIIo6oe ceyeHUE — NapailiesibHoe
rpaHu — KBanpar (puc. 574).

IMposeneM uepes cepeaniy £ pebpa AB minockocts o | ACD,. Ona
nepeceuet BC B HEKoTOpO# TouKe F,

D H C,
K

A 1
! ; \Bl G

I

i
L ]

ol

e C
s / F
A E B
Puc. 574

Tak kak EF || AC, To mo teopeme Paneca F — cepeanna BC u
a
EF= ﬁ Paccyxnasi aHaorH4yHO, NMOAYYUM MOCTeI0OBaTEIbHO, UTO O
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npoineT Takxe depes cepeautnl G, H, K, L pebep xy6a, u Bce CTOPOHbI
wectuyronsHuka EFGHKL paBHbt %. Ero yrnbl paBubl Mexay co6oii

KakK CQOTBeTCTBEHHbI¢ yriibl TpeyronbHukos KLE, LEF, EFG, FGH,
GHK, HKL, paBHBIX IpyT APYTY MO TPEM CTOPOHAM.

Takum 06pa3oM — ceueHUue — MPaBUIbLHBIN LIIECTUYTObHHUK.

TIaTHyronbHOE ceycHWE NPaBUIbHBIM ObITh HE MOXET. Tak Kak B
ceueHum AMNKL AL | MN, 10 ZLAM + £ AMN = 180°, Ectvi 3TH yriibl
paBHBI, TO OHU — MpsAMbIE K He paBHbL 108°.

Ceuenuii ¢ ceMblo 1 Gosiee cTOpoHaMU GbITL HE MOXET, TaK Kak rpa-
Hell y KyGa TOJIBKO IUeCTb.

Ne 775. Hyctb A A,...A, — naHHBIR KY6 Cc pebpom a, p — npamas,
npoxoasias yepes ero ueHTp 0, A A, L p, 0, = £L(0A, p),s= E A A,
1

TaKKaKOA,-=02£, AA =0Asing, ¢,=9¢, ¢,=¢, ¢,=0¢, =

=@, TO

4
s=%a’23in2(p, n
1

Ecm P=pNAAAA, ax,y —
KOOPIMHATHI B CUCTEME € OCSIMU A A,
nAA,, T0

PAIZ =¥+,

PA}=(a—x)'+y,

PA'=(@—x)'+(a—-y),

PA' =X+ (a—y).

ITo Teopeme KOCHHYCOB U3
AOPA, nmeeM

PA'=b+c —2bccos 9,

e b = op,c=0A,.=32—3(f= 1,2,3,

2 2 2
4), npuueM OF = (x —g) + (y _3) + %_

2

lMpupaBHAB BbipaXeHUA mns PA], NONyYdM W3 HaiAeHHBIX
PaBEHCTB:
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3a* a
2bc cos ¢, = > - a(x +y), 2bc cos ¢, = > +a(x —y),

2 2
2bc cos ¢, = —% +a(x +y), 2bc cos ¢, = % —alx—y)

4
Ortciofa nocJjie BLIMMCIEHHH TONyHacM: 4bzc22coszgo, = 44'b’,
1

4 , _02_02'4__ 4 ., _ 4 B _
Y cos’gp, === V—E,Zsm 9, =4-Y cos’g,=—, Toraa us (1)
1 ] 1
s==d = =4’
2

Ne 776. KyG M0oxXHO pa3GUTh Ha TPH ue-
ThipeXrpaHHele  nupaMuanl  AC'CDD,
AC'CBE’, AC’'B’A’ IV c 0611€eit BEpUIMHOIA A,
o6wwMm G6okoBbiM pebpomM AC’ M ocHoRa-
HUSIMW — rpaHsaMK Ky0a, OHU paBHbI, TaK
KAK COBMEULIAOTCH TOBOPOTAMH BOKpYT
AC" 1a 120° 1 240°. Kaxayro U3 HHX MOXHO
pa3OKuTh Ha ABa PaBHBIX TETPA3/1pa, HANpPH-
mep, AC'B'A’D Ha AA'B'C' n AA'D'C’. Puc. 576

Ne 777. INayk cuaut B cepeante M pebpa AB, a Myxa — Ha BepLUKUHE
D,. Ha pa3sseptke kyba kpatyaiiuuii nyts mexay M u D, — oTpe3ok
npsaMoi (puc. 577). IpumMemM pebpo Kyba pasHbiM 1. Toraa:

D,

D,
|
1 D] D Nl 1 C
1
i
1
Y.} S o i

K[~ K

- 1

4 M B 4 M B

Puc. 577
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DNM= 1—+4 -\/_DKM 1/ l/Euo\/_<«/_7mnay|<

AOJIXEH nepcuBnraTbCﬂ no orpe3kaM D K1 KM.

C,’ Ne 778. Ilpoekuus maHHOTro Kyba
ABCDA.BC\D, Ha niockocTh ¢, Nep-

, TNEHIMKYIAPHYK €To AWaroHaiu AC,

D! B, qmnsicTCA r1paBHIBHBIM LWIECTHYTONbHH-
kom A'B'B|C, D I . PeGpa kyba, ucxoas-

wue u3 BepwvH A, 1 C, o0pa3yioT ¢ &

paBHbi€ YIJbl; 0603HAUYMM UX BeTHUHHbL

yepes ¢. B AAAC LAAC = 90° \/9

D’ B’ AA]CA (p,COS(p='iC‘—”££—~§‘-
AC aJ3 3

) Bce cTopoHbI NOJTYYEHHOr0 IECTHYTONb-

Puc. 578 HHKa paBHbl KaXaast @ cos ¢ = 0_36, Pa-

AHUYC OKPYXKHOCTH, B HETO BIMUCAHHOM,

a2

a6
paBseH ——3——-sm60 == a CTOpOHa KBaapaTta, BITHCAHHOTO B 3Ty OK-

PYXHOCTb, paBHa 2 - gg -sin45°=gq.

DTOT KBaAPaT JIEXXUT BHYTPH 3TOTO IECTHYro/IbHUKA. [103TOMY Ye-
pe3 oTBepCcTHE, HanpaBlieHHOE BAOAb 4 C ¥ NMPOEKTUPYELIEECs] B 3TOT
KBaJpar, MOXHO NPoTalHTb KyG ¢ pebpoM a.

Ecnu cTopoHy 3TOro BNUCaHHOTO B OKPYXXHOCTb KBajipaTa rMpoBec-
T napauienibHo A'B" ¥ NPONONXHUTD ero AMaroHaIu, TO OHH NEPECEKYT
CTOPOHB! LLIECTHYTOJIbHUKA B BEPLUMHAX KBaapaTa, BMIUCAHHOIO B 3TOT
HICCTHYTO/IbHUK U HMEIOLLIETO CTOPOHY, Goutbillyio a. Yepe3 cooTBeTCT-
BYIOLLEE OTBEPCTHE MOXHO MPOTALLUTL KYO, OosIbILMIF JaHHOTO.

Ne 779. T1n10CKOCTb CeHYEHHA MPOXOOUT Yepe3 cepearHy O, BBICOTHI
PO npasunbHOM mupamuasl PABCDEF v napaLienbHa INIOCKOCTH I'pa-
HU PAB. OHa niepecekaet I0CKOCTb OCHOBAHUA N0 NpsaMoit 4, B, || AB,
nnockocTb PFC no npamoii FC, | A,B, v mnockocts PED no npsaMoti
ED |AB,
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Mycte PM L AB, PN L ED, MN NAB =M, ,PNN ED = N;T0-
rna MN L AB, M\N | MP, M\N, L A B, Tlo yciiosuio

§5=58,,=— hH

rnea=ABunh = PM.

Tak kak O, — cepeauna PO, To
M, A, B, — cooTBeTCTBEHHO
cepeaunnt OM, AF, BC, FC = 2a,
Ap -2 e 20

2 2 2
1’”,0, = -h—
2

~ s

SA,B,(‘,F, 2 2
Tak kak AM NN~ AMNP,

TO A"N‘ = NIN = NVM, TO e¢Tb Puc. 579
MP NP NM
M N
L E, otkyna MN, =&, ON,=MN,-—MO, = 3h_h_ f’_’
h 4 4 4 2 4
NN, = ?’[Z—P, NP = ¥ T.x. AEDP~ANEDPu AENP~ AENP,
TO = EP_NP , OTKylla ED l, ED = 4
Ep a 4 4
a+
CrnenosarenbHo, S =_4 ﬁ = ﬂ. 3)

Afi e 2 4 32

Sah  S5ah  25ah 258
H3(2),(3 DS =l 4+ =" ="
3@, B) (D) S 8 32 32 16

No 780. Ecnu tetpasnp conepxurcs B Kybe (puc. 580), To OH HaXonUT-
¢ BHYTpH cEpbi, OMUCAHHOM 0K0JIO 3TOrO Kyba; HandoNbILMI U3 TAKHMX
TETPasapoB — ITO TETPA3AP, BNUCAHHbIH B 3Ty ctepy. Tetpasnp AB,CD,
COAEPXHUTCH B KyDe U BIHCaH B cdiepy, ONTHCAHHYIO 0KoJ10 Kyba. Ecu pe6-
po KyBa paBHo 1, To peGpo 31010 TeTpasipa pasHo V17 +17 = /2.
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Ne 781. [lepeceueHuc TeTpasa-
pos ABCD, u C,BAD ectb MHoro-
rPaHHUK C BEPLIMHAMMU B LICHTpax M,
N, K, L, P, Q rpaHeit kyba, 1O cCTb
okTtaoap. Hanpumep, ero rpaie MNP
orpatvueHa OTpe3KaMu

MN=(ABC) N (C,BA),

PM=(ABC) N (BA D),

PN=(ABC) r (CBD).

OkTasap — mpaBuibHbIA: OH
Puc. 580 BbIMYKbIA, rpaHu ero -
NpaBUJbHBIE  TPEYFOJILHUKH  CO

CTOPOHOM —f]—, rae a — pebpo ky6a, u
B (8 ‘/5
B KaX/IOW BEPUIMHC CXOJIMTCS YCThIpE
4 D pebpa.
Ne 782. Ilyctb ABCD — rpatib
Puc. 581

HauMCHbIICTO Ky0Oa, npuacxauicro K
rpaHu napaanenenunena. K ero cto-
G POHAM AOKHBI TIPUJICKATH OONBUIUC KYObI.
Hoecnu K AB v CD oHM yXe TPUIOXCHBI, TO K
BC 1 AD npuUNoXHTb UX HCIb3S.

No 783. TlycTb 4, — JiMHa  i-ro OTpe3Ka

4 f_C " JIOMaHO#, X,, ¥,, I, — JUTHHbI €TO APOEKIIHHA Ha

¥ S~ TpH pebpa Kyba ¢ obuiei BeprunHoi. Coriac-

! ) \B HO YCJIOBHMIO MPOEKLMUK OTPE3KOB HE UMCIOT
X;

obLKX TOYEK, CeaoBaTCILHO
Puc. 582 Yx, <1, Yy <],
3z, <1, AC, < AC+ CC, < (AB +BC) + CC,,
B COOTBECTBMH € 3TUM 4, < x, + y, + z. OTciona

Zu, <2x,. +2y,. +ZZ, < 3.

TTyets Terepb KyO Ha pUCYHKe — RaHHBIM, €ro peépo panHo 1, U Jo-
MmaHast AB,C,C, nexut BHyTpU kyba. Ecau Touku B, u C, noctaTouHO
6nu3ku K By C,.To UTHHA 3TOH JIOMaHO# CKOJIb YTOIHO GJIN3Ka K IUTHHE
nomanoil ABCC,, To ecTb K 3.
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Ne 784. [1ycTb BbIITYKABI MHOTOTPaHHUK HMeCT fTpaneit, k pebep u
¢ BepuiiH. OTIENHUB OT HEro Kakylo-HUOGYAbL IPaHb, 110Jly4UM MHOIO-
rpaiiyio MoBCpXHOCTh P,. OTACANB OT P, rpaHb, NPUICKAILYIO K €TO
Kpaio, MOJYYHUM MHOTOTPaHHYI0 nosepxtocTh P,. Tlponomxas 3ToT
rnpotiece, HojyuynuM yepes sutaros (1 < s <f) nosepxHocTs P, ¢ YHCIOM
rpawcii f,, pebep k, u BepminH e,..

JoKaxeMm UHAyKIMel Mo YUCNY rpaHeit, paBHOMY f = f— s, uTO

fite —k=1 (H

[pu f = 1 (To ecTb s =f— 1) paBeHcTBO (1) BCpHO, TaK KaK Toraa
k,.=e,otkyoa | —e,—k = I.

nyCTb (1) BepHo Lumf < fo, Boxaxem (1) st f .

PazpexeM P, 110 JoMaHOM, coenuHsiomel Jipe BCPLLMHB!, NIEXalIUe
Ha Kpaio, 06pa3osauuou pebpamu U He nepecckarolici cedst. Moayuum
MOBEPXHOCTH P H P ,COOTBETCTBEHHO C f 7] f IpaHsiMHu, kK | H k
peGpamu, e, He BCpLLlHHaMH Tak KaKf <f f <f0,To

/, +e,. k, =1 (2)

fote,—k,=1 3)

[TycTb n — uKcno pebep pa3pesa; TOrAa YUCIIO €ro BepuiuH 7+ 1.

Ecnn cocuntath yucsio pebep wan Bepwuna £, v P, v pesysbra-
Thl CIIOXHTDb, TO Kax10¢ pebpo Wiin BeplIMHa pa3pe3a 6yIIYT COCHHTalibl
ABaXibl; NO3TOMY € +e , =e +n k, +k ,=k, +n+1; Kpome
toro, f, + f,=f,. ! 0 )

Toma, ckaabiBas (2) v (3), nonyuum

fo.Te,tn+l—(k, +n)=2,Toecn>fJo te,—k,=1u()
A0Ka3ano ais f, = fso.TCM caMbiM (1) BepHo Anst ioGoro f.

B yacTHoCcTH, npu f=f(ToccTb NpU s = 1) uMeeM f, + e, — k, = | ;
Tak Kak f,=f—1, e =e, Kk =k, TO

fte—k=2.

Ne 785. [Mpsimad, coeaunHsiiowast 1i00ble
B€ 1IPOTHBOMOIOXHbIC BEPILIMHBI NPABHJIb-
HOPO J0/IEKA3APA, SIBISIETCH ISl HCIO OCbIO
CUMMETPHHM 3-ro nopsiika, To eCTh NMPH No-
BOpOTE BOKpYT Hee Ha 120° unun 240° noacka-
31p cosMmellactesi ¢ coboi. [lyets A —
BeplMHA Jcaekasipa, O, 0,, O, 1IeHTPh
NPUICKALIIMX TpaHei (pHc. 583). MpH noso-
pote na 1207 pokpyr npoxo/siuivii uepes A Pue. 583
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ocu 3-ro nopsiaka O, copmeactes ¢ 0,, 0, — ¢ 0,, 0, — ¢ 0;; cienopa-
TeTbHO, TpeyrosibHHK 0,0,0, — npaBuWbHbHA. TaknuM Xe 06pasoM Hc-
no/b3ysi 0Cb, MPOXOASILLYIO 4epe3 B, ybexnaeMcs, 4YTO TPCYrOJibHHK
0,00, npaswibHbIA 1 paBHbIi Tpeyrosibiuky 0,0,0,. Tpononxas aHa-
JIOTMYHO, nosyyaeM 20 paBHBIX MCXLY CO-
ooH NpaBWIbHBIX TPEYroJibHUKOB,
MHOroyroiibHUK, KOTOpHI# OHM cOCTaB-
JISIOT — BBINYK/bIA, U3 KAXKIO0WU €ro Bep-
LWIMHBI McXoauT 5 pebep. OH simnsieTcst
NO3TOMY NMPaBHJIbHBIM HKOCA3APOM,

Ne 786. PaccyxneHust, kak 1 B No785;
MCTONB3YIOTCA OCH CUMMETPHH 5-TO T10-
psiaka (puc. 584).

Jokasarensctsa Ne785, 786 UHTYUTUB-
Hbl, TaK KaK MaTepHasia ;1 CTPOTHX 10Ka-
3aTe/IbCTB B Y4eOHMKE HET.

Ne 787. PaccMoTpuM napanienorpaMm

Ky ABCD. UckoMbift yron o paBeH yray
Mmexay SC u npsamoit DC, napannenb-
HOi AB, 1o ecTb yriny SCD. Uckomoe
paccrosiine d ecTb pacCTOSTHHUE OT TOY-

c KH A npsMoit AB no mnockoctu SCD,

“ D = n i DC
Il poxoisilleit yepes napaiefibHoO
4 AB, 10 ecTb BricoTa TeTpaszapa ASCD.
a Tax kak AS = a — Apyras ero BbicoTa,
TO ero oobeM.
A a B 1 1
Puc. 585 V:«.vcn:SScso'd:ESAcn'a‘ (1)
Tak kak AS=AB=BC=AD=q,
T0SB=SC=SD=aJ2
Eciuw SM L DC, 0o DM = MC—-— OTKYNa cosa——j—g——g.

SM =JSC* -CM* = |24 -“_-—_.

4
g —aal_dav7
@22 4

L,.)

a o=
s ACD=-2— sin 60 4
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2 2 .
Tornan3(l)nonyqa<:M:a ﬁd=a 3 a,d=a 2

4 4 7
No 788. ycts DG || BCw F= DE N BC.
Torma EG=EC—GC=EC— BD= a2 - -2 =L = BD=c,

2 2
2
FD=DE, FB= BC=a. N3 AABD: AD—Ja +a7=a\/g; 1)

3 AACE: £
=d +2d = a3, )
3 ADGE:

DE=,/a +‘;—2—avg ) D 4G

u3 (1), (2), (3) n no TeopeMe, 00-
patHoii Teopeme [ndaropa,
ZADE =90°. F B JgcC
B AFBA: )
ZLFBA=180° — 60° = 120°,
FB=BA=aqa, LFAB=/ZF=30"n
ZFAC = 30" + 60° = 90°. Puc. 586
Mo Teopeme o Tpex nepneHaukynsapax LFAE=90° u o= LCAE—

4

. 1
HCKOMBIH yron Mexay niaockocTaMu. U3z AACE cos ¢ = —

el

Ne 789.
Eciu AB= a, AD= b, _)=E,TO

i
AC =AB+BC+CC, =a+b+ ¢,
BD,=BA+AD+DD,=—-a+b+¢,
AHAJIOTHYHO!
CA =—G—b+¢ DB =a—b+ C. Puc. 587

IpH cloXeHUH KBAIPATOB 3THX TPEXWICHOB YIBOCHHDIC NNPOH3BE-
JEHUA B3AMMHO YHHUTOXAKOTCS:
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ACI+ BD} +CA* + DB = 47+ 40 + 48 = 4B + 44D + 444 =
= (48 + DC + A,Bf + DG+ (AD + BCH+ AD + BC)) + (AA] +
+ BB+ CC}+ DD))

Ne 790. Hanpanum ocu KoopaMHart Bionb pedep OA, OB, OC. Tpo-
JIOKCHHUE JaHHOTO Jy4a ¢ HalpaBIsiiolMM BEKTOPOM a {X; y; 2} W iy,
OTPAXCHHBIH OT MIOCKOCTH Oxy, CUMMCTPHUHB! OTHOCHUTCALHO JTON
nnockocty. [ToatoMy Bektop @, {x,; ¥; z,} =a, {x; y; —z} sBusieTCs! Hari-
PaBJISIIOIUMM BEKTOPOM 01'pa)|<e|-|Horo Jyya.

HeiictBurenbHo, @ = (xi +y1 )+ zk a, = (xf + yi iy— zk rile BEKTOp

MN = xi + yi NEKNT B TAOCKOCTM Oxy, a BEKTOPbI zk H —zk

NEPICHANKYIAPHLI K JIOCKOCTH
Oxy, NPOTUBOMNOIOKHO Halpas-
JIEHbI U UMEIOT paBHble LTHHBI,

AHANOTHYHO &, {X,; ¥, 3,) =
=8, {x; -y -2} =4, b -y =g -
HaMNpasigoOUIMA  BEKTOp .yya,
OTpaXeHHOro OT Oxz, a BCKTOp
a,{xy v o} = ayl-x; v g} =
=a, {—x; —y; —z} — HallpaBIsi0-
UM BEKTOP Jy4a, OTPaXeHHOro
oT Oyz. Ho torma g, = —a, cne-
A0BaTC 1bHO, Ilanpaﬂ]’lel{”ﬂ BXO-
Puc. 588 OAMIEro 1 BLIXOASIIEro Jyuei

NPOTHBOIIOIOKHDI.

Jameyanue: B JaHHOH  3anaue
CYHICCTBCHHO, 4TO JAyu ychenaer
OTpa3UTCs OT BCTx I'Palieit TeTpasapa.

Ne 791. Tlycrh C ACXKHUT 110 0:HY
cropoy ¢ £ or ABD, CBR L AB,
CD L AD, AB = a. Toraa B Tpeyroin-
Huke ABC ZACB = 30°, AC =
BC =aV3, 8 LACD CD = 2a sin 45°,

B A.ABD no Teopeme KOCHHYEOB
Puc. 589 BD' =a' +22' - 2a a2 cosd5° = o,
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B ABDCtorna BC' = BD' + CD v no TeopeMe, oGpaTHoii Teopeme [Tu-
aropa, CD 1 BD;tak Kak elie H CD 1 AD, to CD 1 ABD.

Mo yciosuio, AE 1 ABD, cnenosarensro, CD || AEwm

LCAE =90° —45° =45°,

Eciu C nexuT no passbie cTopotbl ¢ £ ot ABD, TO

ZCAE=90"+ 45" = 135°,

Ne 792. Tlyctb BbicOTHl AA,, BB,, D
CC,, DD, terpasapa ABCDniepecekaiot-
ca B Touke H; o — myockocts ABH,

M
M=o N DC ‘
T.k.AA, L BCDuCDC BCD 10 /“' .
AA, 1 CD; aanornuuo BB, L CD.
T.k. A4, can BB ca,ToCD 1 «,
Ho AB c «, cneposarensto, CD | AB.
B

AHLIOTHYHO J0KA3bIBAaETCH, UTO
BD 1 ACuAD 1 BC.

Ob6pattio, nyctb CD 1L AB, BD 1 AC,
AD 1 BC; o — nnockoctb ABA, .

Tak kak A4, L BCDu DCc BCD,10 AA, 1. DC, a nockonbKy # 1o yc-

- noBuro AB 1. DC,to L DC. Tak kak BB, o, T0 BB, 1 DC, Ho BMecTe ¢

Tem BB, L AM. Nockoabky DCC ADC u AM C ADC, to BB, 1. ADC, TO
ecTb BB, cobnagaet ¢ BoicoToi BB, TeTpasapa.

Taknm obpasoM, BeicoTbl A4, U BB, TeTpasapa nepecekalores B Tou-
Ke #{; aHaT0rHYHO U OCTal1bHBIE BLICOTHI TETPa3Apa NMONapHo Mepeceka-
1oTcd. VX TOUKY mepeceycHUst COBMAJAlOT, TaKk KaK B NMPOTHBHOM
clydac BCC BhICOTBI TETPa3/1pa JieXalu 6bl B 0AHOM MJIOCKOCTH.

Puc. 590

Ne 793. Ecau B terpasnpe ABCD
AB=BC=CD=a,0D=d, ZADO =
=/BDO=/LCDO==q, 10

DA-DO = DB-DO = DC- DO =
= ad cos o, OTKylla

(DB ~ DAYDO=(DC ~ DAYDO=0,

AB-DO=0,AC- DO=0,

DO 1L AB, DO 1 AC, DO 1 ABC.

Puc. 591
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Ne 794. lokazaHo B Ne770. [1oKa3aTeIbCTBO COT1aCHO YKa3aHUIO B
y4eOHHUKE: ecr 6;1' =a, O—B= 5,0? =E,Oﬁ0l = 5’, TO FC‘= ¢ — 5,0—1—34 =

= g — d. OTCI0/1a BCAEACTBYUC NEPHNEHAUKYIAPHOCTH BEKTOPOB A U ¢, @

- — —

ub, BC wd: BC 0,A=¢a— b — - b)d = 0, aHAIOrNYHO 0B L AC,
0,C __AB.

Ne 795, Tlycte O — ueHtp cdeprl, SA = a,
SB = b, SC = ¢ — paHHbIe XOpAbl, O — TMJIOC-
KOCTb SAB, w — ccueHue chepbl ITOMH MIOCKO-
CThIO.

Tak kak ZASB = 90°, To AB — auameTp w1
w. Eciu DS — apyroii amametp, to ASBD —
MPSIMOYTOJIbHUK U Touka ), NMEPECCUCHMUSA €ro
AMArOHANEN — LCHTP LIS © U, CJIEL0BATEALHO,

Puc. 592 00, L a. Nockonbky SC 1 SAu SC L SB, T0

SC L o u, 3HauuT, SC | 00,. [nockocTsb, Npo-

XOJSAIUAs YEPC3 3TU NPSIMBbIE, COAEPXKUT GONbILOM Kpyr Uiapa. Tak Kak
£LDSC=90°, To DC — aMaMeTp cdhephl.

DC=D§S+SC=AF +SC=(ad + )+ .

CymMa @’ + b* + ¢’ paBHa KBaZpaTy AMaMeTpa cdepbl U, cenoBa-
TeJIbHO, He 3aBUCUT OT NOJIOXKEHUS XOP/L.

[

d
d
" -
rd
L

A
(£N

a/ Ne 796. TlnockocTh a, mpoxoaAuias
/ yepe3 JaHHYIO MPIMYIO @, NMepeceKaeT
A

cdepy no HEKOTOpOH OKDPYXHOCTH C
ueHtpom C. Tlyctb CA L a, B — nnoc-
kKocTk OAC. Tornma OC L o Tak Kak
aco, 10 OCLl a, Xpome ToOrO,
CALla, U nockonbky OCCPB wu
CAc B, 0P La. Takkak LOCA=90",
TO C JIEXXUT Ha OKPYXKHOCTH C AUAMET-
Puc. 593 pom OA. HckoMoe MHOXECTBO — yra
OKPYKHOCTH ¢ AHaMeTpoM OA, Haxo-
Isulasca BHYTPU ceprl M Jickaluasi B MIOCKOCTH [, npoxoaweit yepes
UeHTp cohephl O neprneHAUKYASAPHO IaHHOH NPAMOM a.
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Ne 797. INyctb SA, §B, SC — naHHble Kaca-
TejbHbIE K cepe paauyca R ¢ ilentpoMm O.
AASO = ABSO = ASCO Kax n1psMOYrojibHble
no rurnoteHy3e SO U KareTy R, clieioBatelb-
HO, SA=S5B=S5C. AASB= NABSC= ACS4 no
JIBYM KaTeTaM, modToMy AB = BC = AC. Ilep-
NCHAWKYJSIPbI, ofyilleHHbie U3 .S U O Ha r1oc-
KocTs ABC, npoitayT nosTomy yepes ueHTp O,
OKPYXHOCTH, OTUcaHHOM okoJo AABC, u
coBmaayt. Eciu SA = g, T0 U3 TpeyrojibHHKa
ABS: AB = a¥/2.

Tak kak 0,4 — paauyc ONMUCaHHOTO OKOJIO

TpeyronbHuKa ABC kpyra, To AB = O, AJ_ Puc. 594

a E

0A =a\/i AOAS ~ AOAS, cnenoaaTeano,—i———AO' =—-—3,
oS AS a

05 = 0,5R/6. ickoMoe MHOXeCTBO — cepa, LEHTP KOTOPO# coBnaja-
€T C LIEHTPOM JaHHOMH cepbl, a paiHyc paBeH O,SR\/E.

Ne 798. JaHHbiH TeTpasap COCTOMT M3 YEThIpEX ITHpaMK/1 C BEpLLIM-
HaMH B LIEHTDE LL1apa, BLICOTAMH, PABHBLIMH R, H OCHOBaHHUSIMH, COBMa-
JAIOLMMH C rpaHaMH TeTpalsapa. Eciu obbem TeTpasapa Vu mowanu
ero rpaneit S, (i=1, 2, 3, 4), To

Sh S, _V N
V= '_3', OTKyla 5 = h—’ C Opyroii CTOPOHHI,

v=Y1sr =3 r=yry L
i=1 3 o i=|h,- i=|hl-.
CreaoBaTeNsHoO, %
U N | 4]
V=VRY — —=3% — ,
i=t 1 R = h, r, 0,
Ne 799. Ilyctb O, — LeHTPH AaH- /\ n
HBIXLIapoB, e i=1, 2, 3, r, ~ ux pa-
AMYCHI, TOe r, =1, 2 r, A, —uxTouku 4 4,

KacaHHs ¢ IockocTeio, Torna
Puc. 595
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AA,= \/r+ n) =(r, -r)' = 2Jrr, anarornuno
=2/rr,AA = 2\[&?-

Tak kak r, 2 r, 2z r, 10 AA, > AA, > AA,, M N0 CBOKCTBY CTOPOH
TpeyrosibHuka A A, + A A, > AA, (TP paBeHCTBE TOYKMU JNeXaT Ha
OLHOHW MpsIMOM), OTCl01a

i+ s (N > s>

(J—J_)

o 0; Ne 800. [Tycts O,, O,, O,, O, — npo-
CKLMHW Ha JaHHYIO TIOCKOCTb LEHTPOB
wapos paauyca R, a O,, O, — UCHTPOB
1apoB paauyca r. Toraa TpeyroibHUKH
0,0,0, v 0,00, — paBHOCTOPOHHHE CO
cTopoHOH 2R, O, u O, — UEHTPHl ITHX
TPCYrO.1bHHKOB.

Puc. 596 Ecnn 0= 0,0,n 00, 10

'5050°=0h0 r,00=R,0,0 1 00,n r—Rng30°—R‘3/—

S Ne 801. Ecan A, 4,, A, — ToukH

KacaHMs 11apoB C IVIOCKOCThIO U O —
LLEHTP OCHOBaHMUS KOHyca, To A 4, =
=AA, =AA =2Rn O — LUCHTp OK-
PYXKHOCTH, OfMCAHHOH OKOJIO Tpe-
yronbhuka 4 A,A,. CirenonatenbHo,

2R=0A4V31 04, —ERT‘/—E

Mycrs Tpeyroabiunk ASB — ocesoe

cevcHue KoHyca, OA = r — paanyc ero

Puc. 597 ocHoBauusl, LOAS = o, 0, — ueHTp

onHoro u3 wapos, C, — Touka

KacaHHsA DTOTO Lapa U KoHyca. Torna B yeThipexyroastinke 4 ACO:

ZAAC = 180° — o, LOAA = LO,CA=90°, cneposarenstio, ZAOC, =
= o, aTak Kak AOA A= NOC A, to LA, 0A=0,50.
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H3s AAOS: tga—)—R AA=0A - OA—#—L

13 AO A A: tg——ﬂ=2—ﬁ—i.
2 R 3 R
2tg —
TMoacTasnsis 3TH 3HauUeHHs B GOPMYY tg oL = , MOJNY4HM No-
1~tg’ =
2
cne ynpowetnit: 3(i— 2)r — 4/3(A— DRrF+ AR =0

MpuA=2= —43Rr+2R=0,r R‘/_

_ 23\ -1 -9 —|8x+|
3x-2)

IMpu A < 2 TOJILKO 3TOT KOPEHb NOJIOXMTEIEH.

MpuA =2= r

[Tpu A > 2 06a KopHs nonoJ_queanbl, HO BOJBLIUHI KOPEHD 7, OKa-
2RVJ3

3bIBACTCA GOﬂblUHM, 4yeM , TO €CTb palHuyCc Kpyra, ondCaHHOro

okono A AAA A, Ay, A, HAXOUATCH BHYTPH OCHOBAHHSI KOlyca M Kaca-
HME SIBJISIETCA HE BHELUHWM, @ BHYTPEHHHUM;

9AT— 18A + 12=9[(h — 1)'+ 3] > 9(A — 1)};
SR+ -1) p 23R D)+ V3R -1
" 3r-2) Xr-2)
_ mA-l
—\/EA—_—2R>IR>§RJ§.

4,
Ne 802. Toukn M u N zenar nono- \» =
D

JaM NHaroHanud MpsIMOYTOJIbHUKOB
ABBA m ACCA,, nostomy MN -

A C
CPEAHSIs IWHUA B Tpeyroneiuke BA C
(puc. 598).

nyCTb V oowem npuambl. Toraa Y

o= (AA — ofLuast BbicoTa),

Puc. 598
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AMAA T MNA 1_ (AP — oGulas BbicoTa), C/IEA0BATEABHO!
VA,ABC BCA;
4 v v _ v 14
V'W"“; = E’ V‘MNC”= 3 - E = Z’ VM;B.L‘I = VA,ABC = ?;

D, V, s ™ = = o= = =

c A MNC, B, 3 12 4
» 1 Vv v Vv 5V
v =) e — =,
4 ‘ ) o BN 2 4 4 12
é Ne 803. Jonosnum TaHHLIH TET-

pasnp ABCD, no napannejenunena:

SE—
( ABBA. || CD,, BCC,B. | AD,
459 CDDC.| AB,ADD.A,| BC,

B ABC,D | ABCD.
Puc. 599 Torna AB=a, CDI = b,
ZABA=AB "~ CD, = ¢, BuicoTa na-
pannenenunenaCP=c. S, =25, = absin ¢; no3anave 776:
— Vnapu.umrnuneda - SABB|A| abe sin(p
VAK' - -_ =
" 6 6 6

Ne 804. Ecau DD, = DC, DO 1 ABC,
DO, L ABC, to DO || D0, DO, = %,
V s
cnegosarebHo V, ., = —‘;—” (ocHoBaHMe
c ABC—obuee), 1.0V, =V, ..

Ne 805. Iycts MN — cpeansist TMHUS
rpati OCD, OO0, u NN, — nepnenankyns-
Pbl K OCHOBAHHIO NMpaMuibl, ¥ — ee 00b-

|4
eM, V, = 7 (TaK Kak §,,. = —2%2,

00[
N

<N

NN1 = Vumo = VABCN = Z" (SBNO =
= §,cx» BBICOTA, MIPOXO/SiLlLas uepe3 BepLIUHY A, oblias),
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V s
Vioun = % (Somn = 4"‘”, BbICOTA,
MpOXOJIALILAs Uepe3 BeplllMHY A, obuias)
4 )
Vo= =S = S useo , Bricota 00,
2 ’ 2
obwas), =V, = e
v vV _ W
Vornw = g‘ + '4T = _8_’
Vescoun =V — Es—V- = ESK TM70CKOCTb fe-

JIUT OOBbEM B OTHOLICHHMM 3 : 5.

Ne 806. llycte allcl d, A€ a,
Bea, Cec, De d o — NAOCKOCTD,
conepxatiasi a u ¢, DD, L a (puc. 602),
Toraa §,,. He 3aBUCUT oT NonoxeHus C,
nvHa DD, He 3aBHCHUT OT NOJOXEeHHUS
D, cnenosatesibHO

DD,
o . [{]
Vo = Senc 3o e 3aBUCHUT OT

nonoxeHusa Cu D.

Ne 807. BocnonbzyeMcst 3anayei
Ne803. PaccrosiHUe MEXILY CKpeUIMBaIO-
mUMHCs psaMbIMH AF 1 D, E| To ectp
PacCTOsIHUE MEXAY COAEPXKAMMH WX
napaifeNpHbIMU TpaHsaMyu Kyba, paBHO
AD = 1 cm. Eciu F, — cepeanna CC,
M =DF 0 DE,, 10 DF, | AF v yron Mex-
a1y AF u D/E pased yrny DMD,
ADDE = ACDF,, = ecin DD.E = ¢,
ToCDF, =@, D.DM=90°~¢us ADDM £LDMD = 90°. U3 Tpeyron-
HukoB ABFu DD\E:

AF=DE=\1+0,25= —?, noatoMy cornacto Ne803:
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y _AF-DE-AD-sin ZDMD, _0,5J§-0,5J§~sin90°_ 5
AREF 6 - 6 _E'

Ne 808. Ilycts O — kakass-HHOYAL TOUKA Ha CpeaHeM CeYeHUH 1aH-
HOTO MHOFOrpaiiHukKa. Pazo6beM ero Ha NMpaMubl ¢ BeplinHoi 0. Oc-
HOBaHHMAMM IBYX H3 HUX OYAYT CAYXKHTb OCHOBAHMS MHOTOFpaHHHKa,
OCHOBaHHSAMM OCTANIbHBIX — TPEYFOJAbHHKH, H3 KOTOPLIX COCTOAT €10
Goxosble rpaHH. O6bEeMbI NIEPBBIX ABYX IUpaMUIL:

Z .V\l\
h

i H

/ N/ \

N S A h
NG / .
/\ 2

W@S%V\»k >

N Yy
(,_-- \
RN
4,
Puc. 604
V,=S'—'30’—5il = ST| V, = Eg—h Ecnu & ABA, — oanMH m3

TPEYFONBHUKOB, Ha KOTOpble pa3buThi GOKOBbIC IDaHM, TO cpelHee
CCYCHME NEPECEUET €ro Mo cpeiHeil nmHun A,B,. Toria

S,,, =48 V.., =4V, ! ‘

ABAy AsByay U OA B4, 04,834, ' 04,8,4; E 04, By E’

—4ls

OA\By4 ) 6 onn

Tak Kak cyMMa TIOILAICH BCeX TaKHUX TPEYFOAbHMKOB paBHa .S, TO

cyMMa oOBbEMOB BCEX MUpPAMUA C OCHOBAHUAMH HAa OOKOBBLIX IPaHsAX
S
k)

paBHa

h(S, +S, +4S)

V=V +V,+V,= 6
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Ne 809. Eciv ocu Oy v Oz
SIBJISIIOTCST OCSIMM LUMJTMHAPOB,
T0 B cucTeme Oxyz ux Bokonbie
NOBEPXHOCTH MMEIT YypaBHe-
puax’ + Z=1uy +x¥ =1 Ha
pUCYHKE M300paxeHa yacTb
IIaHHOTO TeJa, JieXxallas B nep-
BOM OKTaHTe. Ee ceueHue mioc-
KOCTbIO, TepreHANKYIPHON OCH
Ox — KBagpatr €O CTOPOHOH
z=y=+1-x*. TosroMy 06D~

€M DTOf YyacTH Tefia paBeH
] )
x)
V=[(1-x")dx=x—
0

3

0

7

P

.

Puc. 605

=2
3

O6beM BCEro Tela paBeH 8- —:2;- = l—;

Ne 810. S,

(AC + SA)r = AC - SC.

O+ X +y r=xp,

reydxt vyt =y —r),

r2x2 + r2y1 — y)xl _ 2y2xr +y2r2,
rix

__AB+ AS+ BS

oM = %AB - SC, oTclona

[To HeOBXOIUMOMY YCAOBUIO IKCTPEMYMA
V' =0; 2x(x — 2r) — X' = 0; x = 4r.
Tak kKak npu x < 4r V' <0 ,anpux > 4r V' > 0, To V nmeer

vuiinmyM. Tora y' = 277, AS = Jx* + y? = 3r/2. Eciu LASB= o, 10

zasc=2.
2
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naga Vii. Obbemsi Ten

N3 AASC: sin E=————=—, o = 2arcsin —13—

AS 32 3

Ne 811. Mycts AC = R — paanyc ocHoBaHHUs KoHyca, AS =1/~ ero

obpazyotuas, SC =k —ero Boicota, OM =

(cM. puc. k Ne§10). Torna
Sopea _ TR* + TRl _ R(R + 1).
S e 4ny? 4r?
AC _OM R r

r— pajJHyC BITMCAHHOIOC Wapa

AASC ~ ANOSM,—=——,—=—— Rh—Rr=Ir, Rh=(R+ Dr.
AS 08’1 hn-r

Vs _ TR?A 41 _ R-Rh _R(R+Dr _RR+1)_S

xonyca

xonyca

. 3 3
Y oo 3 3 4r 4r
A S B, p
r
1
7 T
4
/,’ !
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74, -0 B,
A M 1 B
)
)
)
1
:

A 1 M 1 B 7
Puc. 607

4r? A

Ne 812. [Ipr nosopote
nupamuabl  SABCD  Bokpyr
NpsAIMOiA p, NapaieNbHON AB,
orpeskn AA, SM, B,B, nep-
NEeHAUKYSIDHBIE  p, 3aiMYT
COOTBETCTBEHHO TMOJIOXEHUS
AA, SM,, BB, B nuiockoctn
SA,B,. Hostomy Teno, nony-
4YeHHOe NpH €€ BpallUeHHH,
COBIMAJACT C TEJIOM, MOMYyyeH-
HBEIM TIPH BPALLEHHUH MHOTO-
yroabHuka A ASB,B. Ero
00BeM paBeH pa3HOCTH MeXAy
oOBbEMOM  UWIWHAPA, TNOMY-
YeHHOTO NPH BpallleHUH npsi-
MoyroiieHHka A BBA, n

00beMaMK KOHYCOB, MOJTYY€HHbIX TIPH BPaIUeHHH PaBHBIX TPEYTOJIbHH-

KoB A,4,S 1 B,B,S.

W3 AASM: SM=2 ctg -(;—;

U3 AOSM: 0S=SM* -OM* = J

g% _d _avcosa.

4 2sn%
2
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SM=5M,085=AA,AB =AB=a,AS= g, rMo3ToMy 00LCM Tesa

BpallicHusl paBCH
1

V=Y, apa = 2V4,A,.; =nSM} - AB,—2 §A2Aj “AS=nSMla—
2 2 2
_ .2_1[052£= ng_clg2g.a_ln a COS(aX. .azlt_a_ 3ctgzg_ COS(; s
3 2 4 2 3 4sint % 12 2 sin? &
2

Ne 813. [1ycto AB — avameTp nony- c N
kpyra, R — ero panuyc, O — ero LiCHTp,
OK 1 AC,CD 1 AB. O6bem Tena, no- M
JlydEHHOro TMpM BpailleHUH (GUIYphI
ANC, paBcH pa3HOCTH 00bEMOB LLIAPO~ S
BOI'O CErMeHTa, MONYYCHHOTO NpH Bpa-~
LLEHHH ANCD, “ KOHYyca, 8 D 0 A
fony4ycHHoro npu spaiueHnu ADC: Puc. 608

AD DC*AD
Ve = MD’(R ——) iy
3 3

Ho AC =2AK = 2R cos o, AD = AC cos o. = 2R cos’a,

DC = AC sin oo = 2Rcos ¢, sin o, C;1e10BaTeNbHO,
. 2 : .
Voe=T4R cos' a - [R —MJ — L 4R* cos’aisin’a - 2R cos’ o =
3 3
1 3 4 4 2 .2 4 3 4

= EnR +(12cos” o — 8cos” a(cos” a + sin” @) =§nR' cos” .

o yenosuio V,

"»c PABEH MonoBuHe o6beMa Hiapa:

inR’cos“oz = l-irtR’; cos O =—l—.
3 23 4

7

Ne 814. Jlemva 1. (feomempus 79, cmp. 141, Teomempun 10— 11,
cmp. 94.). Bce MennaHbl B TpeyronbHuke A 4,4, NepecekaloTcA B OLHOM
Touyke M, Ha3bIBAEMOI LIEHTPOMIOM TpPEYTrOJbHHKA, CA¢ A J0OOH
Toyku O

074=l3(cﬁcﬁcﬁ) ay
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¥ M 1eiuT Kaxkayio Me/lMaHy B COOTHOLLEHHH 2 ¢ 1.
Ecan C, — cepenuna AA,, To (Feomempus 7—9, cmp. 199) O_'C =

1 —_ —_
= 5(0A2+ 0A, | . Touka M, onipenensieMasi paBeHCTBOM (1), JIeXHUT Ha

meauane A,C, M AeaHUT ee B COOTHOILEHUH 2 & |. [IeACTBUTEABHO:

A =0M —0F =‘3[0A‘,+o;;;+oz} _(TA,=13[&;+0A;_20;1|),

¥, =0, ~ 0¥ = 1{ 04,4 4| -4 04 +07+01 | =
B é[OA’”-O/i _2_0'/1]]‘ otxyna M e A Cu Ai_M = 2A7é- [ns ocranbHbix

MCIAWAH JIOKA3aTe/ibCTBO AHATOTHYHO.

Jdemma 2. Bcee npsaMble, COCIMHSIOUINME BEPLIMHBI TETpadapa
AAAA, ¢ ueHTpOUAaAMH NPOTHBOTIONOXHbBIX TPAHEH, TIEPECEKAIOTCS B
01HOM To4ke G (Ha3biBacMOH LEHTPONAOM TETPAdIPA), Ie

—-—

OG=;_[07{,+(5}L+073+0_A;).

Ecan M, — uentpoua rpavn A AA,, To

———

4G =06 — 07, = ;_(% N 07;+o7,) i -
= 1[07l + 021;+ 0_/;3— 35/;,],
4
G =0M ~0G =‘§[a;4;+o;;+5;J ~;_(0A]+@+&1+0A;] -
= 1%(07' + 072+ OA:— 301] c:le10BaTebHO, /ZG = 3G_M', OTKYy/a
Ge AM, npuuem A,G: GM, = 3: 1. Ina ocTa IbHbIX NPAMbIX 10Ka3a-
TEALCTBO aHANOIUYHO.

Mo ycnonuio Bece BbicoThE TeTpadnpa A, A,A,A, EpeceKaloTes B TOUKE
H. Nycts G — UeHTPOMI TETPA3/APa; A0KaXEM, 4TO Touka C, [IIsi KOTO-
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—=

poit HC=2HG, ssnsicTCsl UEHTPOM ONIMCAHHON OKOo TeTpasipa cde-
phbl, TO €CTh, UTO . L
AC = AC‘z AC= ACZMIII/IACZ——-ACZ"ACZ =AC* (1)
Corﬂacno JneMMme 2:

z 2
A,52=(f76— ﬁ}flJ (2%’ HA]
.
=[§[a+ HAEJHA];TAJ -
z
=i[l—i}4’2+ ITAJ+ HA,,— Iﬁl) 2)

N 2

AHanornuto A, CZ —Z(HA + HA + HA HA J 3

Tak kaxk HA, L A,AA,, T0
HA, L A,A,, HA - 4,4, =0,
[ G —_n — s —
HA,:| HA,~ HA,) = 0;HA, - HA, = HA, - HA,.
\
AHaJIOrHYHO PaBHLl IPYr IPYTY BCE NPOKU3BEAEHUS BUAA

HA - HA, tae i, j=1,2,3,4,i#
[Tocne packpeiTsi ckobok B (2) M (3) Bee y}lBOeHHbIC

NpOU3BEIEHHSI OKAXYTCA PABHLIMU MEX1y CODOM, TaK UTO A C =A C

AHaAOTKMUHE! BEpHbI U ocTanbHble paseHeTsa (1), Tak Kak HC = 2HG,
To ToukM H, C v G nexat Ha 01Hoi NpsmMoii.

Ne 815, Coxpatum odo3HaqeHus u3 Ne§ 14.
[N o JEESS
Hoxkaxenm, uTo Touka Q, wis kotopoi HQ = 3 HG — ueurp cdepel

Jitaepa.
Ec:au touka B, neant otpesok A /8 cootHoien 2 : 1, o

HE =L 1A,
314
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a ccnn M, — uentpous rpau A A,A,, To cornacHo Ne366

I-ﬁ)l = 1—3(HA'2 +ﬁ}13+ Iﬂ;); no nemme 2 u3 Ne§ 14 HG =

-t

= Jt_[ﬁ'+ H}fz+ HA+ Iﬁqj Orciona

QM = HM, ~ HO= HM, - 2 HG =é(fTAZ+ HA,+ HA~ HA, |,

g )
0B, =HB, - HO= HB, —%HG = —%[HA# HA,+ HA— HA_ |
J
AHanorMYHO HaxoIuM OCTANIbHbIE
4, BekTopul QM ,, 0B, ...
B MNe814 nokazano, 4TO BCe

— 3

MpOMN3BeIcHUSA 1171’1 “HA, rne i, j=1,2,
3, 4, i#j, paBHbl Mexay coOoH.

B, c TMosToMy mMocne pacKphITUA CKOGOK
NOJTy4UM
¢ QM =OM; =OM; =QM; =
H>~—"M,  —0B: -0B: = QB: = 0B!,

Puc. 609 clenoBaTenbHO, BCe TOYKH M, u B,
nexaT Ha cepe ¢ LeHTpoM Q.

Tax kak QM| = —0B,, To M, n B, — XOHLb AHAMETPa 3TOM Cepbi;
Tak Kak B, u H nexar Ha BHCOTe AH, a H m M, — Ha

NepneHANKYAApHO#H €l rpaun A,AA,, To B.H M v H nexur Ha chepe.
AHaJloTHYHO Ha cdepe fexXaT U ToukH H,, H,, H,.



